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PREFACE 


D ttexn'g the years 1920-23 I delivered three times in this college a 
course of eight lectures on the Physics of the Earth’s Interior. The 
course was intended to give an outline of present knowledge concerning 
what may be called the major problems of geology, namely the physical 
constitution of the earth, the causes of mountain formation, and the 
nature of isostasy. It was, however, impossible to give in the lectures full 
accounts of the arguments employed, partly because the course was too 
short, and partly because the mathematical knowledge of the listeners 
was extremely varied. Accordingly this book has been written ; the argu- 
ment has been made as connected as appeared possible, and various geo- 
physical topics that could not be discussed in the lectures, such as the 
variation of latitude, have been introduced. The aim has been to discuss 
the theories of the main problems of geophysics, and to exhibit their 
interrelations. Several large branches have, however, been almost entirely 
omitted ; terrestrial magnetism, atmospheric electricity, tidal theory (apart 
from tidal friction) and meteorology have received little or no attention, 
because to give anything approaching an adequate account of any of them 
would have required a longer discussion than their connexion with the 
original topics of the book seemed to warrant. 

I have attempted to describe the present position of the subject, rather 
than its history. For this reason several pieces of work of capital importance 
in the development of geophysics have escaped mention. Lord Kelvin’s 
estimate of the rigidity of the earth from its tidal yielding is a case in 
point; it has not been discussed because more detailed and definite in- 
formation can now be derived from seismology. Sir G. H. Darwin’s pioneer 
work on tidal friction, again, has been only outlined, because it was mainly 
a discussion of bodily tides in a homogeneous earth, which now appear to 
be comparatively unimportant in influencing the evolution of the earth 
and moon. Nevertheless if the contents of the second volume of Darwin’s 
collected papers had not been published, it is improbable that Chapters III 
and XIV of this book would have been written. 

Quantitative comparison of theory with fact has always been the main 
object of the book, and practically all the theories advocated have survived 
the test of quantitative application to several phenomena. Accurate 
theories have been given where they seemed necessary for this purpose; 
but where an estimate of an order of magnitude was all that was required, 
and could be obtained by rough methods, such methods have always been 
used. I have been encouraged in the latter course by several facts. First, 
though the method of orders of magnitude is not convincing to the pure 
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mathematician, it is a matter of experience that when a problem discussed 
by this method is afterwards solved by more formal methods, the answer 
is found to he of the correct order of magnitude, which is all that the 
method claims: it could be vitiated only by a fortuitous numerical 
coincidence. Second, though in some cases formally accurate solutions 
of related problems exist, or could be obtained, the problems actually so 
soluble differ so much from those that actually arise in geophysics that, in 
their actual application, they could at best be correct only as regards order 
of magnitude. Thus they are not inherently any more informative than 
the rougher methods. Third, a direct proof that a particular hypothesis 
will account for particular data is not very strong confirmation of the 
hypothesis when both the data and the consequences of the hypothesis 
are known only vaguely ; but if it is shown that the results of the hypothesis 
agree with the facts as regards order of magnitude, while the results of 
denying it are in definite disagreement, the confirmation of the hypothesis 
will be almost as strong as if a close agreement had been obtained. The 
method of exhaustion of alternatives is specially useful in geophysics, 
because incorrect geophysical hypotheses usually fail by extremely large 
margins. 

Two criticisms are certain to be made by geologists, and therefore I ven- 
ture to attempt to meet them in advance. The first is that the book contains 
a great deal of matter not of a geophysical character. I thought at first of 
avoiding this objection by dividing the book into two parts, one cosmo- 
gonical and one geophysical; but I found such a course impossible, since 
the two were too closely interwoven, each depending in part on the results 
of the other. In a work mainly theoretical rather than descriptive in 
character it therefore seemed best to develop the implications of a hypo- 
thesis wherever they might lead to results capable of empirical test, 
rather than to confine my attention to one particular planet. If a theory 
is satisfactory, the more it is shown to explain the more reliable it is; and 
if it is unsound, it will be unsound whether the fact inconsistent with it 
happens to relate to the earth or to the satellites of Uranus. 

The other objection I anticipate is that the book is too mathematical 
for geological readers. The answer is simple: the results aimed at are quan- 
titative, and there is no way of obtaining quantitative results without 
mathematics. I have tried to keep the mathematics as elementary as 
possible; but some problems could not be handled by simple mathematics, 
and I had no alternative except to give all that was necessary. If the 
geologist cannot follow a part of the book, I hope he will omit it and go 
on to the next non-mathematical passage, trusting that someone else will 
point out any intervening mistakes (and the mathematically trained 
readers, with few exceptions, will do just the same). He will then know 
that at any rate some people will be able to follow the argument all 
through, and he will see just where he fails to follow it himself; whereas 
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a so-called non-mathematical “ exposition 55 would only bewilder the mathe- 
matical physicist, while making it impossible for the geologist to see how 
much is hypothesis and how much is merely the systematic investigation 
of the consequences of hypotheses already made and data already found. 
In short, if geophysics requires mathematics for its treatment, it is the 
earth that is responsible, not the geophysicist. 

The paragraphs are numbered according to the decimal system ; of any 
two paragraphs, that with the smaller number comes earlier in the book. 
The integral part of a paragraph number is the number of the chapter. 
Equations have as a rule been numbered consecutively through each para- 
graph ; but in some cases they have been numbered consecutively through 
several closely related paragraphs. In cross-references, where reference is 
made to another equation in the same paragraph, only the number of the 
equation is given; but where the reference is to a different paragraph, the 
numbers of that paragraph and of the equation are given; e.g. 14*61 (3). 

I wish to express my thanks to the staff of the Cambridge University 
Press for their courtesy during the publication of this book; to Mr R. 
Stoneley, who has read the whole in proof and checked a great deal of the 
mathematical work, suggesting many improvements in the process; to 
Dr J. EL Jeans, who verified Chapter VII; to Dr A. A. Griffith, who gave 
me much of the information incorporated in Chapter IX, though he does 
not wholly approve of my terminology; to Dr Arthur Holmes, whose 
influence on my geophysical thought has been none the less important 
because I experienced it before beginning this book; and to Sir Ernest 
Rutherford, Prof. Eddington, Prof. Shapley, and Dr Wrinch, who have 
read various portions in typescript and suggested improvements. 

HAROLD JEFFREYS 


St John’s College 

Cambridge 

1924 March 6 
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INTRODUCTION 

“I am doing the best I can at my age.” 

G. B. Shaw, Preface to Bach to Methuselah. 

T he special difficulty of the problem of the physics of the earth’s interior 
arises from the extremely restricted range, both of depth and of time, 
for which any direct evidence is available. The deepest boring yet made is 
one of 2-5 km., and there are few over a kilometre in depth; mines are 
still shallower; and apart from borings and mines the only accessible parts 
of the crust are those exposed in quarries and cliffs, and the land surface 
itself. Samples of material from greater depths are continually being 
brought up to the surface, but the possibility of utilizing any information 
they may give us is seriously hampered by the fact that we know only 
vaguely from what depths they have come and to what extent their 
temperature and even their chemical constitution have been altered in 
their ascent. In addition, all observations of earthquakes and all observa- 
tions of topography and gravity have to be made at the surface or near it. 
Thus the problem of the physics of the earth’s interior is to make physical 
inferences over a range of depth of over 6000 km. from data determined 
only for a range of 2 km. at the outside. 

Extrapolation over such a range can be carried out only if we have 
some extremely reliable scientific laws, well verified in the laboratory and 
the observatory, to guide us in our investigation. Fortunately this is the 
case. Considerable headway can be made by means of such laws as those 
of gravitation, heat conduction, radioactive disintegration, elasticity, and 
fluid friction, all of which are well established. It is naturally impossible 
to proceed far in such a subject without introducing, besides known laws 
and empirical data, some ad hoc assumptions. The number of these has to 
be restricted as severely as possible; the justification of any hypothesis 
lies in its ability to coordinate otherwise unrelated facts, and hypotheses 
that do not explain more than they assume should be omitted. 

In many questions relating to the interior of the earth some knowledge 
of its thermal state is indispensable. There is no direct method of arriving 
at this knowledge; but we may make use of the laws of heat conduction 
to arrive at it indirectly. Given the distribution of temperature in a solid 
at any instant, and the thermal conductivity, it is possible to fipd the 
distribution at any subsequent instant, and therefore if we know the 
thermal conditions inside the earth at some past date it should be possible, 
given sufficient mathematical labour, to find those of the present time. 
We have not such knowledge for any historical date, but we can find it 
for the time when the earth was first formed, by making use of the modem 
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theories of the origin of the solar system. It is therefore necessary to give 
first of all an account of the evidence in favour of these theories ; but in 
so doing we must make use of information relating to the other members 
of the solar system besides the earth. It is found that the theory finally 
selected as the most satisfactory gives fairly definite information about 
the initial thermal state of the earth, which we can use in determining its 
subsequent history. 

The thermal history of the earth is influenced not only by the initial 
distribution of temperature, but also by radioactive substances in the 
crust, which are responsible at the present time for the greater part of 
the heat that is continually being conducted up to the surface and finally 
radiated away. It is therefore necessary to make a great deal of use of the 
information supplied by geologists concerning radioactivity in rocks, 
especially in relation to the age of the older rocks and the present thermal 
output. The thermal history in its turn supplies information about the 
elastic properties of the interior of the earth and about the deformations set 
up by contraction and other disturbing factors. In this way it is found 
possible to give a coherent account of the dynamics of isostasy, in relation 
to the support of both continents and mountains. 

We wish, then, to arrive at a decision concerning the primitive state 
of the earth in order to utilize it in an account of the subsequent history 
and of the present physical condition. The chief questions to be dealt 
with are first, whether the earth was ever mostly fluid, or whether it has 
always been solid throughout, and cool near the surface; and second, 
if it be granted that it was ever fluid, to form some conception of the 
manner of solidification and the physical conditions just after sohdification. 
A direct answer to either of these questions requires a discussion of the 
origin of the earth, concerning which numerous conflicting hypotheses 
have been propounded. A stage in the development of cosmogony has, 
however, now been reached in which both points can be decided with a 
high degree of probability. 

Practically all hypotheses regarding the origin of the solar system agree 
in supposing the sun and the planets to have formerly formed a single 
mass; they differ in the processes supposed to have led to the separation 
of the mass into many parts and in the subsequent evolution of the 
planets. Most of the hypotheses may be divided into two main groups, 
which may be called the Rotational and Tidal types. In the rotational 
type the rupture is supposed to have arisen through the speed of rotation 
increasing, as the mass condensed, to such an extent that gravity ceased 
to be adequate to hold it together. In the discussion of this type the 
leading investigators have been Laplace, Babinet, Roche, Moulton and 
Jeans. In the tidal type a star larger than the sun is supposed to have 
come close to the sun and practically torn it asunder by its tidal action. 
A hypothesis resembling this was advanced by Buffon, but fell out of 
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favour after the criticisms of Laplace. Its modern development was due 
in the first place to Chamberlin and Moulton ; but several features of their 
formulation have been found unsatisfactory by the present writer, who 
has therefore attempted to reconstruct the theory entirely from the time 
of the rupture. At the same time Jeans has carried out a comprehensive 
and general dynamical discussion of the possible methods of break-up of 
fluid masses, and has developed in it an account of the processes concerned 
in the formation of a system by tidal action. The theory he has reached 
bears a close resemblance to mine, the agreement being especially striking 
since the two methods of attack are quite different. The theory adopted 
in this work will be of the tidal type, and based on a comparison of those 
already advanced by Jeans and myself. It is not, however, possible to 
give an adequate statement of the reasons for adopting this particular 
theory without first giving some account of the advantages and drawbacks 
of the earlier theories of the origin of the solar system. Descriptions will 
therefore be given of the two chief theories that preceded the present one, 
namely the Nebular Hypothesis of Laplace and Roche, and the Planetesimal 
Hypothesis of Chamberlin and Moulton. It has, however, been found more 
convenient to treat the latter in an Appendix than to place it in its proper 
historical position, which would have been immediately after the Laplacian 
theory. 

The tidal theory of the origin of the solar system leads directly to the 
inference that the earth was formerly fluid, and hence to an account of 
its method of solidification and of the distribution of temperature imme- 
diately afterwards. The age of the earth and the amount of radioactive 
matter near the surface are found from modern information about radio- 
activity in rocks, and these data together are used to infer the thermal 
history of the earth since solidification, and incidentally the distribution 
of temperature at the present time. It is then shown that the observed 
phenomena of mountain building and isostasy are substantially what 
might be expected from the theory of the cooling of the earth. The evidence 
supplied by seismology, the figures of the earth and moon, tidal friction, 
and the variation of latitude is discussed in subsequent chapters, and its 
relation to the thermal state of the earth and the evidence of geodesy is 
examined. 

Some topics of geophysical interest, though outside the main argument 
of the book, are discussed in appendices. These are the Planetesimal 
Theory, Jeans’s Theory (points not discussed in Chapter II), the Hypo- 
thesis of the Indefinite Deformability of the Earth under Small Stresses, 
Theories of Glaciation, and Empirical Periodicities. 

The main purpose of the book is to show how far the various 
modes of attack on the problems of geophysics have led to harmonious 
results. Accordingly information from many widely separated fields has 
had to be collected. Probably the range of the subjects discussed is so 
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wide that nobody could possess a specialist’s knowledge of all; I am quite 
certain that neither I nor anybody else possesses such knowledge at 
present. Imperfections are therefore unavoidable. Nevertheless I think 
that geophysics has suffered in the past from the lack of any systematic 
attempt to coordinate its various branches, and that many wild theories 
might have remained unpublished or, if published, have received only 
their fair share of attention, had it been possible to see at once how far 
they conflicted with the data of related branches of the subject. If there- 
fore this book fails, as it must, to instruct the specialist in the data of 
his own subject, but sometimes enables him to check a hypothesis by 
means not only of his own data, but by some of those of related subjects, 
it will have served its purpose. Geophysics is no longer a field for un- 
controlled speculation ; it is a single science whose data are harmoniously 
coordinated by a definite physical theory, and any theory that contradicts 
this one must be shown to coordinate all these data equally satisfactorily 
before it can be accepted. 



CHAPTER I 

The Nebular Hypothesis of Laplace 

“Though the mills of God grind slowly, yet they 
grind exceeding small.” longfellow. 

1*1. Laplace's Account of the Nebular Hypothesis . The Nebular Hypo- 
thesis is usually attributed to Laplace, but the account of it given by him 
was exceedingly vague, no quantitative discussion whatever being included. 
It occurred in a semi-popular work, entitled Exposition du systeme du 
monde , the second edition of which was published in the seventh year of 
the French Revolution. The following account is a translation of that 
given by Laplace in the sixth chapter of the fifth book of this work: 

Let us now pause to consider the arrangement of the solar system and its 
relations to the stars. The immense globe of the sun, the focus of the planetary 
movements, turns on its axis in twenty-five and a half days. Its surface is 
covered by an ocean of luminous matter whose active effervescences form 
variable spots, often very numerous, and sometimes larger than the earth. 
Above this ocean, a vast atmosphere rises; it is beyond it that the planets, with 
their satellites, move in almost circular orbits, in planes slightly inclined to the 
solar equator. Countless comets, after approaching the sun, depart to distances 
that prove that its empire extends much further than the known limits of the 
planetary system. Not only does the sun attract all these globes, leading them 
to move around itself, but also it sheds on them its light and its heat. Its 
beneficent action produces the growth of animals and plants on the earth, and 
analogy leads us to think that it produces similar effects on the planets; for it 
is not natural to think that the matter whose fertility we see developed in so 
many ways is sterile on so great a planet as Jupiter, which, like the terrestrial 
globe, has its days, its nights, and its years, and on which changes implying 
very vigorous activity are indicated by observation. Man, made for the tem- 
perature he enjoys on the earth, could not, to all appearance, live on the other 
planets; but must there not be endless organisms adapted to the various 
temperatures of the globes of this system? If the difference of elements and 
climates alone can make such variety in terrestrial productions, how much 
more must those of the various planets and their satellites differ? The most 
lively imagination can form no idea, but their existence is very probable. 

Although the elements of the system of the planets are arbitrary, there are 
nevertheless very remarkable relations between them that may enlighten us 
with regard to their origin. It is astonishing to see that all the planets move 
around the sun from west to east, and almost in the same plane; all the satellites 
move around their primaries in the same direction and almost in the same plane 
as the planets ; and finally, the sun, the planets and the satellites whose rotations 
have been observed turn on their axes in the same direction, and nearly in the 
plane of their revolutions in their orbits. 

So extraordinary a phenomenon is not the result of chance; it indicates that 
a general cause has determined all these movements. To find approximately 
the probability with which this cause is indicated, we observe that the planetary 
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system as we know it to-day is composed of seven planets and eighteen satellites ; 
the rotations of the sun, five planets, the moon, the satellites of Jupiter, Saturn’s 
ring and its most remote satellite, have also been observed. These movements 
together form a set of thirty-eight movements in the same direction, at least 
when one refers them to the plane of the solar equator, to which it seems natural 
to compare them. If we consider the plane of any direct movement, lying at 
first upon the plane of the sun’s equator, and then becoming inclined to this 
last plane, and traversing all the degrees of inclination from zero to two right 
angles, it is clear that the movement will be direct for all inclinations less than 
a right angle and retrograde for greater inclinations. Thus all motions, direct and 
retrograde, can be represented by a change in inclination alone. The solar 
system, looked at from this point of view, offers then thirty-seven movements 
whose planes are inclined to that of the solar equator by at most a right angle. 
Supposing that their inclinations are due to chance, they could have extended 
to two right angles; and the probability that at least one of them would have' 


exceeded one right angle would be 1 — or 


137438953471 

137438953472* 


It is then extremely 


probable that the direction of the planetary movements is not at all the effect 
of chance, and this becomes still more probable when we realize that the inclina- 
tions of the majority of these movements to the sun’s equator are very small 
and much less than a right angle. 

Another equally remarkable characteristic of the solar system is the smallness 
of the eccentricities of the orbits of the planets and their satellites, whereas 
those of the comets are much elongated. No intermediate stages between large 
and small eccentricities occur in the system. We are then again compelled to 
recognize the effect of a regular cause. Chance alone would not have given an 
almost circular form to the orbits of all the planets, and the cause that determined 
the movements of these bodies must therefore have rendered them nearly 
circular. This cause again must have influenced the great eccentricity of the 
orbits of the comets, and, what is very extraordinary, without having affected 
the directions of their movements ; for when we consider the orbits of retrograde 
comets as inclined at more than a right angle to the plane of the ecliptic, we 
find that the mean inclination of the orbits of all observed comets is almost a 
right angle, as it would be if these bodies had been projected at random. 

Thus, returning to the cause of the primitive movements of the planetary 
system, we have the five following facts : 

1. The movements of the planets are in the same direction, and almost in 
the same plane. 

2. The movements of the satellites are in the same sense as those of the 
planets. 


3. The rotations of these different bodies and the sun are in the same 
direction as their revolutions and in only slightly different planes. 

4. The eccentricities of the orbits of the planets and their satellites are 
small. 


5. Finally, the eccentricities of the orbits of comets are great, although their 
inclinations can be attributed to chance...*. 

Whatever may be its nature, since it has produced or directed the move- 
ments of their satellites, this cause must have been common to all these bodies; 


* Here Laplace interpolates a short discussion of Buffon’s hypothesis, which will be dealt 
with in connection with the tidal theories. 
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and seeing the enormous distance that separates them, it can have been only a 
fluid of immense extent. To have given them an almost circular motion around 
the sun in a single direction, the fluid must have surrounded the sun like an 
atmosphere. Consideration of the planetary movements leads us then to think 
that in consequence of an excessive heat the atmosphere of the sun formerly 
extended beyond the orbits of all the planets, and that it has since withdrawn 
to its actual limits. This might have taken place through causes similar to that 
which produced the brilliant outburst in 1572, lasting several months, of the 
famous star in the constellation Cassiopeia. 

The great eccentricity of the orbits of comets leads to the same result. It 
evidently implies the disappearance of a large number of less eccentric orbits ; 
which supposes an atmosphere around the sun extending beyond the perihelia 
of the observable comets, which, by destroying the movements of those that 
traversed it during its great extent, has reunited them to the sun. Thus we see 
that only the comets that were beyond in that interval should exist at the 
present time; and as we can observe only those which approach sufficiently 
near to the sun at perihelion, their orbits must be very eccentric. But we see 
at the same time that their inclinations must offer the same irregularities as if 
they had been projected at random, since the solar atmosphere has in no way 
affected their movements. Thus the long periods of revolution of comets, the 
great eccentricities of their orbits, and the variety of their inclinations, are very 
naturally explained by means of this atmosphere. 

But how has it determined the revolutions and rotations of the planets? If 
these bodies had penetrated into the fluid, its resistance would have made them 
fall into the sun; it may then be conjectured that they were formed at the 
successive limits of this atmosphere, by the condensation of the zones that it 
must have abandoned in the plane of its equator while cooling and condensing 
towards the surface of that luminary, as has been seen in the preceding book. 
We may conjecture again that the satellites have been formed in a similar 
manner by the atmospheres of the planets. The five facts asserted above follow 
naturally from these hypotheses, to which the rings of Saturn add a new degree 
of plausibility. Finally, if in the zones abandoned in succession by the solar 
atmosphere, there were some molecules too volatile to unite with each other or 
to heavenly bodies, they must, while continuing to revolve around the sun, 
present to us all the appearances of the zodiacal light, without offering any 
noticeable resistance to the movements of the planets. 

Whatever may become of this genesis of the planetary system, which I 
present with the lack of confidence that everything that is in no respect a result 
of observation or calculation must inspire, it is certain that its elements are so 
regulated that it must enjoy the greatest stability, so long as outside causes do 
not disturb it. 

1-2. The Dynamics of the Nebular Hypothesis . The purely qualitative 
discussion given by Laplace is from its nature necessarily extremely 
incomplete, and in the absence of quantitative treatment it was, as he 
says, impossible to feel much confidence in the hypothesis. He never 
carried out such treatment, and for over sixty years the question of the 
mode of formation of the solar system remained as he had left it. Before 
proceeding to the later investigations, however, it is desirable to dwell 
further on Laplace’s account, and to point out the places where his 
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development is incomplete and the modifications produced by modern 
observation in the empirical data he used. 

The solar atmosphere whence the planets are supposed to have been 
formed was originally a highly diffuse nebula; this was apparently con- 
sidered to have been approximately symmetrical about an axis nearly 
perpendicular to the plane of the ecliptic, since it is described as extending 
beyond the orbits of all the planets and as bearing some resemblance to 
Saturn’s ring. The motion of the nebula is only stated to have been one 
of rotation; it is not made clear whether the periods of revolution of all 
parts of the nebula were to be the same, or whether, as might seem 
possible, the inner parts would revolve more quickly than the outer ones. 
The distribution of density is not definitely specified ; but the description 
of the nebula as surrounding the sun like an atmosphere suggests that the 
sun was already in a fairly advanced state of condensation, and that the 
total mass of the nebula was probably less than that of the sun. 

The nebula condensed slowly, and its rotation became faster and 
faster, in accordance with the dynamical principle of the conservation of 
angular momentum. Laplace assumes that his system is unaffected by out- 
side disturbances. In such a system suppose the mass of some particle to be 
m, and consider the motion of the foot of the perpendicular from that par- 
ticle to some fixed plane. Suppose this point to be moving with velocity v, 
and that the perpendicular from a fixed point in the plane to the tangent 
to the path is of length p. Then the principle asserts that if the values 
of mpv for all particles of the system are added up, the sum is constant 
for all time, no matter what changes occur within the system. This sum 
is called the angular momentum of the system about the given axis. 
Let us now apply this principle to the nebula. If r denotes the length 
of the perpendicular from a particle on to the axis of rotation at time t, 
While the fixed point and plane are the centre and the equatorial plane 
respectively, the sum is Hmrv, where as usual S is used to denote ‘the sum 
of the values of.’ Now suppose that the contraction takes place in such 
a way that the values of r for all parts of the nebula are altered in the 
same ratio. If a particle was initially at distance r 0 we shall then have 

r = r 0 f(t), 

where / (t) depends on t alone. Suppose that the same holds for the 
velocity, so that if the initial velocity of a particle was v 0 , we have 

v = v 0 g ( t ). 

As the mass of any particle remains constant, it follows from the above 
principle that 

Zmr 0 v 0 f(t)g(t) = 2mr 0 u 0 . 

But since r 0 and v 0 do not depend on the time, we must have 

/(*) = 1/9 (t). 

Now if the equatorial radius of the nebula is a, it is clear that a is pro- 
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portional to/ ( t ), and that the velocity at the outer boundary is proportional 
to g (t) and therefore to 1/a. 

The outer portions of the nebula at any time would be describing 
circular paths about the axis, under the gravitational attraction towards 
the interior and the fluid pressure acting outwards. The acceleration 
towards the axis required to maintain a circular path is v 2 jr and is therefore 
proportional to a~ 3 . Since the action of fluid pressure is always outwards, 
rupture will take place if this acceleration is greater than that produced 
by gravity, namely a constant multiple of M/a 2 , where M is the mass 
of the whole system. Hence as the mass contracts the acceleration 
necessary to hold it together increases like a~ z , while that available for 
the purpose only increases like a~ 2 . Therefore whatever may have been 
the initial velocity of rotation of the mass, it is only a question of waiting 
till it has contracted sufficiently for gravity to become inadequate to 
hold the outermost portions in contact with the remainder. When this is 
so, they will be left behind. Rupture must take place at this stage unless 
it has previously taken place in some other way. 

The foregoing argument is of considerable generality, for it covers the 
extreme cases where the mass rotates like a rigid body (that is to say, 
all parts take the same time to revolve around the axis) and either is 
homogeneous or has nearly the whole of the matter concentrated into a 
central nucleus. An indefinite number of possible intermediate states are 
also covered, and also a still wider range of states where the motion is 
not like that of a rigid body. 

Given some rotation to start with, the advance of condensation will 
necessarily tend to produce some kind of rupture. It may happen that 
the nebula will become liquid or solid before conditions suitable for rupture 
are reached; condensation will then cease and rupture will be postponed 
indefinitely. A certain minimum angular momentum is therefore necessary 
to produce ultimate rupture in any given mass. But supposing such an 
amount of angular momentum to be available, rupture is certain to occur 
before the whole mass has been absorbed into the central body. It may 
take place at an earlier stage than is indicated by the theory just given. 
If this is so, it happens while the gravitational acceleration available at 
the outer boundary is adequate to retain the matter there. Hence it 
takes place, not by crossing the outer boundary, but by internal condensa- 
tion. 

Laplace does not consider the possibility of the formation of planets 
by internal condensation, but only the separation of the outer portions 
around the equator. The whole system is perfectly symmetrical in these 
circumstances, and therefore the detached matter would form a ring. 
As condensation proceeded, other rings would be formed, and after its 
separation each ring would revolve independently about the central body 
with the period appropriate to its distance. Several objections have been 
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made against this part of the theory. It was suggested* that the result 
would not be a series of thick rings, nine in number, but a very large 
number of extremely thin ones, thus tending to account for minor planets 
and meteors rather than major planets. Other writers have argued that 
the absence of cohesion would make the separation quite continuous, 
whereas the formation of separate rings requires it to have been inter- 
mittent. These objections were partially answered by Roche f, in his 
detailed discussion of the Nebular Hypothesis, the irregularity being 
attributed to intermittent cooling of the central body; but his explanation 
seems very artificial. 

Granting that separate rings could have been formed, it remains to 
show how a ring could have condensed into a single planet. On this 
point neither Laplace nor any of his followers offers any clear account. 
Such condensation appears to be impossible, in consequence of certain 
results obtained by J. Clerk Maxwell in his Essay on the stability of the 
motion of Saturn's Rings , published in 1859. He shows that a ring of 
particles surrounding a central body will be stable if the number of the 
particles does not exceed a limit depending on the mass of the ring, and 
unstable if the number is greater than this limit. In a fluid ring the number 
of particles is effectively infinite, and therefore the motion of such a ring 
is necessarily unstable, and the ring will break up. Now any disturbance 
of the motion of such a ring can be represented as composed of a number 
of waves travelling around it. Each wave will remain steady, die down, 
or increase independently of all the others. Maxwell shows that the 
shorter the wave length the more rapidly will a disturbance increase, and 
therefore the method of rupture is that the fluid ring first breaks up into 
a very large number of detached bodies; the disturbances of somewhat 
longer wave lengths then assert themselves and cause the masses to run 
into each other and combine until the number of separate masses is so 
reduced that the condition for stability is satisfied. Thus the rupture of 
a ring would lead to the formation of a ring of planets in nearly the same 
orbit and of comparable size, which is not a state now represented in the 
solar system. If Jupiter were divided into 49 fragments revolving about 
the sun, it would satisfy Maxwell’s criterion of stability, and hence when 
this stage had been reached further aggregation would cease. Thus the 
formation of the solar system by the breakdown of rings is impossible. 

Even at this stage the questionable assumptions of the hypothesis 
are not exhausted. If the planets were formed by this process, the fact 
that they all revolve in one direction is explained; so are the small in- 
clinations and eccentricities of their orbits. But when we come to the 

* Daniel Kirkwood, M.N.R.A.S. 29, 1869, 96-102. 

* f ‘M6moire sur la figure des atmospheres des corps celestes,’ Memoir es de VAcad. de 
Montpellier, 2, 1854, 399; ‘Essai sur la constitution et 1’ origin© du system© solaire, 5 loo. cit. 
8, 1873, 235. H. Poincare, Lemons sur les hypotheses cosmogomques , 1913, 15-67. 
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satellites there are further difficulties. Each planet is supposed to have 
acquired, by some unspecified process, a rotation in the same direction as 
its revolution, and the condensation of the planets is supposed to have 
afterwards led to the formation of systems of satellites by the same 
mechanism as produced the planets in the first place. Thus the fact, 
pointed out by Laplace, that most satellites revolve in the same sense as 
their primaries, is explained. But unfortunately for the theory eight 
satellites now known revolve in the opposite direction, a fact which is quite 
inexplicable by this means alone. It has been suggested that the rotations 
of the planets were originally retrograde, but were reversed by solar tidal 
friction during the condensation, but it has been found that this is quite 
inadequate to account for the direct rotation of Jupiter and Saturn 
(see 13*73). 

Even in the case of the comets the theory is of doubtful value. The 
action of a resisting medium near perihelion would gradually reduce the 
mean distances of all comets that ever entered it, and therefore all sur- 
viving comets must have had perihelion distances greater than the present 
distances of Neptune. A further explanation of how these bodies came 
to be deflected so as to have small perihelion distances is therefore required, 
and is not provided by the theory. 

1-3. The Nebular Hypothesis with Internal Condensation. Although the 
particular course of evolution of the solar nebula sketched out by Laplace 
has proved to be impossible, it does not follow that an extended nebula 
could not develop into a system very like the solar system by some 
different process. It is noticed on examining Laplace’s discussion that 
the abandonment of perfect symmetry takes place at the very last moment 
conceivable, and that so long as we admit only symmetrical forms the 
only course possible is one in which the nebula sheds matter continuously 
around its equator, thus forming a new nebula around itself with a different 
distribution of velocity and probably of density. Now to produce the 
planetary system, symmetry must be abandoned at some stage, and it 
has been shown that if the abandonment is postponed till rings have been 
formed it is by that time too late. Emission from the boundary is not 
possible in any other way; the only alternative left is by internal con- 
densation, a possibility that has already been suggested. Such a theory 
would require that some slight inequality of density should be formed within 
the nebula, and that on account of a type of instability the inequality should 
proceed to increase until the form of the nebula was very seriously altered 
and one or more planetary nuclei formed. We see at once that this accounts 
for several features of the system, if it is a possible mode of development. 
The direct revolution of the planets in slightly inclined and slightly 
eccentric orbits is explained. The rotation of a planet and the revolution 
of its satellites would be in the direction of rotation of the matter in the 
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neighbourhood of the primitive condensation, and would be direct if the 
condensation started within the inner portion, but perhaps reversed if 
within the matter already shed from around the equator. Thus it might 
be possible to explain why the most remote planets have retrograde 
satellites; but there appears to be still no way of explaining the existence 
of both direct and retrograde satellites of the same planet, as is true of 
both Jupiter and Saturn. 

1-31. This hypothesis, however, fails on other grounds. The principle 
of the constancy of angular momentum, used at the very outset, imposes 
a severe restriction on the initial conditions of the mass, which turns out 
to be inconsistent with the condition that condensation shall be possible 
at all. If we use astronomical units of length, time, and mass, so that 
the earth’s distance from the sun and the sun’s mass have measure unity 
and the year has measure 2tt , we can calculate the angular momentum of 
the whole system at present about an axis through the centre of the sun 
perpendicular to the ecliptic, and this cannot have changed since the earliest 
times. The data for the various planets are as follows: 


Body 

Mass 

Mean 

Mean 

Angular 

1-t- 

distance 

motion 

momentum 

Sun 

1 

2-7 x 10-* 

14-4 

1-06 x 10-* 

Mercury 

9700 000 

0*39 

4-17 

6-5 x 10~ 8 

Venus 

402 000 

0-72 

163 

2-1 xl0-« 

Earth 

329 000 

1*00 

1-00 

3-0 xl0~ 8 

Mars 

3100000 

1*52 

0 53 

4-0 xlCr 7 

Jupiter 

1047 

5*20 

0 0844 

2-18 x 10- 3 

Saturn 

3510 

9*54 

0-0367 

0-95 x 10- 3 

Uranus 

22800 

19-2 

0-0119 

0-19 x 10~ 3 

Neptune 

19700 

30*1 

0-0061 

0-28 x 10- 3 


In this table the mean motion n is the mean angular velocity of the body 
as seen from the sun; it is also the reciprocal of the number of years in 
the period of revolution. The velocity is therefore rn , and the angular 
momentum is mr*n. For the sun the mean distance given is k, the radius 
of gyration, defined as the distance from the axis of a particle with the 
whole mass of the sun which would have the proper angular momentum 
if it revolved in the sun’s period of rotation. It is supposed that the 
density of the sun is uniform, so that 

& 2 = !*o 2 (1), 

where t 0 is the radius of the sun. If the sun is condensed towards the 
centre this value will be reduced. The mean motion given for the sun is 
its angular velocity of rotation. 

When we add up all the angular momenta, the total is found to be 
3*7 x 10~ 3 , of which Jupiter contributes more than half and the sun only 
about a thirtieth. The contributions of the inner planets, the satellites 
mnd the rotations of the great planets on their axes are all inappreciable. 
Now if the sun and all the planets were united into a homogeneous sphere 
or ellipsoid filling the orbit of Neptune and rotating in Neptune’s actual 
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period, its angular momentum would be §i/r 9 %, where M is the total 
mass of the sun and planets and r 9 and n 9 refer to the mean distance and 
motion of Neptune. This amounts to about 2-2, about 600 times the actual 
angular momentum of the system. 

Now a condensation within the mass must have revolved in the same 
period as the mass itself, and thus the angular velocity of the mass when 
Neptune was formed must have been n 9 . Hence, if k 9 be the radius of 


gyration at that time, we must have 

Mk 9 2 n 9 = 3-7 x 10~ 3 (2), 

f Mr 9 *n 9 = 2-2 (3), 

whence W§ r 9 2 = 1/600 (4). 


Thus the radius of gyration of the nebula was only ^ of that of a homo- 
geneous ellipsoid of the same diameter, indicating that its mass was 
strongly condensed towards the centre, even in the early stages. The 
suggestion developed by Roche (loc. cit.) that the sun was already formed 
when the condensation started is therefore essential to the theory*. 

1-32. The effect of this central condensation is that the gravitation of 
the mass reduces practically to that of a heavy particle at the centre, and 
in these circumstances it is pointed out by Jeans f that there are no 
possible asymmetrical steady states at all; the symmetrical state is always 
stable, and the course of development will therefore proceed through all 
the symmetrical forms found by Roche until ejection commences around 
the equator. Hence internal condensations are impossible and the theory 
fails. 

1-33. The argument may be presented in another way by means of 
a theorem due to Poincare. If the angular velocity of the fluid in the 
neighbourhood of the suggested condensation is o>, consider the function 

Uj = U + %a> 2 ( x 2 + y 2 ) (5), 

where U is the gravitational potential and x and y are rectangular co- 
ordinates measured from some point within the condensation and parallel 
to the equatorial plane. Consider any closed surface within the condensa- 
tion. Then we have by Green’s theorem 

//^-J7/ w >* <•)■ 

* The importance of the angular momentum criterion was first pointed out by Babinet 
(Comptes Rendus, 52, 1861, 481-84) and by David Trowbridge {Amer. Journ. of faience and 
Arts, Ser. 2, 38, 1864, 344-60). Both of these writers, however, overlooked the fact that the 
orbital angular momentum of Jupiter much exceeds the rotational angular moment um of 
the sun, and attended only to the latter. The first correct discussion is by Fouch6 ( Comptes 
Rendus, 99, 1884, 903-906). For an account of the primitive density distribution necessary 
to account for all the planets, reference may be made to Anne Sewell Young (Astrophysical 
Journal, 13, 1901, 338-43), who undertook the work at the suggestion of Prof. F. R. Moulton. 

f Problems of Cosmogony and Stellar Dynamics, p. 148. 
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the integral on the left being taken over the surface and that on the 
right throughout the interior. Now 

V 2 ^ = V 2 U + 2o> 2 

= — 4=77 fp + 2co 2 ( 7 ), 

where p is the density and / the constant of gravitation. If p x is the moan 
density inside this surface and </> its volume, the integral on the right 
is therefore equal to 2</> (oj 2 — 2irfp x ). 

g jj 

Now — is the normal component of gravity inwards across the 
0 

surface, and ^ ( x 2 -by 2 ) is the inward normal acceleration required 

to keep a particle in contact with a surface rotating with angular velocity oj. 


Hence if 


dJJi__dU , d 
dn 


=I dk + rJ oj2{x * +y * ) 


.(8) 


is positive, the inward attraction due to gravity is less than is required to 
hold a particle in contact with the surface, and thus the combined effect 
of gravity and rotation will tend to make the fluid move outwards across 
the closed surface. In addition the fluid pressure must increase inwards, 
since the pressure must increase with the density, and therefore the effect 
of pressure is always to produce motion outwards. But for a condensation 
to develop it is necessary that the fluid shall have at all points an inward 

dU 

or a zero acceleration, and therefore must be negative and sufficiently 

great to counteract the outward acceleration due to pressure. This must 
be true at all points of the surface if the effect is to be a permanent con- 

densation around a point. Hence j ^dS over the surface must be 

negative, and therefore 2<j> (co 2 - 2irf Pl ) must be negative. Thus the con- 
dition for condensation to be possible is that 2rrfp 1 shall be greater than to 2 . 

If the whole mass rotated like a rigid body, co would be the same at 
all points, and therefore equal to n, the angular velocity of the whole 
nebula, and to the present mean motion of the planet formed at that 
stage. Now by Kepler’s third law we have 




-( 9 )- 


Hence the condition for condensation is that 2nf Pl shall be greater than 
fM/r , or that Pi shall be greater than M I2vr 2 . But the angular momentum 
condition (4) shows that the density near the outer boundary is only a 
small fraction of the mean, and in this case the form of the outer boundary 
is such that „ 

Mj2nTr 2 = 0‘36p (10), 

where p is the mean density*. Hence the condition for condensation is 


* Jeans, lot. cit. p. 150. 
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that the density in the neighbourhood of the condensation when con- 
densation begins shall be greater than 0*36 of the mean density; which 
contradicts the result that nearly all the mass must be near the centre, 
the density as far out as the orbit of Neptune being at most only of the 
order of a thousandth of the mean. 

1*34. If we suppose condensation to have occurred in the matter that 
has been shed around the equator, a similar contradiction arises. Each 
portion of the matter in this part must revolve independently about the 
centre, with an angular velocity nearly equal to n , that appropriate to a 
circular orbit at the same distance, namely (fM/r z )%. Now the rotation of 
the matter is given by 

2o> = lj r ( r * n ) = i n (*)• 

Thus the condition for condensation is that shall be greater than co 2 /2tt/ 
or ^ 2 /327 t/, and finally greater than 0022/5 ; much less than in the former 
case, but still quite inconsistent with the data of the problem. Hence 
internal condensation is impossible in either portion of the nebula. 

1*4. Summary . The theory of rotational instability is therefore not 
a possible explanation of the origin of the solar system, and search must 
be made elsewhere for the correct theory. It has actually been proved 
by Jeans in his elaborate investigation that a nearly homogeneous mass 
broken up by rotational instability would give rise to a double or multiple 
star, the masses of the components being comparable ; while a mass with 
a strong central condensation, if it condensed elsewhere at all, would 
probably give a spiral nebula, the arms consisting of streams of stars, 
each with a mass comparable with that of the sun. In neither case would 
anything resembling the solar system be produced. A gaseous body with 
a mass comparable with that of the sun, and strongly condensed towards 
the centre, could not condense at all except by absorption into the sun. 



CHAPTER II 

The Tidal Theory of the Origin of the Solar System 

“In six days the Lord made heaven and earth, the 
sea, and all that in them is.” Exodus xx. 11. 

2*1. Long before it had been definitely proved that Laplace’s Nebular 
Hypothesis could not give a dynamically satisfactory account of the origin 
of the solar system, and could not be modified to give one so long as the 
notion of gradual development from a nebula initially fairly symmetrical 
was retained, many astronomers had felt that it involved too many un- 
proved and implausible assumptions, and were seeking for an alternative 
hypothesis that would avoid the difficulties. The chief of these alternatives 
was the Planetesimal Hypothesis of Professors T. 0. Chamberlin and 
P. R. Moulton, both of Chicago; this hypothesis has obtained the 
support of a considerable number of geologists, although astronomers 
have given it much less attention. Nevertheless its astronomical side 
appears to contain a large amount of truth, in spite of several serious 
objections that can be urged against it. One of these objections was 
pointed out by me in 1916*, but the advantages of this hypothesis over 
those previously advocated were so striking that I attempted to modify 
it in such a way as to avoid the objection. An outline of the result was 
published in 1917f, and various applications of the modified hypothesis 
to account for phenomena of the existing solar system were developed 
in 1918J. 

2*2. The Methods of Rupture. Dr J. H. Jeans has discussed on general 
dynamical principles the whole problem of the possible methods of rupture 
of fluid masses, and was able to show, in a thesis§ awarded the Adams 
Prize of the University of Cambridge in 1917, that the only method that 
could lead to anything resembling the solar system required almost the 
same initial conditions as the Planetesimal Hypothesis and that which 
I adopted. Since the two discussions rested on very different data, 
the close agreement between the inferences is a strong argument for the 
truth of some closely similar theory. There were, however, a few points 
of difference ; these will be indicated in the following account, which differs 
somewhat from both presentations. The discussion of the Planetesimal 
Hypothesis itself will be reserved until Appendix I. 

* M.N.B.A.S. 77, 1916, 84-112. 
t Science Progress , No. 45, 1917, 52-62. 
t M.N.B.A.S. 78, 1918, 424-41. 

§ Problems of Cosmogony and Stellar Dynamics , 1919. 
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The fundamental feature of the hypothesis is the approach to the sun 
of a star considerably more massive than itself. This raised two large 
tides on the sun, the greatest protuberances being at the points of the 
sun nearest to and furthest from the star. When the distance between the 
two bodies became sufficiently small, the tendency to disruption due to 
the difference between the attractions of the star on the two opposite sides 
of the sun became greater than the sun’s gravitation could counteract, 
and a portion of the sun was tom away. This afterwards condensed to 
form the planets and satellites. 

Jeans has shown that in the tidal theory, as in the rotational theory, 
a mass may be broken up in two ways, according as it is approximately 
homogeneous or strongly condensed towards the centre. The former type 
would give a number of bodies with masses of the same order of magnitude ; 
the latter is the type required to account for the solar system, and will 
therefore be considered in some detail. 

The gravitation potential due to the sun and a star together, when the 
sun is supposed to have nearly ah its mass concentrated near the centre 
and the star is supposed spherical, is 


U = 


fM 

r 



(1), 


where / is the gravitational constant, M and M' are the masses of the 
sun and star, and r and r' the distances of the point considered from the 
centres of the respective bodies. If coordinates x, y and z be taken, the 
origin being at the centre of the sun and the x axis pointing towards the 
star, and if u, v, w be the component velocities of the matter of the solar 
envelope at any point, we have 


d_ 

dt 


(u, v, w) 


(1 A l\ 

\dx’ 3 y’ dzj 



'1 A 

,dx’ 3 y’ 3 z) 


V 


( 2 ), 


where the derivatives with regard to the time indicate the accelerations 
in the directions of the axes, p is the pressure and p the density. Now the 
acceleration of the central body towards the star will be fM'jR 2 , where 
It is the distance between the centres. Hence if (u 0 , v 0 , w 0 ) be the velocity 
of the centre of the sun, 


Jt (“O’ «*>) = ( f ~, o, o) (3), 

and if (u , v , w ) be the velocity of a particle of the envelope relative to 
the centre of the sun, we have, since R is independent of x, y and z, 

dt ( u '’ v '> ^ = dj( u ~ u o>v - v 0 ,w - w 0 ) 




(A. A l)(u- 

Uc’ 3 y’ dz)[ U 

_l(l l _ 3 \ 

p \ 3 *’ 9 y’ 3 z) 


fM'x\ 
R% ) 

P 


( 4 ). 
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The discussion of the resulting motion may he facilitated by considering 
two extreme cases, called by Jeans 'slow 5 and transitory encounters. 
In a slow encounter, the changes are slow compared with the corresponding 
free vibration of the solar envelope, while in a transitory one they are quick. 

The changes during a slow encounter bear a certain resemblance to 
the motion of a pendulum when the bob is drawn aside by a gradually 
increasing horizontal force. It moves slowly in the direction of the force, 
the deflexion at any instant being almost the same as if the pendulum 
were in equilibrium under the action of gravity and the force actually 
acting at that instant. In a slow tidal encounter, approximate equi- 
librium is similarly maintained, and the form of the solar envelope can 
be calculated as if it were in equilibrium under the action of the gravitation 

d 

of the sun and the star. Thus the acceleration (u' , v', w') can be neglected. 

In the case of the transitory encounter, the analogous pendulum 
problem is when the bob is suddenly struck by a horizontal blow, and 
then allowed to swing or revolve freely. In the tidal problem, the motion 
is as if a motion were suddenly imparted to the envelope, and this were 
then left to readjust itself under the mutual attraction of its parts and 
the sun’s gravitational field. 


2-21. In a slow encounter we have 


( 3 9 d\( JM'x\_l(d 

\te’dy’dz)[ U )- P W 


d d\ 
dy’ dz) P 


Thus the fluid pressure and the density must be functions of U — 


.( 1 ). 

fM'x 
JS 2 1 


M M r M'x 

that is, of — + -y — . Jeans ( loc . cit. pp. 153-56) denotes this latter 

quantity by £2. Thus the outer boundary of the mass will be one of the 
surfaces where £2 is constant; it will be the particular surface of the set 



that is just large enough in volume to be filled by the matter of the solar 
envelope. Jeans shows that one of these surfaces, represented by the 
thick curve in Fig. 1, surrounds the sun completely and has a sharp point 
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on the side nearest the star. At first the volume of the solar envelope 
is much less than that of this surface; but as the star approaches, the 
linear dimensions of this critical surface diminish in proportion to the 
distance between the two bodies, until the volume becomes too small to 
hold the envelope. The critical value of It, if the disturbing body has a 
mass double that of the sun, is 2* 8 7a, where a is the undisturbed radius 

of the envelope. When this state is reached vanishes at the apex ; 

and this implies that whereas up to this stage everywhere, and even at this 
stage everywhere else, the resultant influence of gravity is to accelerate 
the matter towards the interior, this influence now ceases at this point. 
With a closer approach it changes its direction, and the matter of the 
envelope is drawn out at the point in the direction of the star. The action 
of fluid pressure is always to encourage ejection, which will therefore 
continue until the star has receded again to such a distance that its gravity 
is no longer enough to neutralize that of the sun. 

Initially the velocity and acceleration of the ejected matter are both 
inappreciable, but when the star approaches closer the acceleration increases 
and the matter therefore begins to move straight towards the star. Mean- 
while the star is moving transversely as well as towards the sun; thus, 
when the matter has moved some distance outwards, the star is no longer 
in its direction of motion, and will therefore attract it sideways. Thus a 
velocity around the sun as well as away from it will be acquired. The 
changes in the condition of the system are indicated in the following 
diagram, where the dotted curve shows the position of the solar envelope 
at the first rupture and the figures 1, 2, and 3 indicate the positions and 
paths of the particles ejected at the first, intermediate, and final stages. 
Since all the accelerations relative to the sun are in one plane, namely 
that of the motion of the star relative to the sun, it follows that the 
whole of the motion produced must be approximately in this plane, apart 
from a possible slight departure due to the rotation of the sun before 
the passage of the star. Further, the transverse motion of every portion 
of the ejected matter is in the same sense as the motion of the star. It 
would be incorrect, however, to suppose that the whole of the ejected 
matter would follow, even at first, the same orbit. The point where 
emission is taking place is necessarily immediately towards the star, and 
therefore is continually changing as the star moves, its path relative to 
the centre of the sun being geometrically similar to the relative path of 
the star. Thus all particles start from different positions and therefore 
travel on different paths; they do not follow one another along one path, 
as might at first be thought. 

If ejection was continuous, all the ejected matter would at any subse- 
quent time lie within a long narrow region; in other words, it would 
form a filament. In shape this would resemble a boomerang. For, subject 
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to the conditions of a slow encounter the velocity of the matter relative to 
the sun is inappreciable before ejection, and the acceleration is zero at 
the moment of ejection. Hence the end of the filament nearest the centre 
must touch the locus of the equilibrium point, while the acceleration away 
from the sun as the star approaches will produce a considerable outward 
velocity, so that the filament will be more strongly curved away from the 
sun than the locus of the point of ejection. 

A 

I 



/ 

/ 

Fig. 2. Diagram of the changes in the form of the solar envelope and the 
paths of portions of the ejected matter during the passage of the star. 

It will be seen that when the star reaches its nearest point to the 
sun, the po in t of ejection is also at its nearest. When the star recedes in 
the least, the sun’s attraction on the matter severed at the moment of 
closest approach will again be greater than the tidal disturbing force, and 
it will therefore draw this matter back into the solar envelope. We see 
similarly that no ejection of matter not already separated can take place 
during the retreat of the star, and indeed that what has been ejected 
during the approach will fall back, with the exception of such as has 
acquired a sufficient transverse velocity to miss the envelope when it 
approaches the sun on its next revolution. Thus only the parts first drawn 
off can remain permanently detached from the sun. At any stage of 
ejection the volume of the critical surface would be decreasing at a rate 
simply proportional to the rate of change of volume of a sphere with its 
centre at the sun and extending to the star. Thus when ejection started 
the rate of ejection would be finite if the rate of approach was finite, 
would increase to a maximum, and would fall to zero at periastron*. 

* This account differs from that of Jeans, loc . cit. p. 283: “The rate of ejection of matter 
would he slow at first, would increase to a maximum when the passing star was at its nearest 
to the sun and would subsequently diminish to zero.” 
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The typical slow encounter just described is, however, incapable of 
being realized in actuality, for quantities supposed negligible in it are in 
fact incapable of being small. The period of a free vibration of tidal type 
in the solar envelope could hardly differ in order of magnitude from the 
period of revolution of a planet moving in a circular orbit at the point 
of ejection. This period is 2n ( b 3 /fM)b , where b is the radius to the point 
of ejection. The time of passage of the star, even if the relative velocity 
before it was appreciably affected by the sun was inappreciable, would 
be of the order of tt {R 3 /f (M + M')}i, by the ordinary theory of two 
bodies. Now the condition for any emission to occur is approximately 
that b shall exceed (M/2M')iR. Thus the ratio of the two times considered 

is of order ^ , which cannot be less than unity, whereas it 

would have to be a small fraction for the conditions of a slow encounter 
to be satisfied. Any actual encounter would be intermediate in character 
between the typical slow encounter and the typical transitory one; but 
whereas the former type cannot be even approximately realized, being 
dynamically impossible for freely moving bodies, the latter can be realized 
with any required degree of accuracy. 


2-22. Consider now a transitory encounter. The equation of con- 
tinuity is 

p dt dx dy dz 

where the axes are now taken to be fixed in direction and not accelerated, 
and u, v, w are the component velocities of the fluid. Now by hypothesis the 
encounter is such as will make the velocities moderate*, while its duration 
is inappreciable. Hence the quantity on the right is moderate, and there- 
fore its integral for the whole or any part of the encounter is inappreciable ; 
thus p, the density of any element of fluid, does not change during the 
encounter. 


If the fluid be compressible, the pressure on any element of the fluid 
is determinate when the density is known, and therefore, by the last 
paragraph, does not change during the encounter. Now the accelerations 
of any element are given by 


d 

dt 


(u, v, w ) 


•a_ d_ _0- 

dx’ dy’ dz 



d_ d_ d\ 
dx’ dy’ dz) ^ 


( 2 ). 


Let us denote $TJdt, taken for the whole duration of the encounter, by 


* In arguments based chiefly upon the notion of orders of magnitude, some set of 
quantities must be taken as a standard. Other quantities are called ‘large,’ ‘small’ or 
‘moderate’ in comparison with these. The standard quantities must, of course, be consistent 
in the same sense as is applied to units of measurement. Thus, in the present problem the 
mass of the sun, gravity at the surface of the primitive sun, the velocity and mean motion of 
a planet at the sun’s surface and moving about it in a circular orbit, and the radius of the sun, 
are all standard quantities, while the pressure at the sun’s centre is moderate. 
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<D. By the last paragraph, the second vector on the right is essentially 
moderate, and its integral throughout the encounter is therefore negligible. 
Thus if we integrate the equations of motion for the duration of the 
encounter we shall have / odd \ , 

u ’ v > w = \Tx’ Ty’dz)® (3) - 

Thus there is no impulsive pressure during a transitory encounter. 

If the fluid he incompressible, the argument breaks down, but the 
result may be obtained otherwise. Equations (2) still hold, hut, p being 
constant for any given element, we can denote J 'pdt for the duration of 
the encounter by w, and then if we integrate (2) for the duration, we have 
x Id d d\, lfd d d\ 

9 y’ ter~p{dx’ dy’ dz) W (4) ' 

Differentiating the three equations thus combined with regard to x, y> 
and z respectively, and adding, we have 
du } dv r dw ^ f 3 /I dm 
' Tz 


r 0 / 1 dm\ d fldm\ d /l3m\i 

dx + dy + ~dz ~~ { dx\pdx) ^ dy \p dy) dz\p dz ) J 

Now the left side is equal to — - ^ which is zero since the fluid is incom- 
pressible. V 2 17 is equal to — 4? rfp, which is always moderate, and therefore 
V 2 0 is inappreciable. Hence 


dx 



If we had an uncharged dielectric with a specific inductive capacity pro- 
portional to this differential equation would be satisfied if td were the 

electrostatic potential within it. Further, the pressure, and therefore m , 
vanish at all points of the boundary of the envelope. The problem is 
therefore completely analogous to that of an uncharged dielectric with 
a zero potential over the boundary, which is known to have a unique 
solution*, namely that the potential is zero for all points within it. Hence 
we have the general result that there is no impulsive pressure in a transitory 
encounter, and therefore equations (3) hold in all cases. 


2*221. Now by hypothesis the gravitation of the sun is inappreciable 
in comparison with that of the star during the encounter, even within 
its envelope, and a fortiori it is therefore insufficient to divert the path 
of the star appreciably. The star will therefore move in a straight line. 
Taking the path of the star to be the axis of y and its velocity to be v 9 
the coordinates of the star are (0, vt , 0) and the accelerations of a particle 
(x, y , z) due to the star are 


\ r '3> r 'Z 5 r '3j 9 

where r f is the distance of the particle from the star. 


* Cf. Jeans, Electricity and Magnetism , 1908, 161-62. 
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Integration of these with regard to the time gives the velocity of the 
particle at the end of the encounter. Putting x 2 + z 2 equal to jB x 2 , so that 
R x is the least distance of the star from the particle considered, and 
y — vt equal to R x tan (f> 9 we have 

r' 2 = x 2 + z 2 + (y — vt) 2 
= R x 2 sec 2 (f> } 

and — vdt = B x sec 2 (j>d<j>. 

The direction of the final velocity evidently intersects the path of the 
star. The y component is f m' 

which vanishes. The component at right angles to the path of the star is 

[i* fM' D R x 9J 2/M' 

-5-f — rr • A- — sec 2 (i dJ> = — . 

J -ivJRj 3 sec 3 <£ 1 v r r RjV 

If R 0 be the distance of closest approach to the centre of the sun, and if 

— Rq — ct 3 

the velocity of the particle relative to the centre of the sun at the end 
of the encounter will he 

2/M7 1 1 \ 2/J I'g 

v \R 0 — a RJ R 0 2 v ' ' 

approximately. 

The condition that the sun may be broken up is evidently that this 
velocity shall be comparable with the parabolic velocity for a particle 
at the outside of the envelope. If a be the mean radius, this condition 
becomes 2 fM'a 

R 0 2 v > { a J (2) ' 

We have the further condition that the duration of the encounter shall 
be less than the period of oscillation of the mass. The former can be taken 
to be 2R 0 /v, and the latter half the period of revolution of a planet at the 
boundary. Hence 2 R 0 

"Ud > ^r (3) - 

Multiplying (2) and (3), we find on simplification 

<*>■ 

The corresponding condition found for a slow encounter was equivalent to 

2M ' ^ R o S 

Thus for a given periastron distance a larger disturbing body is required 
to produce rupture in a transitory encounter than in a slow one. The 
difference is not, however, great. 
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For a given mass M' and a given minimum separation of the two 
bodies, equation (2) imposes an upper limit to the values of v consistent 
with rupture taking place. To indicate the possible dimensions of the 
system at rupture, take 

M' = 4.M, B = l-5a, » = 4x 10 8 cm./sec. 

With M — 2 x 10 33 gm., / = 6-6 x 10~ 8 c.g.s., 

(2) gives a < 6-4 x 10 13 cm., 

which is the present mean distance of a rather remote asteroid. 

The extreme type of transitory encounter may be approached in- 
definitely closely by supposing M' and v increased indefinitely while 
retaining a constant ratio to each other. It is easy to see, however, that 
this type of encounter could not lead to anything resembling the solar 
system. The investigation just given shows that in a purely transitory 
encounter the motion produced necessarily consists of the shooting out 
of two protuberances, one towards the star and one away from it, but 
both directly away from the centre of the sun. Some of the matter might 
acquire enough velocity to make it leave the sun’s influence altogether; 
but such as did not would fall straight back into the sun and be reabsorbed. 
Thus no planetary system would be generated. To account for the actual 
solar system an encounter of intermediate type is required. 

2-3. The Density of the Primitive Sun. So far the only postulate we 
have made about the density of the primitive sun is that it was not nearly 
uniform ; it must have been strongly condensed towards the centre. The 
sun at present has a density rather greater than that of water, and it 
seems unlikely on several grounds that a dwarf star could have been as 
heterogeneous as the present theory requires. Thus the origin of the planets 
must have happened while the sun was in the giant stage. It was then 
a gaseous star, and the structure of gaseous stars has been the subject of 
much investigation. The temperature must have been sufficiently high 
to keep the constituents of the present planets in a gaseous state; and if 
we take silicon and the less fusible metals as our standard, as we must 
if we are to explain how the earth came to be formed from the sun, the 
effective temperature of the primitive sun cannot have been under 3000° 
absolute. E. A. Milne, using Eddington’s* theory of the constitution of 
gaseous stars, has shown that a gaseous star of the mass of the sun, and 
with an effective temperature of 3100°, would have a mean density of 
5 x 10 8 gm./cm. 3 , and a radius of 2-1 x 10 12 cm., or 0-14 astronomical 
umt. This radius is much less than that of Betelgeuse, which is comparable 
with 1-5 astronomical units, the difference being attributable to the much 
greater mass of the latter star. If the temperature was higher, the density 
would be greater and the radius correspondingly less. Thus the above 

* M.N.R.A.S. 77 , 1916 - 17 , 16 - 35 , 696 - 612 . 
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estimate is to be regarded as a lower limit to the possible density of the 
primitive sun. 

2*4. The Rupture of the Filament. Whether the encounter was slow or 
transitory, the result must therefore have been the formation of a long 
protuberance towards the star; transverse motion, if any, would be in 
the plane of the star’s relative motion. In either case it is possible, though 
not necessary, for a shorter protuberance to be formed on the side away 
from the star; this depends on the mass of the star and on its distance 
of closest approach. In the slow encounter the filament would be formed 
by ejection of matter from a limited region of the boundary; the shorter 
filament, if formed, would be diametrically opposite to it. In a transitory 
encounter the whole envelope would commence to be stretched, the out- 
ward velocity relative to the central body being greatest on the side 
nearest to the periastron, a smaller outward velocity being also produced 
on the opposite side. The actual encounter would be of intermediate type. 
The longer protuberance produced will in general be called ‘the filament.’ 

We have now to consider the subsequent development of the system. 
As the star retreated, much of the matter drawn out, including perhaps 
the whole of the shorter protuberance, must have fallen back into the 
sun. The outer portions of the longer one would, however, continue to 
recede from the sun, and, being deflected transversely by the star, would 
miss the sun on the return journey and continue to revolve around it. 
There is no necessary upper limit to the length of a filament produced 
in this way; if the initial velocity was greater than the parabolic velocity 
at the point of emission, gravity would be unable to prevent the first 
matter drawn out from receding to an infinite distance, and the fluid 
pressure of the matter behind it would always be pushing it onwards. 
Thus we should expect a long narrow filament to be formed. 

If such a strip were steadily drawn out under the joint influence of 
the sun and the star, the mass per unit length in any region of it would 
presumably vary steadily with the distance from the sun, having possibly 
one maximum in the middle. If, however, it received a slight distortion, 
the mass per unit length in some region being increased, it is possible 
that the extra gravitative power of this region would draw other matter 
towards it. The disturbance would then increase exponentially with the 
time, and therefore a condensation would be formed in the filament. 

The theory of the aggregation of a gaseous filament in this way has 
been outlined by Jeans ( loc . cit. pp. 157-60). Condensation would begin 
when the length of the strip already ejected reached the value 



where c is the velocity of sound in the gas. The ejected portion would then 
begin to detach itself from the main body; thenceforth it would lead an 
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independent existence as a planet. If ejection continued, a second planet 
would be formed, and others would follow until ejection ceased. Those 
formed last would fall back into the sun as the disturbing body receded, 
but the early ones would retain their identity. 

The above condition is necessary for condensation, but not sufficient. 
Two factors will tend to make a gaseous filament dissipate itself instead 
of condensing; namely, first, the tendency of a gas to spread itself out 
into the surrounding vacuum, and second, the tidal disruptive action of 
the sun itself. A gas suddenly liberated into a vacuum will spread out 
with a velocity equal to a small multiple of the velocity of sound in the 
gas. According to the usual, but probably inaccurate, formula*, the velocity 

( 2 \j 

- — c, where y is the ratio 

of the specific heats. For a monatomic gas this amounts to V 3 c. The 
condition that the filament should not dissipate itself is that this must 
be less than the velocity necessary to remove a particle from the gravitative 
influence of the filament. It is, however, more convenient mathematically 
to consider the corresponding criterion for a primitive planet. If a be the 
radius of such a planet, and m its mass, this condition shows that 



3c 2 < 2/m/a 

( 2 ). 

If b be the radius of the filament and we assume that the density did not 

change considerably while a section was collecting into 

a nearly spherical 

form, we have 

m = 7 rpb 2 l = ^npa 3 

(3), 

and therefore 

Sc 2 < f rrfpa 2 

(4). 

But from ( 1 ) we have 

C 2 = -Jpv 

7 T 

(5), 

3 

and from (4) and (5) we find a > — 7fi l 

7 T Jj 

(6). 

But 

on 

| bH = a 3 > — . I 3 

77 2 2 f 

(7). 

whence 

b > 0-5 1 

(8). 


Hence the length and thickness of a section of the filament at rupture 
would be comparable, and there is no reason to suppose that sufficiently 
great changes took place in the ratio of its longitudinal and transverse 
dimensions to invalidate the supposition that the order of magnitude of 
the density remained unaltered during the adoption of the nearly spherical 
form. 

Now substituting for a and l in ( 3 ) we find in turn 


m > 


2 * 3 2 


P Z 3 > 


3 2 


2^ 77 ^ f 


.( 9 ). 


# Eamsey, Hydromechanics , Part II, 1913, 59. 
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This gives a lower limit to the mass of a planet that could be formed by 
gradual condensation of a gaseous filament. For nitrogen at 273° absolute 
the value of c is about 3 x 10 4 cm./sec. It is proportional to the square 
root of the absolute temperature and to the inverse square root of the 
molecular weight. Monatomic silicon would have the same molecular 
weight as diatomic nitrogen; thus c for silicon at 3000° absolute would be 

3 x 10 4 ^ or practically 10 5 cm./sec. The mean density of the sun 

has been seen to have been at least 5 x 10“ 5 gm./cm. 3 , and would be 
greater if the sun were more condensed. On the other hand, the sun would 
be condensed towards the centre, and the ejected matter would be less 
dense than the average. As a rule it will be supposed as a working hypo- 
thesis that the density of the ejected matter was 5 x 10~ 5 gm./cm. 3 . Then 


m > 0*8 x 10 28 gm. (10), 

(“)• 


The radius of the primitive planet comes out at about ^ of that of 
the primitive sun, indicating that planets with a larger radius than this 
could condense. It is likely that the thickness of the filament, even in the 
nearest realizable conditions to a slow encounter, would be a moderate frac- 
tion of the radius of the sun, so that this result indicates that the formation 
of planets by condensation of the filament is possible. The mass indicated 
is, however, intermediate between those of the great planets and of the 
terrestrial planets. But in a giant star the law that the luminosity is a 
function of the mass alone shows that the absolute effective temperature 
must have been proportional to the inverse square root of the radius. 
Therefore c is proportional to the inverse fourth root of the radius, and 
c 3 p"4 is proportional to the three-fourths power of the radius. Thus if the 
sun was more condensed than has so far been supposed, the primitive 
planets could have been less massive than has just been shown possible. 

2 - 41 . There is, however, a definite lower limit to the possible masses 
of planets produced by gradual condensation from matter ejected from 
a gaseous star. For, returning to equation 2-4 (2), 

3c 2 < 2/m/a (1), 

and supposing that when the planet ultimately solidified its radius was 
a ' and its density //, we have a> a' (2), 

since the body must contract in passing from the gaseous to the solid 
state. Hence 3c 2 < 2/m/a' (3). 

If the density of the solid planet be taken at the reasonable value of 
3 gm./cm. 3 , m is nearly 12a' 3 , and therefore 

24/a' 2 > 3c 2 


( 4 ), 
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which with the data so far adopted gives 

a' > 1*4 x 10 8 cm. (5). 

Thus no planet with a smaller radius than 1400 km. could have been formed 
by gradual condensation from the gaseous state. If the primitive sun was 
hotter, c would be greater, and this limit would have to be raised. 

This result is not dependent on any particular theory of the origin 
of the solar system, and the existence of many bodies within the system 
whose sizes fall below this limit establishes, as decisively as anything can 
be established in cosmogony, that these bodies were not formed by slow 
condensation from the gaseous state. They include all the asteroids, and 
all the satellites except the moon, Titan and the four great ones of Jupiter. 
Thus at least two processes must have been operative in the formation 
of the planets and their satellites. 


2-5. The Condensation of the Planets. The cooling of a condensation 
as massive as the great planets can now be described in some detail. 
Eddington has shown* that in a giant star a column of matter containing 
one gram per square centimetre of cross section would absorb all but the 
fraction e~ 54 of the radiation falling normally on its end. With the above 
data, radiation from the centre to the circumference would have to traverse 
1-5 x 10 8 grams per square centimetre before reaching the outside, and 
therefore, unless the opacity dropped to a ten-millionth or less of its 
previous value as soon as it was ejected, it is justifiable to regard the 
radiation emitted by the filament and the primitive condensations as 
coming from a surface layer. 

Imagine a sphere of radius a and effective temperature V; let its mean 
density be p and let us denote Stefan’s constant by a. Then the total rate 
of loss of energy by radiation is 4 irfF 4 , and the rate of loss per gram of 
matter is 3 aV^/pa. Taking 

a (1°) 4 = 5x 10~ 5 ergs/cxn. 2 see., 

V = 3000°, 


P = 5 x 10- 5 gm./cm. 3 , 
a — 3 x 10 10 cm., 

the rate of loss of energy is 8000 ergs per gram per second, or ^ calorie 

^ second - Thus the matter would be losing heat at the rate of 
6000 calones per gram per year, which would be enough to ensure its 
liquefaction in a few revolutions about the sun, and possibly before it 
had completed its first revolution, were cooling not delayed by internal 
tomic changes energy set free by contraction, and solar radiation. All 
of these would be less effective in a gaseous planet than in the sun, and 
as they were m approximate equilibrium with radiation before the dis- 
ruption, radiation would overwhelm them after it. 


* M.N.R.A.S. 77, 1917, 602. 
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The mutual gravitation of the parts of a great planet would therefore 
hold it together, while radiation from the surface would gradually liquefy 
it. Since cooling would take place at the outside, drops would be formed 
there and would fall inwards under gravity. They would collect with the 
densest at the centre ; solidification would in due course set in and proceed 
till complete. 

2 * 51 . Smaller masses of the same original density, or less dense masses 
of the same linear dimensions, would have a much more complicated 
history. In this case the attraction of the filament or of the condensation 
would be inadequate to retain the outer portions, which would therefore 
spread out with a velocity not exceeding times the velocity of sound. 
Radiation would continue simultaneously. If A denote the surface of a 
segment, the rate of loss of energy by radiation is a A F 4 . The temperature 
would fall to the boiling point by radiation still more quickly than in the 
case of a larger mass. Further radiation would procure liquefaction, and 
a volume of gas equal to a A V*/pL would therefore liquefy in unit time, 
where L is the latent heat of evaporation. Meanwhile the rate of increase 
of volume through spreading would be \/3Ac. If the former of these 
was the greater, the reduction in volume through liquefaction would 
leave sufficient space to accommodate the expanding gases. The mass would 
therefore condense into liquid drops near the outside, and the still un- 
condensed gases would spread so as to fill only partially the space left 
by condensation. Thus expansion in volume would cease. The condition 
for this is that p shall be less than crV^/VSLc, which with our previous 
data, taking L equal to 600 calories per gram, or 24 x 10 9 ergs per gram, 
is 1*3 x 10~ 6 gm./cm. 3 . If the matter was originally more dense than this, 
and gravity was insufficient to control its expansion, it would expand 
approximately adiabatically until it reached the critical density, when 
it would proceed to cool principally by radiation. If it cooled to the 
boiling point during the adiabatic expansion, much of it would have 
liquefied before it reached the critical density; if it had not cooled so far, 
it would liquefy at this density. 

The drops formed would be at the same temperature as the gas that 
produced them. Nowthe velocity of agitation in a monatomic gas is (f )ic. The 
velocity of efflux is therefore 1*3 times the velocity of agitation. Thus the 
matter liquefying must be composed of molecules moving both inwards 
and outwards, for if they were all moving outwards their velocities could 
not differ enough among themselves to give the actual velocity of agitation. 
The effective front of the matter spreading out is composed chiefly of 
molecules moving forwards, and therefore the condensation must take 
place some distance behind the effective front; the latter goes straight on 
and is lost to the planet. Now the mass velocity of a drop after liquefaction 
v ould be the mean of the previous outward velocities of all its molecules, 
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and since many of these would be negative, the drops would move outward 
with velocities much less than that of the effective front. If their velocity 
was still too great for them to be retained by the gravitation of the planet, 
they would pass off and be lost; but their inertia would delay the expansion 
of the gas following them, and thereby reduce the rate of expansion of 
the whole. It appears probable that the rate of expansion would ultimately 
be reduced to a very small fraction of the velocity of sound, and the 
condensation would become a system of liquid particles in an approximately 
stationary gaseous medium. The details of the process would be very 
difficult to follow out theoretically, but it appears possible that the velocity 
of expansion might be reduced to such an extent that gravity could 
control it. Thus radiative cooling leads to much the same result as adiabatic 
cooling would; the relation between them is that adiabatic cooling is the 
more important when the density is greater than the critical density, and 
that if the density ever falls to the critical value, or if it was initially 
below it, radiative cooling then takes the more prominent part. 

2-52. In any mode of aggregation a planet would pass through a 
liquid stage. For the drops would be at the boiling point to start with, 
and would fall in towards the centre through a mass of gas at a temperature 
still far above their own; for the temperature of the gas would necessarily 
increase inwards on any theory of its thermodynamics. Thus their tem- 
perature would be raised both by conduction and by friction. When 
they reached the centre they would come to rest, being further heated by 
their mutual impacts, and would form a liquid core. Thenceforth the core 
would continue to be heated by contact with the surrounding gas. This 
would partially condense on the core, which would itself be thereby heated 
to a temperature not greater than the boiling point at the actual pressure. 
The outer gases might either condense, the drops falling in to augment the 
nucleus, or else pass off into space ; but it is certain that any matter aggre- 
gated into the nucleus would be liquid. 

The last point is of capital importance in the development of geophysical 
theory, and therefore merits further consideration, which may conveniently 
he given here. It has been asserted by Chamberlin and others* that the 
drops would cool not only to the liquid but to the solid state, and that 
the nucleus of a small planet would accordingly have been initially and 
permanently solid. The objection is that a liquid particle fa llin g through 
gas would necessarily be heated; if therefore it was to cool further it 
would have to emerge from the region occupied by gas. Thus it would have 
to continue to move outwards with a velocity greater than the velocity 
of expansion of the gas, which by hypothesis is itself too great to be 
controlled by gravity. Thus such a particle would be lost to the con- 
densation. If on the other hand the planet was of such mass that it could 

* See Appendix I. 
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control particles moving at the surface with the velocity of efflux of a 
gas into a vacuum, it is certain that liquid particles would commence to 
fall inwards as soon as they were formed. Thus in the case of a large planet 
the formation of a liquid core is certain; in the case of a lighter planet the 
alternatives are either a planet formerly fluid or no planet at all. 

It has also been thought by Chamberlin and others that adiabatic 
cooling would proceed after condensation and continue till the mass was 
solid and cold. This is impossible, by what has been said above, since the 
surroundings would always be hotter than the core. But even if free 
cooling of the drops was possible, they would still not be cooled to the 
solid state by adiabatic cooling. For adiabatic cooling below the boiling 
point can be caused only by evaporation, and therefore could not lower 
the temperature below a point where the vapour pressure is insignificant. 
Thus the temperature could never be reduced in this way by more than 
200° at most below the boiling point. But the difference between the 
boiling points and melting points of silicon and heavy metals is at least 
several hundred degrees. Hence adiabatic cooling could reduce the sub- 
stance of the planets at most to the liquid state and not to the solid state. 
If evaporation was appreciable in substances with high melting points 
when fused, the casting of iron and the melting of glass should produce a 
great amount of distillation of iron and glass on to the factory walls, which 
does not take place. 

2*53. Returning now to the question of the disruptive action of the 
sun we see that it could not impede condensation. For it was virtually 
taken into account by Jeans in finding the condition that the filament 
might break up into detached masses, and the length of the segments 
obtained by him is practically determined by the condition that the matter 
may be far enough from the sun not to be broken up further. As it receded 
from the sun, it would become more nearly spherical and more dense, 
and on both grounds the sun’s disruptive influence would diminish, apart 
from the direct effect of distance. 

2*54. In this way a number of liquid planets of varying sizes would 
be formed. They would move in orbits about the sun, all in one direction 
and approximately in one plane. Their outward motion would not in 
general be annulled during the passage of the star, so that after the 
encounter they would have considerable velocities away from the sun; 
in other words, their orbits would be highly eccentric. 

2*6. Buff on's Theory . At this stage we may quote the passage from 
Laplace’s Syst&me du monde that was omitted on p. 6. It is as follows: 

Buffon is the only person I know who, since the true system of the world 
was discovered, has attempted to find out the origin of the planets and 
satellites. He supposes that a comet, falling upon the sun, drove from it a 
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torrent of matter, which united far away into several globes of various sizes 
and at various distances from that body. These globes are the planets and 
satellites, which, by cooling, have become opaque and solid. 

This hypothesis satisfies the first of the five conditions already mentioned* ; 
for it is clear that all the bodies thus formed must move nearly in the plane that 
included the centre of the sun and the path of the torrent of matter that formed 
them. The four other phenomena appear to me inexplicable by this means. In 
truth, the absolute movement of the molecules of a planet must be in the 
direction of the motion of its centre of gravity, but it does not follow that the 
rotation of the planet will be in the same sense. Thus, the earth could turn 
from east to west, and yet the absolute movement of each of its molecules could 
be from west to east. This applies also to the motion of revolution of the satellites, 
whose direction, on this hypothesis, is not necessarily the same as that of the 
motion of their primaries. 

The smallness of the eccentricities of the planetary orbits is not only very 
difficult to explain on this hypothesis, but actually contrary to it. We know 
from the theory of central forces that if a body, moving in a closed orbit about 
the sun, touches the surface of that luminary, it will return there in every 
revolution. Hence it follows that if the planets had been primitively detached 
from the sun, they would touch it at each revolution, and their orbits, instead 
of being circular, would be very eccentric. It is true that a torrent of matter 
expelled from the sun cannot be exactly compared to a globe grazing the surface : 
the pressure and the gravitational attraction between the parts of the torrent 
may change the directions of their movements and make their perihelia recede 
from the sun. But their orbits must remain permanently very eccentric ; or, at 
least, they could have had small eccentricities only by the most extraordinary 
chance. Finally, one sees no reason, on Buffon’s hypothesis, why the orbits of 
the comets already observed, about ninety in number, are all very much 
elongated; this hypothesis is therefore far from satisfying our conditions. 

If in Buffon’s hypothesis we replace 'comet’ by 'star more massive 
than the sun’ and 'falling upon the sun’ by 'approaching very close to 
the sun,’ we have a hypothesis with a close resemblance to the one that 
has been elaborated in this chapter. We must, therefore, be prepared to 
meet Laplace’s objections. We note that his second point is certainly false, 
eight retrograde satellites being now known; and the third point is untrue 
of Uranus and probably of Neptune. The fifth remains a difficulty, comets 
not having yet been satisfactorily included in any cosmogonical hypothesis 
(Laplace’s own being no exception). The fourth point has now been metf , 
and it appears that the present small eccentricities of the planetary orbits 
are perfectly consistent with the tidal theory. 

2*7. It will be noticed that in the primitive sun the lightest materials 
would be in the outer layers; they would therefore be the first ejected, 
and would proceed to the greatest distances from the sun. Thus the outer- 
most planets would be expected to be composed of the lightest materials 
and to have the lowest densities, as they have. If any matter was expelled 
from the solar system altogether, as is quite possible, it would be the 

f See Chapter IV. 


* See 1-1. 
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lightest of all. The effect would, however, have been intensified by the 
fact that the lighter planets would have lost much more of their lighter 
materials, and would thus have come to contain a greater proportion of 
heavy constituents than they originally possessed. 

It has been seen that much expelled matter must have fallen back into 
the sun, taking with it the angular momentum that it acquired during its 
journey. Hence the sun acquired a rotation, the plane of its equator being 
near the planes of the motions of the planets, as it actually is. 

2*8. The Origin of Satellites. It appears unlikely that all the bodies 
in the solar system were produced in the disruption already discussed. 
The diameter and density of the filament would certainly vary from point 
to point, but it is incredible that they could vary in such an irregular way 
as to account for the occurrence of bodies with such widely different masses 
as Saturn and its satellites in close proximity and between two other 
bodies both comparable in mass with Saturn. This is to take only one 
example of the difficulties presented by the wide differences in mass 
between the outer planets and their satellites. A natural suggestion is 
that the satellites were formed from the planets. They could not have 
been formed by gradual condensation of the planets, for every argument 
used against the Laplacian theory of the origin of the planets and against 
its modifications is equally applicable to the corresponding theories of the 
origin of the satellites from the planets. The tidal theory, on the other 
hand, is applicable to this problem also. Each nucleus would pass near 
the sun at its first perihelion after it was formed. How near to the sun 
it would pass presents a perhaps quite intractable question in the Problem 
of Three Bodies; but it is at least plausible that the perihelion distance 
would be less than the distance of its centre from the sun when it first 
took a spherical form. The latter distance is specified by the condition 
that the body could just hold itself together in spite of the disruptive 
tidal action of the sun. If it had not condensed appreciably during its 
first revolution it would therefore be broken up by solar tidal action at 
its first perihelion. If it approached more closely it might be broken up 
even in spite of the condensation. A filament would then be produced by 
the planet, and would go through a process of development similar to that of 
the filament ejected by the sun. This is the mode of origin of the satellites 
suggested by Jeans. It is not, however, a complete account. Just as the 
planets necessarily move in one direction around the sun, any satellite 
would necessarily move in that direction about its primary if it had been 
produced in this way and always remained with its primary. But just 
as in the first great disruption much matter might have acquired a great 
enough velocity to expel it from the sun’s influence altogether, so in these 
minor disruptions some satellites formed might have been permanently 
lost to their primaries and proceeded to describe independent orbits about 
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the sun. It is possible that in their later development they would be 
captured* by their own parents or by other planets, or they might remain 
permanently independent. 

If, however, a planet had condensed to the liquid state before passing 
perihelion, which would certainly be true if its mass was less than 10 28 grams 
(in other words, for all the terrestrial planets), it would be too dense to 
be broken up at all by tidal action. For such a planet could exist actually 
in contact with the sun's surface if its density was as great as fourteen 
times the mean density of the sun, which limit would be much exceeded 
by a liquid planet revolving about a giant sun. 

This argument is not applicable to the great planets, for they might 
be still distended at their first perihelion passage, and might not reach 
a density that would forbid disruption until after a few revolutions. 

It has been pointed out that the falling back into the sun of temporarily 
expelled matter would account for the sun’s rotation; similarly the rotation 
of the planets may be explained. It is suggestive that the only planets 
with swift direct rotations are those whose direct-moving satellites indicate 
that they have been broken up by tidal action. The angular momenta of 
revolution of the satellites of the great planets are, however, much less 
than those of the rotations of the planets, so that this hypothesis cannot 
be accepted without a great deal of examination. 

With regard to the method of condensation of the bodies produced, 
it is practically certain that the great planets liquefied by the process of 
2*5 and the small satellites by that of 2-51. The method of solidification 
of the terrestrial planets and of the large satellites is not yet clear; it is 
a question of deciding at what mass the former process would become 
inoperative, which cannot be done with definiteness on account of the 
uncertainty in the temperature and density of the primitive filaments. 
The terrestrial planets, however, seem to be fundamentally different in 
constitution from the outer ones, suggesting that they lost much of their 
fighter constituents during condensation, and therefore that the critical 
mass was between those of Uranus and the earth, in accordance with the 
estimate of 2-4 (10); but the matter is not certain, and it is quite possible 
on present knowledge that the critical mass was between those of Titan 
and Iapetus. 

2*9. Summary . A theory of the origin of the solar system, partly based 
on that of Jeans, has been developed. The sun, while in the giant stage, 
is supposed to have been broken up by the tidal action of a passing star 
several times more massive than itself. It is unlikely that a gaseous star 
of the sun’s mass could have had a radius greater than 21 million km., 
which fixes an upper limit to the size of the sun at the time of the encounter. 
The encounter did not approximate either to Jeans’s ‘slow 5 or to his 

* See later, Chap. IV. 
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4 transitory’ type. A slow encounter is dynamically impossible, while the 
matter ejected in a true transitory encounter would all fall back into 
the sun and be reabsorbed. 

Accordingly the encounter must have been of intermediate type. The 
ejected matter, as it emerged from the sun, collected into nuclei. These 
continued to move outwards, but were deflected sideways by the star, 
and thus proceeded to move around the sun in one direction and nearly 
in one plane. If the diameter o£ the sun at the time was the greatest 
possible, the masses of the nuclei able to retain the whole of their con- 
stituents must have been greater than 1*2 x 10 28 grams, about twice the 
mass of the earth. The great outer planets must therefore have retained 
all their constituents, whereas the smaller ones may have lost a large part 
of their mass ; thus the fact that the great planets have low densities may 
be explicable. 

The condensation of the great planets was a straightforward process, 
each passing steadily through the gaseous state to the liquid state through 
loss of heat by radiation from the outside. The smaller ones and the 
satellites had a more complicated history. They would form drops at the 
outside, and these would fall in towards the centre, forming liquid cores ; 
but at the same time a large fraction of their mass would probably 
be lost. 

When the terrestrial planets had reached the liquid state they might 
continue to cool adiabatically by evaporation from the surface; but 
evaporation alone would not have sufficed to bring them to the solid state, 
for it would have become inappreciable before they had cooled so far. Thus 
all the planets must have gone through a liquid stage, passing gradually 
into the solid state by cooling from the surface. 

Most of the satellites were probably formed by the tidal disruption of 
their primaries by the sun when they passed perihelion for the first time. 
This hypothesis accounts readily for the general resemblance of the sub- 
systems of the great planets to the solar system as a whole, and for the 
dissimilarity of the subsystems of the terrestrial planets. It suggests also 
that a number of satellites were detached completely from their original 
parents and became for a time independent planets. The moon cannot 
be explained in this way, as will be seen in Chapter III, where a different 
explanation of its origin will be given. The possible subsequent history of 
the lost satellites will be discussed in 4*4. 
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CHAPTER III 
The Origin of the Moon 

“There is a tide in the affairs of men 
Which taken at the flood leads on to fortune.” 

Shakespeare, Julius Caesar , iv, 3. 

3 * 1 . Our moon has probably had a very different origin and history 
from any other satellite. Although the earth is the second smallest planet 
to possess a satellite at all, it happens that the moon is the third or fourth 
most massive satellite in the whole system. Its mass is of that of the 
earth, while the best estimates available of the masses of other satellites 
indicate that the only heavier ones are J III, J IV, and Titan, whose 
masses are respectively ^j, and 5V of that of the earth. The ratios of 
the masses of these large satellites to those of their primaries are only 
Tybir, and 47W respectively. The remarkably large mass of the 

moon in proportion to its primary suggests two alternatives. It may have 
been formed from the earth in some way decidedly different from the 
births of the satellites of the great planets from their primaries; or it 
may have been formed from some other planet, but have left the latter 
immediately and become an independent planet. It will be seen later ( 4 - 4 ) 
that it is possible that some satellites were formerly independent planets, 
and have been captured by their present primaries; but in the particular 
case of the moon this possibility can be easily dismissed. To suppose it to 
have been formed from some other terrestrial planet would intensify the 
difficulty with regard to its mass. To suppose it to have been formed 
from an outer planet is practically impossible, for the following reason. 
It has been pointed out that the tidal theory strongly suggests that the 
more remote planets should have lower densities than the nearer ones. 
The same should be true of satellites, and it actually appears that the 
densities of the four great satellites of Jupiter decrease with distance 
from their primary. But a lost satellite would be originally more remote 
than any retained one, and should therefore have a lower density than 
any of the others. The moon, on the other hand, has a greater density than 
any other known satellite, nearly three times that of J III and four times 
that of J IY. 

We must therefore retain the hypothesis that the moon was formed 
from the earth, although it cannot have been formed in the way already 
described. It is necessary that some other influence shall have cooperated 
in the fission. Now the density of the moon is such that if it were homo- 
geneous it would be broken up by tidal action if it passed within 1-8 times 
the earth’s radius from the centre of the earth; the moon must therefore 
have been formed at a distance from the centre of the earth greater than 
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this. Hence considerable extension of the primitive earth is necessary, 
although the solar tides can never unaided have been able to produce 
such an extension. 

3-2. The most plausible theory of the origin of the moon is that 
suggested by Sir G. H. Darwin. Consider for a moment a man in a swing. 
If he is pulled back for a moment and released, he performs a few oscilla- 
tions and gradually comes to rest. But if we give him a push every time 
he is nearest to us, the extent of the oscillations becomes greater every 
time, and if friction were absent, it would be possible to increase the 
amplitude indefinitely. This increase in the extent of a vibration when 
the external force has a period equal to the natural period is known 
as Resonance.’ If the earth, when it was wholly or partially liquid, received 
a small distortion so that its equator became an ellipse, it would oscillate 
backwards and forwards about the symmetrical form until friction brought 
it to rest. The period of this motion would be about two hours. But we 
can show that the angular momentum of the earth-moon system is such 
that, if the earth and moon ever formed a single body, this must have 
rotated in about four hours. Now the solar semidiurnal tide is just such 
an oscillation as we have been considering, and the period of the dis- 
turbance in height at any station is half the period of rotation, in this case 
two hours. Hence the amplitude of the oscillation would grow to be very 
great. There appears to be no limit to the amplitude of the tide that 
could be produced in this way. For suppose the oscillation to have con- 
tinued long enough for its amplitude to have become steady, and consider 
the elevation of the surface at the point vertically below the sun. If the 
free period was shorter than the period of the tide, the tidal elevation 
would be positive, in accordance with the ordinary theory of forced 
oscillations; but if the period of the tide was the shorter, the elevation 
would be negative. Hence if the earth was condensing slowly, both periods 
changing slowly, and the one that was formerly the shorter became the 
longer, the elevation would change its sign. It could do this only by 
passing through zero or infinity. The former alternative implies that when 
perfect resonance is attained there would be no tide, which is unplausible ; 
the latter implies that if only the conditions for resonance persisted for 
a long enough time there is no limit to the extent of the tide that could 
be produced. Thus the earth would be gradually stretched out in the 
direction of the sun. When the disturbance became great enough, the mass 
would break into two parts in much the same way as Jeans showed to be 
possible for a homogeneous liquid mass undergoing a slow tidal encounter 
without resonance. 

Love* and Bryanf determined the angular velocity that the earth 
would have had to have in order to produce a satellite in this way, sup- 

f Phil. Trans. 153 a, 1889, 187-219. 


* Phil. Mag. ( 5 ), 27 , 1889 , 254 - 64 . 
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posing the earth to have been homogeneous, but Moulton* showed that 
the angular momentum in the system is too small to give the velocity of 
rotation required. It was found by the present writer, however, that when 
we take into account the fact that the earth is not homogeneous, the 
conditions become much more favourable to the theory. The oscillations 
of a heterogeneous mass in three dimensions have so far presented an 
intractable problem, but the corresponding two-dimensional problem has 
been solved, and it is found that homogeneity is the least favourable case 
to the theory that is possible. The modification produced in the numerical 
results by allowing as much heterogeneity in the two-dimensional problem 
as exists in the actual earth is found to be as great as is required to remove 
the discrepancy found by Moulton. 


3*21. The Free Vibrations of a Heterogeneous Liquid Cylinder . In the 
equilibrium state the liquid is supposed to form two layers, an inner 
circular cylinder of density p (1 + rj) and radius a x — aa , surrounded by 
an outer layer of density p and radius a. Let the axis of z be along the 
centre of the cylinder, and suppose a constraint to prevent motion along 
the cylinder. Let the angular velocity be o>. The equations of motion, 
referred to rectangular axes rotating with this speed, are 

U — 2o)V — d) 2 X = Jr- ( U — ~ 

OX V P 

v + 2coU — co 2 y = ~ (^U — ^ 

where u and v are assumed small and U is the gravitation potential ; the 
equation of continuity is 

S + |=° < 2 >- 


•( 1 ), 


By cross-differentiation we at once find 

0 /dv __ 0 ^\ 
dt \ 0 £ dy) ’ 
so that in all periodic motions 

dv du 

dx d y~° (3) ' 

Hence there are a velocity potential <J> and a stream function W giving 
the motion relative to the rotating axes. Then 

V 2 $ = 0 and V 21 F = 0 (4). 

This will hold for both layers. 

Let the equations of the bounding layers in cylindrical polar coordinates 
in the disturbed position be respectively 

r == a + q cos (n<f> + jS) = a + qS, say) 
r = a x + q 1 cos (n</> + y) = a x + q 1 S 1 , sayj 
where j3 and y may be functions of the time and q and q 1 are small. 

* T. C. Chamberlin and others, The tidal and other problems, Carnegie Institute. 
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Then the gravitation potentials in the outer and inner layers are 
U 1 =-vfp (r 2 - a 2 )- 2rfpr) a i 2 log ~ (£) + rjd^ S t (^)"J ... (6), 


U t =--rrfp (r 2 - a 2 ) - Trfprj (r 2 - a ^) + 


2-rrfp 


n 

dU 


^ 8 Q n +r > a ^MQ n } - (7) - 


When r = a, let the part of — that is independent of <f> be g; and 

when r = a l9 let the part independent of <j> be g x . 

We have further 


C7— - = I (u — 2ov — co 2 x) dx + (v + 2a>u — co 2 y) dy 
P j 


= ^-I" 2 r 2 + 2o>T 


.( 8 ). 


Assume next that in the inner and outer layers the velocity potentials 
have the forms 







(9). 

n 

1 Jf» 

(10), 


where Jl 15 jBl 2 ? an d K z are harmonic functions of n<f>. Then the stream 
functions are obtained by writing 

7T 7T 

n<f> — - for ncj) in K x and K z , and n<j) + ^ for n<f> in K 2 (11). 

2 2 

Then the boundary conditions give 

» <*i - X.) = (qS) (12), 

n ( K 1 a n — K 2 a~ n ) = aa^ (g^) = nK z (13). 

Hence = qiSl ( 14 )> 

& a(qS-q 1 S 1 cP+ 1 ) m „ d a (qSa 2n - q 1 S l et*+ 1 ) . . 

n (1 — a 2 ”) ’ 2 ~dt n{l-a 2n ) -^°)- 


At the outer surface T = ^ — S' 

at n 


at the inner surface 


T = 


d aa 
dt n 


&«.(<■* - 5 ) • 


At the outer surface the pressure is constant. Therefore 


C7 




or 


^ + co 2 aqS — 2ojY = constant, 
— gqS + ( qS + ija»+ 1 g 1 >8 , 1 ) + to 2 ag£ 

71 


dt 2 


a{ g# (1 + « 2w ) - 2«»+ 1 g 1 /S , 1 } _ 2a >_d s / , w 

»(1 — a 2 ") n dt * V ™ 


;)=o '...(i6). 
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At the inner surface the pressure is continuous. Hence 
V + fa- (qSa» + vqi S ia ) + oMaqA - 2a, ^ | q^ fa - 

n , aa di /rr p i I d*a{2qScc n -q^ccil + a 2 ")} . n , 

~ il+7l) ndr* iqA) + w* «(i- 0 *») 0 (17) ' 

So far nothing has been assumed about the form of the wave, save that 
S and are circular functions of the nth. order. Suppose now that the 
wave travels with its form unchanged and that the speed of the vibration 
at any point is p. Then q and q 1 are constants, and S and S x are of the 
form cos (ncf) — pt + /3). 

Then St 8 fa _ I) = _ pS ’ and Tt Sl fa ~I) = ~ ( 18 )- 


Thus qS — — + %7rfp + no ) 2 -j- p 2 j- 


qS 27rfp7)a n ~ 1 


2p 2 a n ~~ 1 
1 — a 2n 


2t) 2 /y n +l 

+ 2i#i fafpya! n+1 ~ = 0 ( 19 )> 


+ ?i#i 


YIQ- 1 i jyZn 

7, aa + + nr > ai2 + l 1 + V) V 2 + V 2 fZ~ a i« + 2 V W 'P = 9 

(19 a). 


The period equation is therefore 
~ + Zrfp -+ nw i + 2ojp + p 2 j ^ ffi - 


{~^+ 2 fpy i +y n ^ 2 + 2r i°> p + VP 2 + jfafa - fapy - Yzfa) - 0 

( 20 ). 

In the homogeneous case v = 0, and this equation reduces to 

p 2 + 2 oj p + nw 2 + 27 rfp — ngfa = 0, p 2 = 0 (21). 

The zero roots give merely a displacement of the inner boundary 
without the outer being affected, which is obviously possible when the 
densities are equal. 

In the other type of oscillation the sum of the two possible speeds is 
- 2w as was proved by Bryan for the corresponding three-dimensional 
problem. Further, in the case of the form of bifurcation (n = 2, p = 0) 
ft) 2 = 77/p, as was found by Jeans*. 

We wish to know whether heterogeneity causes resonance or instability 
o occur for a smaller value of the angular velocity when the mean density 
is the same. Now the mean density is p (1 + V a 2 ), and hence the angular 
velocity that would cause both these conditions in a homogeneous cylinder 
with the same mean density is given by 

W 1 2 = nfp (1 + ya 2 ) (22). 

* ‘The Equilibrium of Rotating Liquid Cylinders,’ Phil. Tram. 200 a, 1903, 81. 
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Resonance will occur in the heterogeneous case if one value of p is 
— 2a>. In this case the angular velocity a> 2 is given by 


&o 2 
1 — a 2 ” 


— - '9 ngi a ln ~ x + 2rrfp (1 + 2 rja in + 2fa 2n ) + nco z (1 + ija 2 ") 


+ r, (nco 2 + 2-rrfp - 2?) (noj 2 + 2 nfpr) kr'f'p'rfa* = 0 ...(23). 

Instability will commence with an angular velocity co 3 given by putting 
p = 0. Then 

( no 2 + 2 nfp - 22) (nco 2 + 2-nfpy - ^ - 47r 2 / 2 p V 2 " = 0 (24). 


As we are restricted to a two-dimensional problem and only require 
approximate results to indicate the direction of the effect of heterogeneity, 
accurate correspondence with the actual case is unnecessary. We shall 


assume 


p = 3-2, rj — 1*50, a = 0*66. 


Then p (1 + 7?) = 8*0; gja = 3-307r/p; gjaa = 5-007r/p (25). 


This makes the two densities, and the ratio of the amounts of matter of 
the two densities, about the same as inWiechert’s hypothesis of the structure 


of the earth. Then = h65 (26). 

Putting n = 2 we find 

co 2 2 /t rfp = 0-71 or 2-10 (27), 

oi 3 2 /t jfp = 2-03 or 3-74 (28). 


If a widely diffused cylindrical mass with the density distributed in 
this way condenses so as to keep a constant, p and co increase like a~ 2 . 
Thus o>*l'rrfp increases like a~ 2 , and resonance will occur when it reaches 
the value 0*71, which is only 0-43 of the value needed to produce resonance 
and instability in a homogeneous mass with the same mean density. Thus 
heterogeneity encourages resonance; the fact that the smaller value of 
<o 3 2 is greater than o) x 2 indicates that it discourages instability. 

In general, put p = ka> and o) 2 /7r/p == A. Then the period equation for 
n = 2 is 

j— (1 -f 2rja 2 ) + A ^1 + 1c + 

{-(2+,)+A(i+n.jf+^ n ^ ;r )))-,-{,-j^j}V.o ...m 

This may be regarded as a quadratic in A when Jc is known. The solution 
is given in the table. In the last two columns Aq is the value of o) 2 /tt/p 
for a homogeneous cylinder of density p (1 + ^a 2 ), so that a direct com- 
parison is obtained between heterogeneous and homogeneous cylinders of 
the same mean density. 
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In the diagram the full curves show the variation of Ic\i with Al, or 
for masses with the same densities, of p with «. The two branches of the 
curve approach very closely near h = 2, but do not intersect. The dotted 



curve is obtained by plotting k\i against \i, so that it shows the speeds 
on the same scale for masses of the same mean density. The condition 
for resonance is given by the intersection of the curves with the line 
p = — 2ai or h = — 2, and it is at once seen that heterogeneity causes 
this to. be satisfied for a much smaller value of the rotation than was 
otherwise needed. Further, if a be made to approach to unity, two of 
the values of Jc can be made to approach zero as closely as we like, while 
A retams any finite value. Hence by making the depth of the outer layer 
small enough we can make resonance occur for as small a value of the 
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rotation as we please. It appears physically probable that the same will 
be true in the three-dimensional problem. 

3*3. The Original Period of Rotation . Wiechert’s hypothesis makes the 
principal moment of inertia of the earth 

C = fapa*(\ +^ 5 ) ( 1 ), 

and if M be the mass of the earth and m that of the moon 

<7= 0334ifa 2 (2). 

Let o) and n be the respective angular velocities of the earth’s rotation 
and the moon’s revolution at present, and let c be the moon’s distance. 
Then the angular momentum of the system is 

C<a + 5-78Ca> (3). 

Now oj = 7-29 x 10~ s /l sec. The moment of inertia of the combined body 
before separation would be approximately 0 (M + ra)£m~$, apart from the 
increase due to flattening. Hence the angular velocity when the two 
formed one body was 

( jut \ 5 

~ — ) = 4-14 x 10~ 4 /1 sec., 

provided that the density distribution was similar, and that the angular 
momentum and moment of inertia were not different. The only cause of 
change in angular momentum would be solar tidal friction, which probably 
would not amount to more than about 5 per cent, of the whole. Thus 
finally the angular momentum would be enough to make the whole rotate 
with an angular velocity of about 4*3 x 10~ 4 /1 sec., apart from variations 
in the moment of inertia due to flattening and condensation. 

Now a homogeneous ellipsoid would give similarly a maximum angular 
velocity of 3-6 x 10~ 4 /1 sec., and instability in the symmetrical form and 
resonance would not occur until the rotation speed was 7*2 x 10” 4 /1 sec. 
Thus the homogeneous mass could never attain conditions suitable for 
resonance. The effect of heterogeneity on these conditions seems to be to 
increase the actual speed, by what has been said above, and to diminish 
the speed needed for resonance, so that the circumstances are much more 
favourable. 

The problem of finding out the actual amount of the effect of hetero- 
geneity on the period of rotation necessary to cause resonance is likely to 
be exceedingly difficult, as the bounding surfaces are not ellipsoids. An 
estimate can, however, be made by analogy with the cylindrical case, 
which has been accurately solved. In the two-dimensional case considered 
the angular velocity found necessary for resonance is only 0-65 of that 
needed when the mass is homogeneous. If the same ratio held in the three- 
dimensional case, the angular velocity needed would be 4-7 x 10~ 4 /1 sec., 
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while the available angular velocity is 4*3 x 10- 4 /l sec. There are, however, 
two causes that will affect the former amount. Compressibility by intro- 
ducing a further degree of freedom may be expected to reduce the free 
speed for any given angular velocity, and hence to reduce the angular 
velocity needed to make the ratio 1c equal to — 2. Further, by reducing 
the relative thickness of the outer layer this free speed may be indefinitely 
reduced, and therefore it is evident that there can be a heterogeneous 
distribution of density, not very different from the actual distribution, 
such that with the same mean density the available angular momentum 
would lead to resonance. With still smaller relative thicknesses resonance 
would still be possible, but would occur at an earlier stage of condensation. 
The truth of the resonance theory is therefore highly probable. 


3*4. The Vibrations of a System with one degree of Freedom when the 
Free and Forced Periods are nearly equal and slowly varying . Let the 
equation of motion of the system be 


x fid; - f a 2 x — Ee iVt 

where /x is small, and a, p, and p are slowly varying. 

Put \adt = w , and let accents denote differentiation with 


Then 


x" + vx' + x = E exp ipfa^dw 


where 


v 


1 da /a 
adw~^ a 


U), 

regard to w. 

( 2 ), 

(3). 


Now let one of the complementary functions of this be exp 9. Then it 
has been already shown* that the value of 6 is practically (» - i v ) w for 
a considerable range in w. 

Put x = y exp 6. Then 


V" + y’ (20' + v) — E exp (ip — d'j (4)_ 

If p and a are nearly equal, we can write p (— = (l + fi w ) Wj w here 

P is small. Then the expression on the right of (4) is E exp {\vw + cBw*), 
which varies slowly. Hence y" can be neglected on the left, and the particular 
integral is approximately given by 


E [ E 

y = 2~ t I ex P vw ) = - exp (| vw) 

near the instant when the periods coincide. 

E 

Hence * = — exp ( \w ) + A exp (i - \ v) w -f B exp - (i + §■ v ) w (5), 

where A and B are arbitrary constants. The amplitude of the forced 

vibration is therefore magnified in the ratio a /(~ +pL ) when the periods 
coincide. 1 d ' 


* Memoirs of BAS. 60, 1915, 211-13. 
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In the case of a fluid sphere of the same size as the earth, /x is small, 
and hence the magnification is 


a 



( 6 ). 


Now the change of a in one period is 2rrda/dw f and hence the magnifica- 
tion is 27 ra -r the change of a in one period. 

In the present case the equilibrium amplitude is about 50 cms., and 
the amplitude needed to cause rupture is presumably of order 10 8 cms. 
The condition for this is that the change of a in one period must have 
been less than rra x 10~ 6 , so that if a were varying so slowly as not to 
change greatly in a century, an amplitude of the requisite order of magni- 
tude would be reached when the periods became equal. This hypothesis 
does not seem unreasonable ; it may be considered then that there was 
time for resonance to produce the required amplitude. 


3*5. The distorted form of the earth would be very long and narrow. 
The dense interior, instead of being drawn towards the sun, would be 
depressed, in accordance with the results of 3*21. Thus when the elongation 
became so great that the mass became unstable and the end broke off, 
the detached portion would be at a considerable distance from the centre 
of the earth, certainly several times the undisturbed radius, and it would 
be composed chiefly of materials from the outer regions of the earth. 
Its linear dimensions would be decidedly loss than the radius of the earth, 
but of the same order of magnitude. The last two results agree with the 
actual size and density of the moon; it will be seen later (Chapter XIV) 
that the first has had an important influence on its history. 

It should be noticed that, although the elongation would be towards 
the sun throughout the changes, the matter of the earth would always 
be rotating within the slowly moving surface, just as water can revolve 
within a fixed elliptical dish, each particle within the earth revolving 
about the axis in the period of rotation, whereas the surface would only 
complete its revolution in a year. Thus when rupture occurred the de- 
tached portion would have a considerable transverse velocity and there- 
fore would not fall back into the earth. 



CHAPTER IV 
The Resisting Medium 

“Friction produces heat.” Any School Physics. 

41 . Origin of the Medium. So far we have seen that 

(1) the disruption of the primitive sun by a passing star could have 
led to the formation of the planets; 

(2) the tidal action of the sun on the outer planets, the first time 
they passed perihelion, may have led to the formation of satellites and of 
independent small planets ; 

(3) such planets as stayed with the sun, and such satellites as remained 
“with their original primaries, would have had direct revolutions ; 

(4) the fact that the smallest planets are the densest is explicable on 
the same hypothesis ; 

(5) the fact that the planes of the motions of all these bodies are 
nearly coincident is similarly explicable ; 

(6) the moon may have been produced from the earth by the solar 
tides, magnified by resonance. 

Several striking facts about our system, however, still remain un- 
explained. It is necessary to provide explanations of 

(1) the smallness of the eccentricities of the orbits of the planets and 
satellites; 

(2) the retrograde motions of two satellites of Jupiter, one of Saturn, 
four of Uranus, and one of Neptune; 

(3) the curious numerical relations between the mean motions of 
several satellites ; 

(4) the retrograde rotations of Uranus and Neptune, and the direct 
rotations of the earth and Mars; 

(5) the formation of asteroids; 

(6) the acquirement by Mars of two small satellites; 

(7) the recession to its present distance of the moon, which can have 
been only 10,000 to 20,000 km. from the centre of the earth when it was 
formed. 

Some of these questions have been answered, and hitherto none has 
been proved unanswerable; but until all have been answered the theory 
of the origin and development of the solar system cannot be considered 
complete. The successes so far attained, however, are enough to encourage 
the cosmogonist to hope for the attainment of the others. 

So far little explicit use of any form of friction has been made in the 
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theory, although it has been virtually assumed in the supposition that 
any ejected body reabsorbed into its parent would become an integral 
part of it, the whole rotating as a rigid body. Friction must, however, 
have influenced the history of the solar system in at least two other ways, 
namely, by the action of a resisting medium and by tidal friction, of 
which the former has probably had the more far-reaching effects, although 
it happens that tidal friction has been exceptionally important in de- 
termining the evolution of the earth and moon in particular (see later. 
Chapter XIV). 

It has already been indicated that the matter ejected from the sun 
would not all be included in the planets and their satellites. Much of it 
would be lost on account of the inadequacy of the gravitative power of 
the distended nuclei to retain their lighter constituents, and the thinner 
parts of the filament would probably be unable to condense at all, but would 
spread out at once. This lost matter would be dispersed throughout the 
system, and would form the resisting medium. It is clear from its formation 
that it would be largely or entirely gaseous. It would have the same origin 
as the planets, and therefore would have been deflected transversely by 
the star, just as the planets were. Hence every part of it would have a 
direct revolution about the sun from the very beginning. The parts would, 
on the other hand, revolve in widely different periods, and would undergo 
diffusion at the same time, until the whole system was filled with tenuous 
matter. Differences in the periods of revolution would make some parts 
move outwards while others meeting them were moving inwards, and thus 
the radial motions would be quickly annulled by turbulence and viscosity. 
Thus the resisting medium would be a gas, its parts revolving around the 
sun in the same direction as the planets, and describing approximately 
circular paths. We have no knowledge of the composition of the matter 
originally ejected that might enable us to estimate the mass of the medium 
or the distribution of density within it. This can be found, if at all, only 
from the effects that we assume it to have produced. It will be found, 
however, that it leads to another inference that is capable of independent 
test. 

4-2. Density Distribution and Motion of the Medium . Let us now con- 
sider the nature of the motion of the medium. For the reasons already 
given, the medium will be supposed to be symmetrical about an axis, 
which will be taken to be the axis of z , and every part of it will be supposed 
to revolve uniformly in a circle about this axis. Taking rectangular 
coordinates x and y in fixed directions in the equatorial plane of the mass 
and through the centre of the sun, we put 

x z q. y* = w % (1), 

and denote the velocity at any point by oxn perpendicular to the meridian 
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plane. So far co is unspecified and need not be a constant. Then the equa- 
tions of motion of the medium are 


a u 

dx 


1 dp 
p dx 


— o) 2 x\ 


dU 1 dp 
¥ p ty 




dV ldp 
dz pdz ~ 


( 2 ), 


where U is the gravitation potential, p the pressure, and p the density. 
In differential notation these may be written 


dU — i dp = — \a> 2 di a 2 
If V denote the absolute temperature, we have 


(3). 


P = h P V ( 4)) 

where JR is a constant if the composition of the material is uniform. Also 

U=fM/r (5), 

where / is the constant of gravitation, M the mass of the sun, and 

r 2 — x 2 + y 2 + z 2 (6). 


The mass of the medium being supposed a small fraction of that of the 
sun, its gravitation may be neglected. 

The temperature in an approximately steady state is determined by 
the condition that each part of the mass receives just as much heat as 
it radiates. The other parts of the envelope are by hypothesis much colder 
than the sun, and we may assume that each part is warmed wholly by 
solar radiation, and radiates its heat away at a rate proportional to V i . 
The rate of receipt of heat is proportional to 1/r 2 , and therefore 

V = ar~^ 

where a is some constant. Then equation (3) gives, after substitution 
from (4), (5) and (7), 


' ar * z r / p 2 a 

It follows that a) 2 ridm 2 is a perfect differential, and 


(8). 


a) 2 = r ^ F 2 

where F is a function of w , as yet unspecified, 
integrating, we have 


(9), 

Substituting in (8) and 


2fM 1 r 

Mlogp = + lo § r + 2^J + const (10). 

Accordingly, since the integrand in the last variable term on the right is 
essentially positive, the density when r is great enough must increase with r 

at least as fast as r 4 , and therefore the whole mass must be infinite. Hence 
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an exact steady motion is impossible with the conditions specified; the 
fluid must necessarily flow outwards to some extent. The loss will, however, 
not affect the distribution of density appreciably unless fM /aBri is small. 
Supposing, as is reasonable, that the temperature 10 13 cm. from the sun 
(roughly the distance of Venus) was 300° abs., (7) shows that a is 
10® o.g.s. Cent, units, and if the medium be supposed to consist of hydrogen, 
iJ is 4 x 10 7 o.g.s. Then the ratio in question becomes equal to unity when 
r is 4 x 10 19 cm. Thus outward flow would not be important in masses of 
the size of the solar system, and in them the second term on the right 
of (10) and the term in Rjr in (8) are unimportant. 

Suppose now that on the equatorial plane of the medium 

w 2 = X 2 fMvj~ 3 ^ (11), 

so that the velocity at any point is A times what it would be if every part 
of the medium were describing a circle freely under gravity. Then (8) 
gives on the equatorial plane 

1 J^=^(A 2 -1 )dr (12). 

P ar* 


Thus if the angular velocity at any point exceeds the circular velocity, 
the density will increase outwards, while if it is less than the circular 
velocity, the density will increase inwards. The more closely the velocity 
approximates to the circular velocity, the more nearly will the d ensi ty 
be uniform. To indicate the importance of this approximation, let us 
consider the special case of no rotation, supposing the density at the edge 
of the primitive sun, where 

r — 2 x 10 12 cm. (13), 

to be equal to the maximum possible value, namely the density of the 
primitive sun, 5 x 10-® gm./cm. 3 Then with the data already adopted, 
the density at any point is given by 


log 


P 

5 x 10-* 


1-2 x 10“ 
r* 


(14), 


and the density near the orbit of Mars is therefore less than IQ- 1000 . Beyond 
the orbit of Mars it would be still less, and therefore the mass of the 
medium between the orbits of Mars and Neptune, the radius of Neptune’s 
orbit being 5 x 10 14 cm., is less than $77. IO- 1000 (5 x 10 14 ) 3 grams, a quite 
inappreciable fraction of a gram, and totally incapable of ever producing 
a noticeable influence on the orbit of the smallest asteroid. Hence the 
resisting medium could not be of any cosmogonical importance unless each 
part of it revolved with very nearly the velocity appropriate to a planet 
moving in a circular orbit at the same distance. With very slight departures 
from this relation an extremely wide range of variation of density wit hin 
the medium could be realized. 

The last point requires considerable emphasis, since most writers that 


JE 


4 
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have made use of a resisting medium in cosmogonical theories have 
assumed without investigation that such a medium would be at rest. 
A medium at rest would oppose a steady resistance to the motion of a 
planet, and would thereby reduce its total energy and make it fall towards 
the sun. Thus a stationary resisting medium would cause all planets to 
approach the sun, and this result has been habitually assumed in dis- 
cussions of the effects of such a medium. From what has just been shown 
it appears that the medium would move in such a way that a planet in a 
circular orbit would have no motion relative to it, and therefore would 
experience no resistance and be quite unaffected by it. 

4*3. Effect of a Planet on the Medium . In the case of a small satellite 
moving in a variational orbit around a planet and the sun, the corre- 
sponding proposition would be that the satellite would still always be 
moving in the same way as the medium around it; so that every part of 
the medium would have to move in a variational orbit, fluid pressure not 
affecting its motion in the least. This will be shown to be inconsistent 
with the equation of continuity, unless the temperature is the absolute 
zero. 


4*31. It appears that the motion of the medium around a planet and 
the sun, the planet’s orbit being circular, could not be even roughly steady. 
It can be shown that the only possible steady motions of a gaseous medium 
or a swarm of meteors are such that the whole medium is statistically 
rotating with the planet like a rigid body. For, let us take the axes of 
x and y through the sun, the axis of x being always towards the planet. 
If the mean motion of the planet be n and the gravitation potential U, 
the equations of motion of any particle are 


d 2 x 
dt 2 


2 n — n 2 x = 

at 


du 

dx 


d 2 y 
dt 2 

d 2 z 

~dP 


dx 0C7 

2 **-**»-?; 


9*7 

dzl 


(!)• 


,, , . , dx dy dz 

Multiplying by 5 , 


and adding, we obtain on integration the equation 


, ( d JL 

t) + \dt 


n 2 ( x 2 -f y 2 ) = 217 + G 


where G is a constant throughout the motion of the particle. This is 
Jacobi’s integral, and it is known that the equations of motion possess 
no other first integral. 

Now consider a swarm of particles, which may be solid bodies or the 
molecules of a gas, revolving about the sun and planet. Let the number 
in the element of volume dxdydz , the rates of change of whose coordinates 
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are between u and u + du, v and v + dv, and w and w + dw respectively, 
be <f> (uvwxyz) dudvdwdxdydz. (It is to be noticed that u , v, w are to be 
regarded as rates of change of the coordinates and not as velocity com- 
ponents referred to fixed axes momentarily coincident with the moving 
ones.) In the absence of collisions each particle will move in time dt to 
a position x'y'z ', and will be changing its coordinates at rates u' } v' 9 w\ 
where to the first order in dt 

d'iiL 

x' = x + udt, etc., u' = u + ^ dt, etc (3). 

But ~ , etc., are known functions of the coordinates and their rates of 

change, so that x', y' , z' , u' , v', w' are known as functions of x, y , z, u , v, w 
and of dt . All particles in the original element move in time dt into the 
new element, and therefore 

</>' (u'v'w'x'y'z') du' dv' dw' dx' dy' dz' = <£ {uvwxyz) dudvdwdxdydz ...(4), 

where (/>' indicates that the velocity and density distribution after time dt 
is being considered. If the distribution is to be steady, so that the number 
of particles in a given element as regards position and velocity will be the 
same for all time, </>' is the same as <j>. Now 
du' dv' dw' dx' dy' dz' 0 {u'v'w'x'y'z') 

dudvdwdxdydz * 0 (uvwxyz) 


1 

0 

0 

0 du ^ 
Tx~dt dt 

0 du , 
d~ydt dt 

3 du 
dzTt dt 

1 

0 

1 

0 

9 dv, 
dxJt 

3 dv , 

WyTt dt 

3 dv , 
dzdt dt 

0 

0 

1 

d dw, 

l xTt 

3 dw . 
dy~dt at 

3 dw , 
dz~dt dt 

dt 

0 

0 

1 

0 

0 

0 

dt 

0 

0 

1 

0 

0 

0 

dt 

0 

0 

1 


= 1 + terms in dt 2 (5). 

It is proved in works on the dynamical theory of gases that collisions do 
not affect this result (cf. Jeans, Dynamical Theory of Gases , 2nd edition, 

p. 226). 

Substituting in (4) we see that 

<f> (u'v'w'x'y'z') = <f> (uvwxyz) (6) 


to the first order in dt; so that 



(7), 


if u ', v' 3 w\ x\ y ', z' are related to u , v> w> x , y , z according to the relations (3), 
with the values °f ^ ^ given by (1). In other words 4> = constant is 
a first integral of the equations of motion. Further, since by hypothesis the 


4-2 
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motion is steady, <f> does not involve the time explicitly. Thus this theorem, 
proved by Jeans for fixed axes, is readily extended to moving axes. 

In the case we are considering there is no first integral except the 
Jacobi integral. It follows that in a steady state <j> must be a function of 

u * + v* + w*-nHx 2 + y *)- 2U ~ u2 + v * + w *- v ’ say - (8) ' 

Put then j> = x \v -v? -v* -w*) ( 9 )- 

The n um erical density A can be found by putting 


: rjV 1 * 


w 


= 


• ( 10 ), 


when 


= 

f $\cf>dudvdw 

= JjJx{v (1 - £ 2 - ->? 2 - £ 2 )} (11), 

the limits being - co to « in all cases. Hence A, and therefore p, are 
functions of v alone. Since <f> is an even function of u, v, w, we see further 
that the medium as a whole has no systematic motion with reference to the 
axes. Both of these results are independent of whether the medium con- 
sists of a gas or of solid particles. 

4-32. The first of these results finds a simple application in connection 
with the Moulton-Gylden theory of the Counterglow*. According to this 
theory the counterglow is caused by light reflected from particles de- 
scribing orbits about the sun and earth jointly, a particularly large number 
of which are visible at any time in the part of the sky directly opposite 
to the sun. Prom the result that the density is a function of v alone we 
infer that the illumination will be greatest where the observer is looking 
through the greatest depth between consecutive surfaces of the system 
v = con&tant. But just opposite to the sun is a place where one of these 
surfaces has a conical point, and it is at this point that the distance between 
surfaces of the system is greatest, just as a hyperbola is furthest from its 
asymptotes near the centre. Hence at this point the observer is looking 
through the greatest depth of matter, and therefore sees a patch of reflected 
light. 

4-33. Next, consider the motion of a small particle through the 
medium. The resistance to its motion will be opposite to the direction of 
its velocity relative to the medium, and will vanish with the relative 
velocity. But the medium has no systematic motion with regard to the axes. 
If then the coordinates of the particle are x, y, z, the components of the 
retardation will be - kx, - xy, - kz, where * is positive. Hence its equa- 
tions of motion are 

dU dx\ 


d 2 x dy 9 

— 2n~r — n 2 x = k -j, 

dt 2 dt dx dt 




■ n^y 




du 

" 3 y " 

_ 

dt 2 3 z K dt 1 

* Bulletin Astronomique , t. 1; Astronomical Journal, No. 483. 


dy 

c dt 

dz 


.(l). 
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Multiply by^|,^|, ^ respectively and add. Then 


d 

dt 





Hence the function v — a 2 — y 2 — i 2 steadily increases with the time. Thus 
if we denote it by /x, we see that v is always greater than /x, which is itself 
in general steadily increasing at a finite rate. Hence in time ju, and there- 
fore v, will exceed any finite limit. Whatever be the value of ju at any one 
tim e, the motion will be such that at any subsequent time the particle 
will be at a place where v is greater than that value of /a. Now the 
surfaces v = constant are closed, and the greater v is the more closely 
they approach the three places where v becomes infinite, situated at the sun, 
the planet, and at an infinite distance. Thus the motion of the third body 
will become more and more restricted until it is ultimately forced to revolve 
as an independent planet, as a satellite of the planet, or is expelled from the 
system; in either of the two former events it will steadily approach its 
primary. The only exceptional case is that where the coordinates of the third 

fdx\* (dy \ 2 fdz\ 2 . 

body remain the same permanently, so that j + \J t ) 1S zero - 

In such a case friction will not affect the motion. The only stable motion 
of this type is that where the three bodies are at the comers of an 
equilateral triangle, and in this case v is a minimum. Hence if any small 
displacement from the equilateral triangle position takes place, the dis- 
turbance will steadily increase until the third body becomes either an 
independent planet or a satellite. We notice also that a small body with 
a greater mean distance than the planet must approach the sun and hence 
become either an interior planet or a satellite. It thus appears possible 
that the capture of satellites can occur if the resisting medium is in a state 
of steady motion. 

The above argument, however, cannot be applied entirely to the actual 
evolution of the solar system. In a gaseous medium <j> must be of the 
form where N and h are constants. It follows that the 

density is proportional to e hH . It can hence be easily shown that the results 
based on 4-2 (12) are not appreciably altered in the regions remote from 
the planet. In the neighbourhood of Jupiter, again, the variation of the 
temperature would not be considerable, and we should have nearly 

l °gP = RV' 

Taking F = 100°, we see that the difference between the values of log p 
at the surface of Jupiter and 100 radii away is of the order of 5000, indi- 
cating as in 4-2, that the assumption that the more remote satellites of 
Jupiter have been appreciably affected by the resisting medium is in- 
consistent with the assumptions of a reasonable density near Jupiter and 
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of steady motion of tlie medium. It appears, therefore, that the medium 
cannot have been even locally in a state of steady motion, and that the 
results obtained on this hypothesis, though of interest as suggesting 
possible modes of development, cannot be regarded as giving the correct 
theory of the influence of a resisting medium on satellites. 

4*34. We may, however, recur to the hypothesis of 4*3 that the medium 
at any point was moving like a planet revolving in a periodic orbit through 
the point. This velocity is fixed for given coordinates, and therefore the 
motion would be a steady one : but for any other temperature than the 
absolute zero we have found the only steady motion dynamically possible, 
and it is not this one. Thus a steady motion of this type is possible only 
if the temperature is the absolute zero. But the temperature cannot be the 
absolute zero. Hence this type of motion is impossible, and the medium 
must exert a dissipative influence on the third body. Some secular effect 
on the mean distance of a satellite from its primary is therefore probable, 
though not certain. 

4*4. Effect of the Eesisting Medium on the Mean Distances of Satellites . 
Now considering the solar system as it is, we notice several striking facts 
that are readily explicable if it is true that a resisting medium would make 
satellites approach their primaries, and might even enable a planet to 
capture a body previously moving as an independent planet and force it 
to move as a satellite of its own. The retrograde satellites of Jupiter and 
Saturn are readily explained on the hypothesis that they were produced 
by the tidal action of the sun on the planets, but left their parents at once 
and became independent planets ; and that they afterwards were captured 
by their present primaries, which may or may not have been their original 
parents. The same may also apply to some direct satellites, especially to 
the two satellites of Mars, the sixth and seventh of Jupiter, and Iapetus. 
Such an abnormal origin is suggested in the case of the satellites of Mars 
by their small size; such small bodies could not have been formed from 
a planet such as Mars, which must have liquefied almost immediately. 
Tor J YI, J VII, and Iapetus it is suggested by the fact that whereas 
the inner satellites of Jupiter and Saturn are regularly spaced as regards 
distance from the primary, wide gaps separate them from the orbits of these 
outer ones. It is possible, however, that the gap is due to the density of the 
medium at the distance of these satellites having been very small in com- 
parison with that nearer the primaries, so that the inner satellites were led 
to approach their primaries, leaving the outer ones almost unaffected. 

4*41. The hypothesis that a resisting medium in some cases did make 
satellites approach their primaries is strongly confirmed by the existence 
of Saturn s rings. It is generally believed that the rings represent the 
fragments of a solid satellite that was broken up by the tidal action of 
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Saturn through, being too near to the primary for the mutual attractions 
of its parts to resist the disruptive tendency. Now if the rings were 
initially at their present distance, they could never have condensed; for 
the efficacy of the tidal action in comparison with the mutual gravitation 
of the parts would increase with distension, and therefore if the former 
were able to disrupt it when solid, still more capable would it be when 
gaseous. Hence the mass would have remained gaseous until it diffused 
away. Hence the satellite that formed the ring must have been formed 
when beyond the danger zone and have afterwards been brought within 
it by some disturbing influence. No other agency than a resisting medium 
has been suggested that could produce such an approach. 

4 - 42 . Several curious numerical relations hold between the mean 
motions of various satellites. The mean motions n 11 n 2 , n 3 of J I, J II, and 
J III are approximately in the ratios 4, : 2 : 1 , while % — 2n = n 2 — 2 n 3 are 
exactly equal to each other and approximately to -joo'%- 

The mean motions of Mimas, Enceladus, Tethys, and Hione are nearly 
in the ratios 6 : 4 : 3 : 2, none departing from the values corresponding to 
these ratios by more than 3 per cent. Those of Titan and Hyperion are as 
4-004 : 3. On any theory yet advanced of the origin of satellites it is very 
difficult to see how such relations could have subsisted from the beginning; 
but if the mean distances of the satellites were varying continually owing 
to a resisting medium, such ratios would occur several times during the 
evolution, and if the corresponding states of the systems were stable they 
would thenceforth persist. 

4 - 43 . The satellites of Uranus and Neptune were probably formed by 
tidal disruption of their primaries by the sun. Any satellite formed in this 
way would be direct; but if the axis of rotation of the primary was strongly 
inclined to the ecliptic, the ellipticity of figure of the primary would 
make the plane of the satellite’s orbit revolve ; and if a resisting medium 
were available to damp down the component of the motion of the satellite 
parallel to the axis of the planet, the satellite would come to revolve in 
the plane of the equator of the primary, even though the primary might 
have a retrograde rotation. 

4 - 5 . Evolution of the Medium, and its Effect on Mercury. Let us now 
consider the manner of evolution of the resisting medium. So far its 
internal viscosity, diffusion, and thermal conductivity have all been ignored. 
Since viscosity must necessarily produce a secular effect on the motion 
of any mass that is not moving either irrotationally or with the same 
rotation at all points, neither of which conditions is satisfied by a medium 
moving as this one would, the motion of the medium must undergo a 
slow and steady change. The nature of the change is easily seen. The 
fast-moving interior will tend to drag forward the slower-moving exterior, 
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and thus will increase its energy and make it recede from the sun. Thus 
the outer parts will be slowly expelled from the system. The inner parts, 
on the other hand, will have their motion delayed, and will therefore 
gradually fall into the sun. In time, therefore, the resisting medium will 
cease to exist. Diffusion would not affect the behaviour of a medium 
consisting of only one material ; thermal conductivity would be continually 
transferring heat from the inside to the outside, but this would probably 
produce only a slight permanent change in the temperature distribution, 
and not a secular degeneration. If now p, /.i, Z, and r be of the order of 
magnitude of the density, true viscosity, linear dimensions, and time of 
degeneration through viscosity, we have 




Pi 


( 1 ), 

from an analogy with the behaviour of other systems changing on account 
of viscosity, or from dimensional considerations since p is of dimensions 
milt. Considering the motion of the medium within the orbit of Mercury, 
we can take Z= 6xl(ff 2 cm. (2), 

p- — 10 -4 gm./cm. sec. (3) 

(since p is independent of the density), and therefore 


r is of order 4 x 10 29 p (4). 

Consider next the motion of the planet Mercury, supposing it to have 
been moving in a highly eccentric orbit. The angular velocity about the 
sun of the matter near the planet’s orbit being n, and the velocity of the 
planet relative to the medium being T, the resistance to the motion of 
the planet is ^pa 2 T 2 , where a is the radius of the planet*, since the relative 
velocity is much greater than the velocity of sound in the medium. Hence 
the time needed to reduce the relative motion to 1/e of its initial amplitude 
is of order m/%irpa 2 'Y, where m is the mass of the planet. Taking 

m = 2 x 10 26 gm„ a = 2-6 x 10* cm., Y = 2 x 10 6 cm./sec., 
this time is 1000/p ( 5 ). 

If the whole extent of the medium was greater than, but of the same 
order of magnitude as, the distance of Mercury from the sun, the results 
of the last two paragraphs could be combined to give an estimate of the 
age of the solar system. For, if the time needed by the medium to dis- 
appear was short in comparison with the time required to produce a 
considerable effect on the eccentricity of the orbit of a planet, the medium 
would have gone before the eccentricity had been appreciably reduced, 
and the eccentricity would stiff be great. On the other hand, if the medium 
lasted much longer than the time required to affect the eccentricity con- 
siderably, the eccentricity would have been reduced practically to zero 
instead of only to about J. Hence these two times must be comparable. 

* F. A. Lindemann and G. M. B. Dobson, Proc. Boy. Soc. 103 a, 1922, 413. 
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Supposing them to be equal, we find that the density must have been 
of order 5 x 10~ 14 gm./cm. 3 , and the time taken of order 2 x 10 16 seconds 
or 6 x 10 8 years. On the other hand the actual medium must have had 
a much wider extent, and therefore must have been acting upon Mercury 
during the time required for a much larger medium to degenerate. If for 
instance matter from the distance of the orbit of Jupiter — to take what is 
perhaps an extreme hypothesis — passed across the orbit of Mercury and 
was ultimately absorbed into the sun, l in (1) would have to be taken 
equal to 8 x 10 13 instead of 6 x 10 12 cm., and thus r would be of order 
5 x 10 3 y Combining this with (5) we find that the time required would 
be of order 7 x 10 9 years, and the density would be 4 x 10 -15 gm./cm. 3 

The coefficient of true viscosity is independent of the density, and it 
has been shown that so long as the medium was affecting the planets, and 
we can suppose its motion dominated by the sun, its motion would remain 
the same. Hence however much the density declined, so long as the 
medium behaved like a gas, the rate of communication of angular 
moment um across any sphere ■within the fluid would remain the same; 
therefore the rate of absorption of matter into the sun or expulsion of 
matter from the system would remain the same. Hence in a further 
duration, comparable with that required for the medium to have its density 
reduced to half what it was initially, practically the whole of it would 
have disappeared. What remained would indeed have to be of density 
so low that the gas laws would not apply. 

The only gaseous matter of sufficient density to be observable that 
exists outside the planetary atmospheres is that which reflects the zodiacal 
light, and it is natural to suppose that this is the last relic of the 
resisting medium. Its density, estimated from its luminosity*, is of order 
10- 18 gm./cm. 3 Now the length of the mean free path of a hydrogen 
molecule at normal temperature and pressure is 1-83 x 10- 6 cm., and in 
other circumstances is inversely proportional to the density. Hence in 
the zodiacal matter the mean free path is of order 10 9 cm., much less than 
the radial extent of this matter. Each molecule must therefore experience 
many co llisi ons in every revolution around the sun, and this is the condition 
that the gas laws may apply. Thus the degeneration of the zodiacal matter 
must still be going on, and therefore it is probable that the whole age 
of the system is not more than twice the time needed to reduce the 
eccentricity of the orbit of Mercury to 1/e of what it was at the commence- 
ment. Hence the tidal theory of the origin of the solar system suggests 
that the age of the system is of order 10 9 to 10 19 years. There are of course 
many sources of error in the data, the chief being in the primitive dis- 
tribution of mass, but it is interesting to notice that the age obtained is 
of the same order of magnitude as the age of the earth inferred from the 
phenomena of radioactivity, which wall be discussed later. 

* Jeffreys, M.N.B.A.S. 80, 1919, 139. 
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4 * 51 . On the hypothesis that the density of the medium was 
5 x 10“ 14 gm./cm. 3 , the mass within the orbit of Mercury would be about 
4 x 10 25 grams, decidedly less than that of the planet. On the hypothesis 
that it was 4 x 10~ 15 gm./cm. 3 , the mass within the orbit of Jupiter would 
be about 8 x 10 27 , rather more than the mass of the earth, which is 
reasonable. If the density was 4 x 10~ 15 gm./cm. 3 throughout the system, 
the mass within the orbit of Neptune would be comparable with that of 
Jupiter, which again is reasonable. 

4 * 6 . Effects on other Planets. It would be of interest to test the theory 
by application to the eccentricities of the orbits of the other planets, but 
unfortunately one meets with a serious mathematical difficulty. The gravi- 
tation of each planet would cause a condensation in the medium around it. 
The formula of Lindemann and Dobson, for the resistance of a gas to a body 
moving with a relative velocity much greater than that of sound, depends 
essentially on the condition that the matter around the body, right up to its 
surface, is continually changing. In the case of a gravitating planet this 
condition would hold only if the relative velocity of the gas towards it was 
greater than the velocity of escape from the surface of the planet ; otherwise 
a portion of the gas would be retained by the gravitation of the planet. 
Thus a permanent gaseous condensation would be formed around the 
planet, and would be forced through the medium by it, so that the effective 
resistance to the motion of the planet would not be determined by the 
surface of the planet itself, but by that of this condensation. It seems 
reasonable to conjecture that the effective radius of such a condensation 
would be such that the velocity of a particle moving in a parabolic orbit 
about the planet at that distance (the disturbance due to the sun being 
ignored) is comparable with the velocity of the medium relative to the 
planet. If b denote this radius, m the mass of the planet, M that of the 
sun, and if the velocity of the planet relative to the medium is A times 
the velocity rn of the medium itself, this gives 

(^)=0(A^=o(A^) (1), 

^ence b = 0 (J^) (2). 

Taking as a preliminary standard the impossible case where the planet 
is at rest and therefore A equal to 1, we find for the various planets the 
following values of b, in kilometres: Mercury 13; Venus 500; Earth 1000; 
Mars 130; Jupiter 1-6 x 10 6 ; Saturn 8 x 10 s ; Uranus 2-5 x 10 s ; Neptune 
4-4 x 10 s . 

For the four terrestrial planets these numbers are much smaller than 
the actual radii, and the neglect of gravitation would therefore be justified 
if A was equal to unity ; thus in the early stages of their careers, when the 
eccentricities of their orbits were great, there would be little gravitational 
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condensation around them, and the effective surface would be practically 
the solid surface. But when the eccentricities became small, the value 
of A would sink to something between the eccentricity and twice the 
eccentricity, and when this fact is allowed for, the only planet for which 
b is still less than the actual radius is Mercury. Hence the method of 
estimating the ages of the solar system already employed is unsuitable 
for any planet except Mercury. The values of b for the four great planets 
have always been greater than the radii. 

4-61. Bor a non-gravitating planet the time required to produce a 
given change in the eccentricity is, by 4-5, proportional to mri/pa^M. Bor 
a great planet we may write the effective radius b for a. Bor Mercury 
mri/a 2 M is 1-2 x 10 _10 km.~4; for Jupiter mrijb^M is 1-1 x 10 -11 km. - ^. Thus 
the effect of the gravitational condensation is so great that if the densities 
were the same and the eccentricity of the orbit of Jupiter large, the 
resistance would reduce the eccentricity of the orbit of J upiter nine times 
as fast as that of Mercury. Bor smaller eccentricities a for Mercury would 
remain the same, while b for Jupiter would increase further. It would be 
dangerous to proceed far without more knowledge than we possess about 
the distribution of density in the resisting medium, but this effect of 
gravitational condensation offers at least a very striking suggestion as to 
the reason why the outer planets have small eccentricities, while Mercury 
has the largest in the system. 

4-62. Another fact that is possibly related to the last is that the value 
of b for Jupiter, with A equal to 1, is nearly the mean distance of the 
fourth satellite; for Saturn, about the distance of Titan; for Uranus, 
between those of Titania and Umbriel; and for Neptune, approximately 
the distance of its single satellite. Thus all the satellites except J VI, 
J VII, Iapetus, and the retrograde ones of Jupiter and Saturn would be 
within the gravitational condensations around their primaries almost from 
the start, and therefore their motions would have undergone the greatest 
disturbances from the resistance. The effects on the outer satellites would 
perhaps not become great until the reductions in the eccentricities of their 
primaries had considerably increased the sizes of the condensations. This 
may afford an alternative reason to capture for the wide gaps between 
the orbits of J IV and J VI, and between those of Hyperion and Iapetus. 

4-7. So far no attempt has been made to account for the asteroids, 
which still offer an outstanding difficulty in this theory, as in every other. 
Their small size in comparison with Mercury indicates that, if they existed 
while the resisting medium was still exerting an appreciable influence on 
the terrestrial planets, their eccentricities must have been reduced to zero. 
Thus they must have been formed after the medium had almost dis- 
appeared, and therefore are not lost satellites. The fact that none of their 
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mean distances is much less than that of Mars or greater than that of 
Jupiter suggests that they are fundamentally related in origin; and the 
most natural explanation is that they were formed by the disruption of 
a primitive planet. Their total mass can hardly exceed a hundredth of 
that of the earth; this is much less than that of Mercury, but comparable 
with those of the great satellites of Jupiter, and the possibility that the 
asteroids were formed from a primitive planet which was itself a lost 
satellite of Jupiter may be entertained. The possible modes of rupture 
include explosion, rotational instability, and the tidal action of the sun 
or Jupiter. Rotational instability would only give a planet with one 
satellite comparable in size with itself ; the same applies to the tidal action 
of the sun, for this would have to be magnified by resonance to lead to 
rupture, and then the theory that has been used to account for the origin 
of the moon would be applicable. Explosion is possible, though there is 
little evidence for it. If the planet contained enough radioactive matter 
to heat part of its interior up to the boiling point, the disruptive stresses 
might come to exceed the small gravitative power of such a mass and 
permit explosion, and if one explosion took place there is no reason why 
others should not follow, since gravity would dim inish at every rupture. 
Tidal disruption by close approach to Jupiter is also possible; the small 
planet would have to approach very close to the surface of Jupiter, and 
might be repeatedly broken up during a single encounter. The relative 
velocities of the fragments would be comparable with that which would 
have enabled a particle at the surface of the small planet to escape from its 
influence, which is about 2 km./sec. The average departure of the orbital 
velocities of the asteroids from the mean of all is about 3 km./sec. The 
relative velocities might be in any direction, for the small planet might 
pass Jupiter considerably to the north or south of its orbital plane, and 
thus the orbits of the fragments might be considerably inclined, the possible 
inclinations again being of the same order as the actual ones. The aphelion 
distances of all would be almost equal to the distance of Jupiter when the 
encounter occurred. 

The subsequent history of these bodies would be determined by such 
traces of the resisting medium as remained and by planetary perturbations. 
Their large eccentricities and inclinations agree equally well with the 
theories of explosion and tidal disruption. Some may have been captured; 
in particular it is possible that the satellites of Mars are captured asteroids. 
Large variations in the eccentricities of the orbits would be set up by the 
perturbations due to the planets, especially Jupiter, and the positions of 
the nodes and the apses would be continually varying. Thus the orbits 
would probably become considerably modified from their original form 
and position, and thus the fact that the smallest are contained wholly 
within the largest is consistent with the theory. 



CHAPTER V 
The Age of the Earth 

“Is there any thing whereof it may be said, See, this is new? it hath 
been already of old time, which was before ns ” Eccles. i. 10. 

5-1. Several methods of estimating the age of the solar system in 
general, and of the earth in particular, have been suggested. The very 
plausible hypothesis that the eccentricity of the orbit of Mercury has 
been reduced to its present moderate value by the action of a resisting 
medium has been utilized for this purpose in 4-5, and indicates that the 
age of the system is probably between 10 9 and IQ 10 years. The age thus 
found is the time since Mercury first took shape as a planet, probably a 
few years at most from the ejection from the sun of the matter that 
formed it, and perhaps before the disturbing star had made its closest 
approach to the sun. Several other methods have been suggested for 
determining various long intervals in the earth’s history, but the intervals 
determined are not in all cases the same, and a little attention must be 
given to the probable extent of the differences between them arising 
simply from the fact that they are not all measured from the same event. 
It will be seen that what we do in estimating a long interval of time is 
to consider some change that has taken place according to a known law; 
if we know both the law and the extent of the change between two definite 
events, we can calculate the time that elapsed between them. In the 
present problem the later event is in every case the present time; the 
earlier depends on the process considered. We have seen that the earth, 
like all other planets, was probably initially fluid. It cooled to the solid 
state by radiation from the surface, and even after solidification a further 
time would elapse before the surface became cool enough for water to 
condense on it. At a still later epoch denudation and redeposition formed 
the first sedimentary rocks. At some stage during this process the moon 
was formed. An estimate of the time that has elapsed since any one 
of these events will give information about the time since any other, 
when we have some knowledge of the intervals between these early events 
in the earth’s history. 

5*2. The chief methods (in addition to the one based on the eccen- 
tricity of the orbit of Mercury) that have been suggested for the estimation 
* of the various intervals called ‘the age of the earth’ are as follows: 

1. The age of an igneous rock can often be found directly by means 
of the ratio of the quantities of Uranium and Lead in it, the rate of 
degeneration of Uranium to Lead following a known law. This is available 
for rocks of a very great geological age, but these rocks are intrusive into 
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still older sedimentary rocks, and therefore the ocean must be still older 
than the oldest rocks whose ages have been determined in this way. 

2. The age of the ocean could be found directly if we knew the total 
amount of salt in it and the rate of transfer of salt to the sea by rivers. 

3. We could similarly find the age of the ocean if we knew the total 
quantity of sedimentary rocks on the earth’s surface and the rate of 
disintegration of igneous rocks. 

4. If, as seems probable, the earth’s surface has been maintained at 
nearly the same temperature throughout geological time, we can show 
that the sun must have been radiating energy at almost its present rate 
throughout that time. If we can find the total amount of energy the sun 
has radiated away, we can find an upper limit to the time it can have 
been radiating at its present rate, which gives an upper limit to the time 
needed to form all the rocks known to geologists. 

5. The time since the solidification of the earth may be found if we 
know its law of cooling and certain facts about the initial and present 
distributions of temperature. 

6. Tidal friction has probably increased the period of the earth’s 
rotation, from the period of 4 hours mentioned in 3-2, to the present 
period of 24 hours. If we knew its rate we could find the time since the 
birth of the moon. 

5 - 3 . Radioactivity. By far the most satisfactory of these methods 
appears to be the first. Its history dates from the discovery by Becquerel, 
in 1896, that uranium salts gave out rays capable of producing an effect 
on a photographic plate enclosed in opaque paper. This effect was found 
to be independent of the physical and chemical states of the uranium 
present, and therefore it appeared to be a property of the uranium atom 
itself. Mme Curie carried out an elaborate investigation of the phenomenon, 
and found that the uranium ore used was much more active, in proportion 
to the amount of uranium present, than a pure uranium compound, and 
accordingly inferred that some other substance, still more active, was 
present. She succeeded in 1898 in isolating this substance, which proved 
to be a new element, and was given the name of Radium. 

5-301 . An astonishing fact was soon discovered about the occurrence 
of radium. It occurs in nature only in the presence of uranium, which 
itself never occurs without radium. The ratio of the masses of the two 
elements present in a sample of ore is almost always the same, except 
perhaps in some of the most recent rocks, namely 3*4 x 10~ 7 parts of 
radium to one part of uranium*. Such a constancy suggests a chemical 
combination, but the atomic weights of uranium and radium are re- 
spectively about 238 and 226, and therefore one atom of radium would 
have to unite with about three million atoms of uranium to give the 

* Butherford and Boltwood, Amer. J. Sci . 22, 1906, 1-3. 
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proper ratio. Such a complexity is not approached by the most complicated 
chemical compounds known, so that the chemical hypothesis is most 
implausible. 

5-302. A further discovery led to the explanation. Radium itself was 
found to undergo a gradual change. A mass of a radium compound en- 
closed in a sealed vessel was found to liberate a gas called e radium 
emanation/ the rate of formation of the gas being simply proportional to 
the amount of radium present. The rate was such that, if initially one 
gram of radium was present, only half a gram would be present 1500 
years afterwards. The rest would be transformed into the emanation and 
into the further disintegration products of the emanation. All uraniferous 
ores are many thousands of years old, on any geological hypothesis, and 
therefore we have to explain how it is that any radium exists at all : why 
it has not all broken up long ago . The explanation suggested by its invariable 
association with uranium is that as fast as it breaks up new radium is 
formed by the break-up of the uranium itself. The suggestion was experi- 
mentally verified by Soddv*, who prepared a specimen of uranium quite 
free from radium, kept it for some years, and was able to demonstrate 
the presence of radium in the specimen at the end of the experiment. 

5*31. Uranium, however, does not pass straight to radium, nor is the 
emanation the final product. The latter, in fact, survives only a few days. 
Suppose then that u atoms of uranium are present at time t , and suppose 
that each atom of uranium becomes in succession unit amounts of various 
recognisable stages X l9 X 2 , X z , ... X n . Suppose the numbers of uranium 
atoms that have gone to form the amounts of these products present at 
the instant considered to be x l3 x 2 , x 3 , ... x n . Further suppose that what 
has been proved to be true of radium is true in general, namely that the 
rate of break-up of any product is simply proportional to the quantity 
presentf, and accordingly that any product X r generates in unit time 
K r x r units of the next product X r+1 . The rate of degeneration of atoms of 
uranium itself will similarly be denoted by ku. Then u, x x , x 2 , ... x n satisfy 
the following differential equations : 
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* PHI Mag. 9, 1905, 768-79; 16, 1908, 632-38; 18, 1909, 846-65; 20, 1910, 340-49. 
t Rutherford and Soddy, Phil. Mag . 5, 1903, 576-91. 
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Suppose that initially there are no degradation products present, so that 
when t is zero u = Uq • = ... = x n = 0 (5). 

The solutions of these equations are 

u = u 0 e~ Kt ( 6 ), 

*1 = ~~ (*~ d - er*) ( 7 ), 

/Cj K, 

= ( e -*< _ e -*4) — _ e -* a <)l ( 8 ), 

and so on, the expressions becoming more and more complicated as later 
products are considered. If, however, all the degeneration products are 
short-lived in comparison with uranium, so that /c l5 k 2 , ... K n _ x are all 
great in comparison with /c, and t is so great that Ijt is less than the 
smallest of /c l5 k 2) ... /c n _ x , the solutions reduce approximately to 

U = u 0 e- Kt ( 9 ), 

KU 

*i = — (10), 

K i 

*2 = ^ (11), 
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( 12 ), 

(13). 


Thus the amounts of all products present except the last remain in fixed 
ratios to each other and to the amount of uranium left, the ratios being 
such that the number of units of any product that break up in a given 
time is the same for all products and equal to the number of atoms of 
uranium that break up in that time. Thus we have an explanation of the 
constancy of the uranium/radium ratio. Further, the value of this ratio 
enables us to find k. We know from experiments op. the rate of disintegra- 
tion of radium that every year 1/2280* of the radium present breaks up. 
If r is the number of radium atoms present in a rock specimen, and we 
allow for the difference in atomic weight between uranium and radium, 
we find (observing as is natural that each atom of uranium ultimately 
gives one atom of radium) that 


r 

u 


3.4 X 10- 7 ~ 226 


= 3*6 x 10- 7 


.( 14 ), 

.(15). 


1 ^ 238 

whence 1 j K = 6,600,000,000 years 

Knowing the rate of break-up of uranium, we shall now be able to find 
the time since the formation of any rock if we know the amounts of 


* V- F. Hess and R. W. Lawson, Wien . Sitzungsber. 127, 1918, 1-55. 
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uranium and of the end product present. If indeed l denote the number 
of units of the end product present, we shall have 


< = - log^±i 

’ K 6 U 

and if Iju is small an approximation to this will be 

l 


.( 16 ), 


£ = 


KU 


.(17). 


Thus a chemical analysis of the rock should give its age when the end 
product is identified. 


5-32. The argument so far given is independent of whether the various 
disintegration products are pure substances or not. All that has been 
assumed about their constitution is that each of them is made up of units 
of similar composition, each unit having been derived from one atom of 
uranium. The units themselves may be composed of atoms, which need 
not be all alike. Thus the occurrence of several chemically different 
substances in any disintegration product is possible. Experiments on the 
behaviour of uranium and radium have shown that this is actually the 
case. The gaseous emanation from radium contains two substances, namely 
the inert gas helium, which undergoes no further change, and a radio- 
active gas called niton; each atom of radium yields one atom of each of 
these gases. Niton again breaks up, each atom giving one atom of helium 
and one of a further transient substance called Radium A. The dis- 
integration continues and no fewer than five atoms of helium are lost in 
succession from a single atom of radium. Now the atomic weight of 
radium is 226*4 according to the International Tables; Honigsc hmi d* finds 
226-0. That of helium is 4. Thus the fifth product of the disintegration 
of an atom of radium should be five atoms of helium and one atom of 
some substance with an atomic weight of 206-4 or 206-0; or possibly the 
heavier product might be two similar or even dissimilar atoms. The direct 
identification of this substance, or these substances, by keeping a sample 
of radium until an analysable quantity of the end product has accumulated, 
has not yet been carried out, but indirect evidence has given very definite 
information about its nature. Before we proceed to this point, however, 
we notice that the atomic weight of uranium is 238-5 according to the 
International Tables, while Honigschmidf finds 238-2. The difference 
between the atomic weights of uranium and radium is almost exactly 
three times the atomic weight of helium, and we therefore suspect that 
an atom of uranium loses three helium atoms before radium is formed. 
This is confirmed by the discovery of the two successive heavy metals. 
Uranium 2 and Ionium, the former produced by the loss of one helium 
atom from uranium, and the latter by the loss of another from Uranium 2. 

* Wien . Sitzungsber. 120, 1911, 1617-1652; 121, 1912, 1973-1999, 2119-2125. 

t Wien. Anz. 51, 1914, 36-39. 
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The loss of a further helium atom by an atom of ionium produces radium. 
Thus the unit of the third disintegration product of uranium is an atom 
of ra dium and three atoms of helium, while the unit of the eighth product 
is ei ght atoms of helium and one or more atoms the sum of whose atomic 
weights is 206-0 to 206*5. 

5*321. No element with an atomic weight differing from 206*0 to 206*5 
by less than the probable error of an atomic weight determination was 
known when radioactivity was discovered. The nearest were Bismuth 208, 
Lead 207*1, and Thallium 204. If the product contained two similar atoms 
of atomic weight 103*2, the conditions would be satisfied. The elements 
whose atomic weights are nearest to this are Rhodium 102*9, and 
Ru thenium 101*7. The only one of these elements, and indeed the only 
element at all other than the known disintegration products, invariably 
found in uranium minerals is lead. We have therefore strong reason for 
believing that the final product of the disintegration of uranium is lead. 
The discrepancy in atomic weight still presented a difficulty, until direct 
determinations of the atomic weight of lead from uranium minerals were 
made in 1914 by Honigschmid and Fraulein St Horovitz, Richards and 
Lembert, and Maurice Curie. It was found to be 206*2, not far from 
the predicted atomic weight, and almost a whole unit lower than that of 
ordinary lead. Thus the end product is identified; its unit consists of an 
atom of this new kind of lead, which will be called uranium lead, and 
eight atoms of helium. Like ordinary lead, uranium lead is not radio- 
active; no further degeneration occurs after this stage. Thus the deter- 
mination of the age of a uranium mineral requires the determination of 
the am ount of uranium still present, and of the amount of helium or of 
ur anium lead present. When these are known, the ratio lju is deter- 
minable, and then the age of the mineral can be found from 5*31 (17). 

5*33. The use of the uranium/lead ratio for finding the ages of minerals 
was first attempted by Boltwood*, who found that the ratio of the 
am ounts of urani um and lead present in uranium minerals of the same 
geological age was approximately constant. The uranium/helium ratio was 
applied in 1908-10 by the present Lord Rayleigh, then the Hon. R. J . Strutt. 
Both methods have been extensively used by Holmes. There is little doubt 
that the method involving the use of lead is the superior. It will be seen 
that the applicability of either method in any particular case depends on 
whether three conditions are satisfied. First, the final product estimated 
must have been absent from the mineral when this was first formed. 
There se ems no reason to believe that original helium ever occurs in 
appreciable quantities in igneous rocks; original lead is common, but it 
is possible in many cases to attach a very high probability to its absence. 
Uranium in pitchblende is in the form of the oxide uranous uranate 
* American Journal of Science , 23 , 1907 , 77 - 88 . 
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U (U0 4 ) 2 ; no lead compound isomorphous with this occurs in these ores, 
and hence the lead and uranium must crystallize separately. When the 
crystals are too small for an analysis of a single crystal to be undertaken, 
as indeed is usually the case, it is more difficult to be sure that no crystals 
of a lead compound are intermingled with those of the uranium compound. 
If, however, we confine our attention to ores containing a large percentage 
of uranium, we can be practically certain that the amount of original lead 
is small compared with the amount of uranium. Doubt can in any case 
be dispelled or established by an atomic weight determination. 

5*331. The second condition required is that radioactivity must be the 
only agency that has altered the composition of the mineral since it was 
formed. All the lead or helium generated in the mineral must still be in it. 
Thus minerals altered by heat or water must be excluded, since heat produces 
recrystallization and accordingly separation of lead from the associated 
uranium, and promotes the diffusion of helium through the rock or even 
into the free air, while water may produce a chemical separation. If the 
mineral becomes exposed to the air, loss of helium by diffusion into the 
air is certain, and even within the crust leakage into the surro un ding rocks 
is probable. Thus a mineral that has not undergone metamorphosis by 
heat or water probably contains its proper amount of lead; but it is very 
doubtful whether any mineral contains the whole of the helium generated 
from its uranium. Thus estimates based on the helium/uranium ratio will be 
systematically lower than the true ages of the rocks. 

5*332. Third, it must be possible to determine accurately the amount 
of lead or helium in the final product. The estimation of lead is not a 
difficult process, and presents no likelihood of serious error. In estimating 
helium, however, the mineral has to be ground to a fine powder, which 
then has to be heated in vacuo to drive off the included helium. Leakage 
occurs to some extent during the powdering process, and on this ground 
again the age found from the uranium/hehum ratio must be too low. 

We thus see that while, with proper caution in selecting the minerals 
to be examined, the uranium/lead ratio is likely to give correct deter- 
minations of the ages of rocks, the uranium/helium ratio is practically 
certain to give results systematically too low. Thus estimates made by 
the latter method can be regarded only as lower limits to the possible ages 
of the rocks they refer to. 

5*34. The following table gives determinations by means of the 
uranium/lead ratio of the ages of minerals over a wide range of geological 
time. The data were utilized by Holmes to determine the ages in question, 
and it is mostly to him that the present status of the method is due. In 
his table* the value of l//c has been taken as 7*5 x 10 9 years, whereas the 


* Discovery , 1 , 1920 , 118 - 23 . 
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revised value of 6'6 x 10® years obtained by Tawson and Hess has been 
adopted here . Holmes’s numerical estimates have been reduced accordingly . 


Table of Geological Periods and their Ages. 


Era Period (Millions of years) 

, (Recent — 

Quaternary | pleiatooene _ 

/ Pliocene — 

m J Miocene — 

Tertiary j Oligocene 26 

1 Eocene 60 

f Cretaceous — 

Secondary -[Jurassic — 

(Triassic — 


Era 


Primary 4 


Archaean- 


Period 
Permian 
Carboniferous 
Devonian 
Silurian 
Ordovician 
^Cambrian 

/"Upper Pre-Cambrian 
J Middle Pre-Cambrian 
(Lower Pre-Cambrian 


Age 

( Milli ons of years) 


260-300 

310-340 


560 

770-950 

1210-1340 


5-35. Ur anium and the elements derived from it are not the only 
radioactive substances known. The element thorium is radioactive, and 
produces helium in its degeneration just as uranium does, one atom of it 
liberating at least six atoms of helium in succession at a definitely ascer- 
tainable rate. By methods analogous to those used for uranium it has been 
found that one part of thorium in 1-8 x 10 10 breaks up every year. It 
might therefore be thought that thorium, like uranium, could be used in 
the measurement of geological time. Unfortunately this is not the case. 
The atomic weight of thorium is 232-4 (International) or 232-2 (Honig 
schmid), so that the loss of six helium atoms should leave something with 
atomic weight 208-4 or 208-2. This is almost the atomic weight of bismuth, 
but bismuth rarely occurs in thorium minerals. The only element whose 
atomic weight approaches this value that occurs regularly in thorium 
minerals is lead. Since uranium was found to yield an exceptional variety 
of lead, the possibility that thorium also gives an exceptional lead is to 
be considered seriously. A natural test to apply to the suggestion was to 
determine the atomic weight of lead in thorium minerals. This was done 
by Soddy and Hyman*, who found the mean value 208-4, in excellent 
agreement with prediction. Unfortunately, however, other investigations 
of the atomic weight of thorium lead have led to discordant results. The 
ratio of the amounts of uranium lead and thorium lead that would be 
expected to occur in a mineral can be calculated from the amounts of 
thorium and uranium present, the rates of decay of these two elements 
being known, and hence the theoretical atomic weight can be found. All 
other investigators have found that the atomic weight of lead in thorium 
minerals is less than is inferred from such a calculation - }-. The discrepancies 
are greater than the accuracy of the experiments would allow, and until 
they are explained the use of thorium minerals for measuring geological 
time cannot be considered reliable. 


* Trans . Chem. & be. 105, 1914, 1402. 

f Eor an account of the evidence relating to the end product of thorium, see Holmes and 
Lawson, Phil Mag. 28, 1914, 823-40, and 29, 1915, 673-88. 
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5-36. Several explanations of them discordances havo been offered, bufc 
»to decision (•oncoming their validity is yet possible. Holmes and Lawson 
arc inclined to favour the hypothesis that, the sixth degeneration product 
is actually a lend, but that it is itself radioactive and undergoes further 
slow degeneration. The difficulty in the way of such a hypothesis is that 
at least one further degeneration product, should bo formed, and should 
Is' still inside the mineral. Even if it. were a gas, its high atomic weight 
would prevent it from being lost by diffusion as rapidly as helium, and it 
i* known that uranium minerals habitually retain about half of thoir 
theoretical amount of helium. Thus the further product should be disclosed 
by a chemical analysis of the mineral, which is not the coho. Presumably 
it should Is* a thallium or a member of the platinum group. 

§■361. An alternative suggestion is that thorium is often associated 
with original lead. The association of uranium with original load is unusual 
on account of the wide difference between the chemical properties of the 
two elements, but thorium and lead, being in the same column of the 
jterindio classification, are more likely to crystallize together. Again, 
thorium minerals art* usually found to have undergone metamorphosis 
since they were first- formed. On any of these hypotheses one would be 
led to mistrust determinations of the ages of minerals by means of the 
thorium lead ratio. It is indeed actually found that this ratio shows no 
recognizable relation either to the age found from the uranium/lead ratio 
in contemporary rocks or to the geological horizon ascertained by means 
of fossils. 

8*37. The uranium/lead ratio forms the basis of a different method, 
dge to Prof. H. N. Russell*. The proportion of uranium in the earth’s 
crust is estimated ns 7 , 10 *, of thorium 2 x 10'*, and of lead 22 x 10"*. 
The fact that they are all of the same order of magnitude is of some 
incident al interest , seeing that, lead is conventionally regarded as a common 
metal and the two putative parents as rare. The difference is one of accessi- 
bility rather than of quantity. 

Now if all the lead were uranium lead, it would have resulted from 
2!i 10 * parts of uranium, and thus the original proportion of uranium 

would have Ixtcn 32 • 10 *. With our adopted rate of decay of uranium 
this makes the time required for the uranium to have boon reduced to 
7 in* equal toil HI® years. But the greater part of the lead in the 
crust is ordinary lend, and therefore has not all come from uranium. Thus 
this estimate of the original uranium, and therefore of the ago of the 
crust . is too high. 

Allowing for tin* decay of thorium, Russell finds that the load of the 
crust could have boon produced in 8 x I0» years. The average atomic 
weight of such lead should bo 208-0, a trifle below that of ordinary load. 

* IVcc. Roy. Roc. 09 , 1821, 84- fl. 
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This estimate is to be regarded as an tipper limit to the age of the 
crust, since lead may have been present in the crust when it was first 
formed. Thus we may infer that the age of the crust is less than 8 x 10 9 years. 

5*4. The Denudational Methods. We come now to the second and third 
methods of estimating geological time, which are usually described together 
as the geological methods; but since this may be held to constitute too 
narrow a use of the word c geological/ they will be called the 'denudational 5 
methods in the present work. Their methodological footing is altogether 
inferior to that of the method based on radioactivity. It has already been 
explained that an estimate of geological time requires two conditions : we 
must know the law satisfied by the rate of change we are using as our 
standard, and we must knowits total extent in the interval we are measuring. 
The former condition is fulfilled by no denudational method; the latter is 
probably fulfilled with moderate accuracy by the accumulation of salt in the 
sea, but certainly not by the formation of sediments. Considering first the 
law of the change, we know the present rates of transport of salt and 
detritus to the sea by rivers, but it is not known how these rates have 
varied in the past. The rate of land erosion must depend on the slope of 
the land, the quantity, temperature, and carbon dioxide content of the 
rain falling, and on the nature of the soil exposed. No quantitative relation 
is known between the rate of denudation and any one of these factors, 
nor do we know even approximately how any one of these factors 
themselves has varied during geological time. We have some information 
relating to the type of rocks exposed in many places at various geological 
dates, but there is no place (except perhaps the bottom of the Pacific 
Ocean) where the nature of the solid surface has been the same at all 
geological dates, and there is no geological date such that the nature* of 
the solid surface then is known for all points of the earth. We often know 
whether the land in some region was rising or sinking at a particular date, 
but we never know the precise extent of the elevation nor of the change 
of slope. Information concerning the amount and nature of the rainfall 
is still more vague in character. Finally, even if we had all this information, 
we should still not be able to find the rate of denudation at any geological 
date, since the physical laws connecting it with the relevant data are still 
unknown. 

5*41, In the estimates hitherto made by the denudational methods*, 
it has always been assumed that the rate of denudation has been uniform 
throughout geological time, which is incorrect for the reasons just given. 
The amount of sodium carried to the sea annually is about 1*56 x 10 14 grams, 
and'the total mass of the sodium in the ocean is about 1*26 x 10 22 grams. 
If the accumulation had been uniform, the age of the ocean would have 

* Most of the following arguments are from The Age of the Earth, by A. Holmes, Harpers, 
1913. Full references to earlier work on these lines will be found there. 
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Itm* H < K) 7 years. This is practically July's estimate. But much of tho 
wslimn carried to tin* sea is derived from the denudation of sedimentary 
rocks, and ha** therefore lieen in the wen Indore. Igneous rooks oontaiu 
only ahold 2 {**r cent, of the chlorine required to combine with their 
sodium, anil therefore it in probable that nearly all the chlorine in the 
ocean in of vulcanic origin. If no, the amount of nodium corresponding to 
the amount of ehlorine earned to the nea hy rivera must be alnmnt wholly 
derived from sedimentary rocks. Thin amounts to about (50 per cent, of 
the whole iimomit of Hoditim earried hy rivers. Hence the amount of new 
sodium is unlikely to exreed U*!t Ki ,a grams annually. If thin value in 
adopted, the corresponding age of the ocean is 1*8 > 10" yearn. Thin in 
still too low, for much unehlorinatcd sislium munt also be included in the 
sedimentary rocks, mo that some of even tho uuehloriruited sinlium must 
have lieen in the ocean before. Hence a further increase hy a practically 
incalculable amount in neeennary. 

5*42. The met h»sl bawd on the accumulation of sediments also meets 
with additional difficulties. After an elaborate discussion of the possible 
ways of utilizing it, Holmes decides that the most sal isfaetory is probably 
as follows, 'rite igneous rocks at present exposed at the earth’s surface 
produce altogether a cubic mile of sediments in live years. The total 
\ nlnmr of sediments nn the curt h’s surface is estimated at. 7 ■ 10 7 cubic miles. 
Sediments derived from other sediments are not new, and are excluded 
by this method. The age of the ocean in thus estimated at 3*5 » 10* years. 

8*43, These two methods are, however, incapable of giving satis- 
factory determinations of the age of the ocean, for the reasons already 
given. The results are much smaller than the age of the oldest known rooks 
whose uranium lead ratios have lieen dctenniiud, the difference being too 
great to be explicable by uncertainty as to the present rate of denudation 
or the actual total extent of denudation. Accordingly they are to be 
regarded as in error owing to variations in the rate of denudation. Their 
value, such as it is, in that they amount to a pnsif that the present rah* 
of denudation is several times greater than the average of the past ; they 
are not estimates of the age of the ocean. 

8*6. The Mir Knnyy Met hail, The f< mrt h method is the original method 
of Lord Kelvin, if m Is* t he mass of a body and t / 1 he gravitat ional potential 
at its surface, the kinetic energy acquired by a mass dm in falling from an 
infinite distance to the surface of the body is Udm, When the added mass 
ranches the surface the kinetic energy liecomes converted into heat and 
hence fteromes availabh* for radiation. 'i’htm the total energy liberated by 
condensation can Is* found by supjmsing the whole mass to la* brought up 
gradually from m infinite distance and deposited in thin uniform layers over 
the surf inf, Mid nddiug u}i the energies acquired by all in their fall. If the 
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mass be supposed of uniform density p in its tim'd stage, mid if the radius 
at any intermediate stage in* r, and the final radio* «, we find for the 
energy of condensation the amount 

11 * dm [‘ *, 

T J ii 

‘ \iyfpw 

SfM* 

f> a ' 

whew M is the final mass. In the ease of the aim thi amounts to 
2-6 x 10** ergs, or 1-3 > 10** ergs for each gram of the «mi'« ime:-, The 
latter result shows that any chemical energy in the sun imM !*• of very 
small importance in comparison with condensational enemy, tinre the 
energy of the most, violent chemical reactions amounts only to quantities 
of the order of 10* eaIori(*s per gram, or of 10" erpt. jwr gram 

Now the radiation received by a square ccntimctr** of material exposed 
normally to the sun’s radiation at the earth’s dirt .nice from tin* sun t»< 
0*03 cal. porsecond. Taking the earth’s distance from the amt »*• ! •* . 

we see that the sun must Is* losing energy at a rate of 3-3 to*’ o»ga j»«r 
second. Thus the total condensational energy of the sun would provide 
for radiation at the present, rate for 7*H * 10** seconds or 2-0 I"* years 

5-6. Pmsiblr Smircr of Solar Enrrtjij. This estimate is only of the order 
of a fiftieth of the age of the oldest rooks, as found from the uranium lead 
ratio. Accordingly either some other, and much more ahmidunt, supply of 
energy is available in the sun, or else t here is a definite inconsistency !***» ween 
two results both based on physical laws, Numerous attempts have Iteen 
made to diseoversueh asourtte of energy, hut hitherto non** has lawn proved 
adequate. The most probable np{K*ara to is* one of dean*-, develop'd by 
Eddington. On the theory of relativity all forms of energy p«e, tnus* 
Tho mass of a quantity of energy W is indeed II # ». where r is the velocity 
of light. Thus the continual loss of energy from t he sun mu*4 have lowered if a 
mass. Jeans, however, went further by suggesting that much of the* energy 
was derived, not from the sources of energy already known, hut from the 
disappearance of part of what hud hitherto l**en considered the in variable 
intrinsic mass. Strictly shaking, such a suggestion amount,* to nothing 
more than a statement in another form of wind wo knew already, namely 
that if tiie sun has actually lost so much energy , it must have hot a com* 
spending mass. Its novelty consists in the hint that the lo»* of mass, and 
not the loss of energy, is the more fundamental. Alma! the same time 
Aston was investigating the projierties of isoto{s*s. Tim discovery that 
uranium lead, thorium lend and ordinary lead differed from one another 
in their atomic weights, hut wen* quite indistinguishable in f heir chemical 
properties, was the first instance known of such a proprty, Aston’s work, 
however, has shown that a large fraction, jierhnjw the majority, of the 
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known elements axe not simple substances, but mixtures of two or more 
substances capable of being distinguished by their atomic weights, but 
not by chemical means. It is possible that ordinary lead is itself a mixture 
of uranium lead and thorium lead, but its analysis has not yet been achieved. 
Now Aston found that the atomic weights of all elements that do not 
break up in his mass-spectrograph are whole numbers ; and that wherever 
the international atomic weight, oxygen being taken as 16, is not a whole 
number, the element is always a mixture of two or more isotopes whose 
atomic weights are whole numbers. The only exception is hydrogen, whose 
atomic weight is 1-008, and which is a simple substance. 

5-61. Now in the development of stars it is possible that transmutation 
of elements takes place on an enormous scale. If the loss or gain of energy 
in any such transformation is insufficient to change the sum of the atomic 
weights of the participating atoms by a perceptible fraction of the unit, 
and if all elements have been formed by the union of atoms of some one 
simpler element, it would be expected that their atomic weights would 
differ among one another by multiples of the atomic weight of this primary 
element. This is not the case; helium is the lightest element whose atomic 
weight is a whole number (namely 4), and when the elements are arranged 
according to their atomic weights, the atomic weights of consecutive 
elements usually differ, not by 4, but by 1, 2, or 3, indicating that they 
are not formed by simple addition of helium. The alternative is that they 
are really composed ultimately of hydrogen, but that each hydrogen 
nucleus, when it combines with another hydrogen nucleus or with another 
atom to form a heavier atom, loses enough mass to make it increase the 
atomic weight of the other atom, not by its own full weight 1-008, but by 
exactly 1. If then a star was originally composed of hydrogen, and this 
aggregated afterwards to form heavier elements, 0-008 of its mass would 
have been lost in the process. In particular, the possible loss of mass of 
the sun would be 1-6 x 10 31 grams. The corresponding loss of energy, which 
evidently must be the energy liberated by the union of the hydrogen atoms, 
amounts to 1-6 x 10 31 c 2 ergs, or 1-4 x 10 52 ergs. This would supply energy 
at the present rate for 1-4 x 10 11 years, a longer interval than has yet 
been indicated by any estimate of geological time. Thus the problem of 
the supply of energy is apparently solved; but some difficulties remain. 

5-62. The sun is a dwarf star, that is to say, a star of high density 
and probably largely liquid or solid. The usual evolution of a star consists 
of a condensation from a highly distended and cold state, up to a very hot 
stage, with a density of the order of £ , at which liquefaction begins, followed 
by a further condensation with fail of temperature. It is at the hottest 
stage that hydrogen and helium are predominant. If then the aggregation 
of hydrogen atoms is the chief source of the energy of a star after it has 
passed its maximum temperature, this energy must apparently have been 
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stored up during the giant stage, and w« again require to know where if 
came from. Condensation, by what has already lw*e» shown, re quite 
inadequate. It remains possible that only «» small f rue (ion of the hydrogen 
in the star actually undergoes aggregation, in which cam- the hypothesis 
will not require the disruption of heavier atoms to give hydrogen during 
the giant stage. 

5-63. A relevant datum is supplied bv the variable at nr a < ephei 
It has been seen that, given the mass and radius of a star, we can find if . 
condensational energy (apart from a eorreetion dm- to heterogeneity 
which will not. affeet the onler of magnitude)- If in addon m we know tin- 
rate of emission of energy (in other words, the h.. lone-trie absolute 
luminosity) we can find how fast the star should Is* contracting if t In- 
whole output of energy is derived front condensation Now the Mar in 
question executes a regular pulsation, whose jieriod nm»l the* >tefn ally la- 
proportional to the- inverse square root of the density. Thu-* condensation 
should alter the jieriod at a calculable rate. The* f henry of ( « pln-id % armtion 
is due to Prof. Eddington* and Prof. Shapieyf, The foiiuer < -tuna! «*?'* llisif 
the period of 8 (’ephei should decrease by about to -crouds annually it 
its energy came wholly from condensation. The actual change, if any, 
estimated by Chandler as <M>5 second annually 1( follow *• that ome other 
source of energy must lie available, 

5-64. RddingUm’s comparison, however, reti re only to giant .-fart Si 
far no observational information from astronomy is available to js-rmit 
a corresponding comparison for dwarf stare. KddiuglonN m-miH amount . 
to strong evidence that some source of energy much mot* powerful (ban 
condensation is accessible to giant stars, if we argue to the dwarf M are 
by analogy there will be no diflictilty in nn-eptmg the time r-etumde. 
given by the uranitim/Iead ratio. But the coordination of t b«» * «n**d data 
remains very imperfect, 

The two remaining methods will la* d«t*eril**d in latei < b.»pt*-re, tic- 
one gives only a lower limit, the other the order of magnitude, of fh>- 
intervals they measure. 

5-7. Thus of all the methods suggested for the measurement of till- 
age of the earth, only the uranium lead ratio method is quantitatively 
satisfactory, it gives only the age of the oldest known igneou* rock -, 
which are intrusive into conglomerates that must have l*en funned from 
still older rocks by sedimentation. ileiiee we mu miser I that the age of 
the ocean exceeds 13-10 million years. It is now necewairy to dismiM tie- 
lengths of the various stages in the history of the earth that elapsed ! adore 
the formation of the oeeaii, 

* M.N.R.A.K 19, HUH. 2 22. 

f Ap. J. 40, tau, Mttl *8. nils, M>mnt Witmn tWnWnai*, \u Vi *wt \<m, iXl 4 
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5-8. Th* Kmhj thr Earth, It in known, from a comparison with 

Cajsdla, tlint » hen tin* sun was a giant star it must have radiated at about 
13 times if** present rati*. Thun tin* earth wan receiving thirteen times as 
!iiti«*h radiation a- it do* *, now, ami its surface temjierature muni have boon 
« orriv<i*oiidmgly higher. Tin* condition that f Iw* surface of tin* earth should 
have remained at a Moody temjierature is that t he boat lost by radiation 
should hav<* l teen jiiot enough to halation that received from the sun. The 
rat** of radiation from tin* earth being proportional to tin* fourth power of 
the absolute t**in|mruturr, it follows that while t he sun wan a giant, star the 
temj»*i'utm«* of the earth's surface, if steady, must have Imh*» (13)^ times 
what it i« now. The mean absolute temjH*rature of the earth’s surfaee in 
now about ‘2«o , lienee when the aim was a giant star the surf nee of the 
earth mint have been at ,*30 absolute, or 2o7 Centigrade. If tin* tem- 
perature was not steady, it would be owing to eooling of the earth, and 
then the surface would be still hotter owing to the supply of heat trans- 
ferred from the interior, lienee no wafer eould condense on the earth until 
the sun had passed the giant stage. 

llefore an ocean could form, the surface fetnjM'rature of the earth must 
have **nii ia, below tin* boiling point of water, 373 absolute. Solar radiation 
would maintain t lit * if it had three times its present intensify, Now* if 
the radiating i.urfuee of the mm was no larger than at present, such radia- 
tion would be maintained if the sun’s effective temjs*rafure was WOO", 
corresponding to sjtcriral type l<’o, If the sun was more distended than 
at present, tw it certainly wotikl Ik*, a still lower femjierature would Ik* 
necessary to keep terrestrial water from condensing. Combining this result 
with that of the last paragraph, we see that the ocean could not have lieen 
formed until the sun had gone through the giant stage and was past the 
early stage on the decline, (leologieal time therefore commenced wilt'll 
the mm was already a yellow* dwarf star, 

5*81, The sun i** now » dwarf of type <10. Thus geological time corre- 
sponds to only a part of the time the sun has taken in passing from the 
dwarf Ko stage to the dwarf (10 stage, which one might exjKWjt to be 
only a small fraction of the whole time taken by the sun in passing from 
the’ giant M stage to its present state. This is not necessarily the ease, 
bidding ton has shown* that the observed rate of change of the period of 
H Cephei corresponds to a change from the giant <• to the giant F stage in 
aland in 7 years. This star is much more massive than the sun, and aooord- 
ingly it ap|s*ars probable that the sun ilid not take longer than this to pass 
through th** whole of the giant stage. Information about the rate of 
evolution in the dwarf stage is more indefinite; but it is significant that 
of the lor* stars within 10 parsecs of the Him, only 17 aw of earlier spectral 
type than the simf, suggesting that the further advanced a dwarf star is 

* M.N.lt.AM, 78 , ISIS, lit. t w. 3. buyten, Harnrd Annul « r 85, No. 8. 
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in its evolution the more slowly its type changes. Some of these stars are 
probably in early stages, on account of their great mass, and some of those 
in later stages are probably in those stages because their small ma, ^ is 
inconsistent with a temperature as high as the present temperature of the 
sun. It is, however, probable on the evidence that the time spent by a 
star in the giant stage, and in the dwarf stage before reaching type FO, 
is only a small fraction, perhaps about 1/10, of the time taken to pass 
from type FO to type GO. If this hypothesis, which is supported by what 
little evidence we possess, is correct, the ocean must have existed for much 
the larger part of the history of the earth. 

5-82. The time taken by the earth in liquefying and solidifying is 
more easily shown to be a small fraction of its age. The rate of loss of 
heat per gram of its mass is given by the formula of 2-5, namely 3<rV 4 /pa, 
where a is the radius. If we take 

o- = 5 x 10~ 5 e.g.s. Centigrade units, 

V = 3000°, 
a = 6-4 x 10 8 cm., 

so that we are taking practically the boiling point of terrestrial materials 
and the present radius, this amounts to 4 ergs per second per gram, or 
3 calories per gram per year. The total energy due to the initial tempera- 
ture of the gaseous earth could hardly exceed 6000 calories per gram, 
while the formula in 5-5 for the energy due to condensation shows that the 
energy per unit mass is proportional to M/a, and therefore in the case of 
the earth must have been about 10,000 calories per gram. Thus if the 
earth remained gaseous the whole of the condensational and initial thermal 
energy would have been radiated away in 5000 years at most. The actual 
rate of radiation would be somewhat greater than this, since the earth 
in the gaseous state must have been more distended and therefore have 
had a larger radiating surface than at present. Thus liquefaction must 
have been complete within 5000 years of the formation of the earth. 

If we suppose the primitive earth to have had within itself a store of 
energy per unit mass comparable with that suggested for the sun in 5-61, 
this energy would maintain radiation at the rate appropriate to a gaseous 
earth for 1/33 of the time it enabled the sun to radiate at the same tem- 
perature ; but the present rate of production of heat from atomic changes in 
the earth suggests that the atomic energy per unit mass in the earth is in 
no way comparable with what appears to be required for the sun. 

5-83. The liquefaction would be complete when all the latent heat of 
evaporation had been radiated away, and cooling to the melting point 
would then proceed. The latent heat of fusion would then have to be lost 
before solidification was complete. The total loss of heat from the com- 
mencement of condensation to the completion of solidification would 
hardly exceed 2000 calories per gram. Taking the melting point as 1500°, 
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we find that the rate of loss of heat per gram at that temperature would 
be J calorie per year. Thus the time between the onset of liquefaction and 
the advancement of solidification to such a stage that internal convection 
was stopped could not exceed 10,000 years. Hence we can allowin all 15,000 
years from the formation of the earth to its solidification to this extent. 

The formation of the moon can be placed with some certainty with 
regard to the process just outlined. It has been seen that conditions 
suitable for the formation of the moon by resonance did not exist till the 
diameter of the earth had almost attained its present value: until that 
time rotation would be too slow for resonance. Hence it could not have 
taken place until liquefaction was nearly complete, at the earliest. The 
conditions could not occur after the solidification had proceeded far 
enough to stop internal fluid motions, for such solidification would 
introduce a good deal of rigidity (see p. 112), which is absent from 
a fluid, and thereby would considerably shorten the period of a free 
vibration. Thus the free vibration would again become quicker than the 
period of the semidiurnal tide; in other words, rotation would again be 
too slow for resonance. Hence we can say that the birth of the moon took 
place while the earth was almost wholly liquid, the amounts of gaseous 
and solid constituents present being insufficient to produce any considerable 
effect on its period of free vibration. The moon existed before the ocean, 
and was probably formed within 10,000 years of the formation of the 
earth as a separate body. 

5*9. Summary . The earth probably became solid within 15,000 years 
from its ejection from the sun. So long as the sun remained a giant star, 
the surface of the earth could not become cool enough for an ocean to 
condense; thus a considerable time, perhaps comparable with the whole 
time from the original rupture to the present, may have elapsed between 
the solidification of the earth and the condensation of the ocean. From 
astrophysical considerations, however, it seems more probable that the 
time between these events was a small fraction of the whole age of the 
earth. The moon, if it was ever part of the earth, was formed about the 
time when solidification was starting. The interval from the formation of 
the ocean to the present time constitutes the greater part of the age of 
the earth, and it is possible that all the previous stages together occupied 
only an insignificant fraction of it. 

Collecting our results, we have found the following: 

1. From the eccentricity of the orbit of Mercury, we saw that the 
whole time since the rupture is probably between 10 9 and 10 10 years. 

2. The ages of the oldest known minerals, found from the uranium/lead 
ratio, are about 1-3 x 10 9 years, and since the geological evidence indicates 
that some sedimentary rocks are still older, the age of the ocean must 
exceed 1-3 x 10 9 years. 
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3. The amounts of uranium, thorium, mu I load in the mint m n whole 
indicate a time lens than H x 10* yours since solidification 

The second and third results an* in good agreement with the !ir*t, 
The age of the earth is therefore probably between l- A In* mid H lit* 
years. The other methods are less satisfactory , The be«t inferenee that 
can be drawn from the denudational methods t* that the present rate of 
denudation is about four times the average ol the pa <«, a couch* don m 
harmony with the fact that t 1 m* present tune is jn it after a glacial period 
and a period of mountain formation, both of which would tend to merea-s* 
the rate of denudation very considerably. The Kelvin method, ha.ed on 
the sun’s supply of energy, lends to inference* a hoot the tars that do 
not accord with the facts, and it therefore cannot he trusted It indicate* 
rather that the sun has some source of energy other than condensation; 
and it is possible that the union of hydrogen atom* to form heavier elements 
supplies most of this energy. 



CHAPTER VI 

The Thermal Hist on, of the Earth 

**I kuttw It'll something humorous, hut lingering." 

W. H. ( UuiKtrr, The Mikado. 

@■1. Motit o/ Stdiflifii'iition , Tht* solidification of the earth probably 
took place in the manner indicated by Lord Kelvin*. Most known rooks 
in nl met in freezing. Thus the brut stop in the solidification of a liquid 
globe would lie the formution of a thin superficial crust of higher density 
thou tin* inside; thin would be unit able, and would therefore break up 
and sank until melted again. A further crust would < hen form, and the 
process would lie rejteuted. Ultimately ho much of the heat of the interior 
would have Iteen list'd up in fuHing the winking Holid fragments that it 
eould no longer melt them. They would therefore remain solid, and would 
accumulate until at taut, the mans consisted of a honeycombed Holid, and 
eonv«<etion ceased. 

fi ll. Now an the newly formed solid sank, it, would be exposed to 
greater pressure, and its temperature would rise through compression. If 
it rose by more than the melting point would be raised by the same 
inerea.se of pressure, the rook would melt again and cease to sink. Thus 
the rate of increase of temjmmttjre <lown wards in the primitive erust could 
not exceed the rate of increase on the hypothesis that the rooks at every 
depth were at the melting point appropriate to the pressure there. The 
change of melting point due to an increase of pressure 1 m givnnf by 

rT (e, e,) T 

h 

where T denotes the melting point on the absolute scale of temperature, 
p the presHiire, e ; e, the change in volume of a gram of the substance 
on melting, and L the latent heat of fusion. The melting points of rook 
materials are usually over 1000* " C„ or say 1300" ahsohtte. Accurate Infor- 
mation about the change of volume of a rock material on melting seems to be 
lacking, the best king that of Day, Kosman, and Hostetter$, who estimate 
that diabase in changing from the crystalline state to t-he glassy state ex- 
pands about It) js*r cent, of its volume. The further expansion from the 
glassy to the liquid state is probably less. If the density is 3, this makes 
*» f, t equal to 0*033 e.e. j«ir gram. 

If w‘e take the latent heat of a mineral melting at, 1000" 0. to bo 
?'T 

100 enk/gm,, the alsive formula gives ; H" „ 10 » {s*r dyne/cm. 4 The 

• KdHIh und Tut I ♦ TrmH** m Nttiuml Phi famfthy* Pmr\ 2* 4H2, 
f Pf, O. H&uktir. Thrrm«^hmmtrp nn4 TH*tw*1 yiMHWiV*, Mftttittill&xi, 1017, 221* 

| Amw, Jtmm* *tf 37* 11114* l 
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increase of pressure due to a descent of 1 cm. in rock of density 3 gm./cm.* 
is 3000 dynes/cm. 2 , and therefore if x denotes the depth we have 

2°-5 x 10- 5 /cm. (2). 

ax 1 

This is an upper limit to the initial rate of increase of temperature inwards, 
for, as has just been explained, if the initial rate exceeded this, the rock 
would melt in its descent and cease to sink. 

6 * 12 . The centre of the earth is probably composed of metallic con- 
stituents much denser than the rocks of the crust*, and therefore the 
fragments of the crust would not sink into the core. Equality of tempera- 
ture would be established across the boundary of the two types of material, 
but there would be no convective interchange between them. 

Accordingly we may suppose that the initial temperature of the earth 
was of the form 8 + mx, where 8 is the melting point at zero pressure of 
the typical rocks of the crust, x is the depth, and m is less than 2*5 x 10~ 5 
degrees per cm. It will be supposed constant in the following work. 

6 * 13 . The primitive earth would be a honeycombed solid, the cells being 
still filled with liquid. Heat would be gradually conducted out of these, 
and solidification would thus proceed till complete. Meanwhile the surface 
would be losing heat by radiation and absorbing radiation from the sun. 
When the sun had cooled sufficiently to permit an ocean to form the 
surface temperature would probably be determined almost wholly by the 
balance between solar radiation absorbed and terrestrial radiation emitted; 
the supply of heat to the surface by conduction from the interior would 
be too slow to affect the surface temperature appreciably. The evidence 
is against any systematic change of solar radiation in one direction during 
geological time, and in the present theory of the cooling of the earth it 
will be assumed that the surface temperature has remained constant ever 
since solidification. This postulate does not hold for the interval before 
the formation of the ocean, but reasons have been given for believing 
that this is a small fraction of the whole history of the earth, and the error 
thus introduced will not be considerable. It will also be assumed that the 
whole of the crust has been solid throughout the time considered; in 
other words, any isolated fluid regions enclosed among the solid will be 
ignored. 

6 * 2 . The Cooling of the Crust . The problem of the flow of heat in a 
uniform isotropic solid depends on the differential equation 

dv k tm d 2 V 9 2 F\ _ P 

dt cp\dx 2 dy 2 dz z ) cp ’ 


* See later, Chapter XIII. 
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where F is the temperature, t the time, x y y, and z the three Cartesian 
position coordinates, h the thermal conductivity, p the density, c the 
specific heat, and P the rate of generation of heat per unit volume by 
radioactivity or chemical change. In the present problem the cooling is 
su PP ose( l f° start at the surface and to spread gradually downwards, and 
it will be supposed that it has had time to affect only a layer whose thick- 
ness is small in comparison with the radius of the earth. Accordingly if 

the axis of x be vertically downwards ~~ and will be small in com- 

3 y 2 8z 2 

d 2 V 

parison with and the differential equation reduces to 


h 2 


8 2 V 


P 

cp 


*( 2 ), 


8V 

8t ,v 8x 2 

where h 2 has now been written for k/cp. 

Let some particular integral of this equation be F 0 . As a rule P is, 
with sufficient accuracy, a function of x alone, so that a particular integral 
is — SSP/kdxdx. Whether this is so or not, however, provided only that 
a particular integral can be found, we have still to find a function F x 
such that when t is zero F 0 + V x is equal to the specified initial value of 
the temperature at any depth, such that when x is zero F 0 + F x is equal 
to the actual surface temperature at any time different from zero, and 
such that F x satisfies the differential equation 




.( 3 ). 


If such a function is found, V 0 + Fj will be the solution of (2) required. 

Subject to the condition that cooling has not had time to become 
appreciable at depths comparable with the radius of the earth, the solution 
will be almost the same as if the solid was infinite in depth. The constant 
surface temperature will be taken for the zero of temperature. 

If F 0 and the initial distribution of temperature are known, the value 
of Fj for all values of x when t is zero can be found. Let this be / (a;). 
Then it can be shown* that the solution is 


Vl= ^T L e ~°‘ f (2qMi + x ^~ />/(- Sgrfe* -x)dq 
= -V^/o ~ e ~ it+K) '}f (2 qht*) dq 


w. 


where A has been written for x/2ht i . This is the solution of the most general 
problem of the class considered. Since / ( x ) is now a known function, it 
follows that F can be found for any values of the depth and the time. 
It will be seen, however, that in addition to the thermal constants of 
the rocks, some knowledge of the form of the function P is required before 
the method can be used for numerical evaluation of the temperature. We 

* Ingersoll and Zobel, Mathematical Theory of Heat Conduction, Ginn, 1913, 76; Riemann, 
Partielle Differentialgleichungen, 1869, 123-4. 
je 
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have no direct quantitative knowledge of the radioactivity of rocks, except 
close to the surface ; it will be found, however, that the knowledge available 
is such that a wide range of variation in the form of P makes little difference 
in the distribution of temperature inferred. 

6-21. Let us consider first the value of P in the neighbourhood of 
the surface. This can be determined from analyses of actual rock specimens. 
It has been explained already that radioactive elements in their degenera- 
tion liberate helium. This comes off in the form, not of neutral helium 
atoms, but of a particles, which are helium atoms without their two outer 
electrons. The velocities of emission of these particles have been measured. 
It is found that all a particles emitted by the same element have the 
same velocity. The number emitted per second per gram of radium can 
be found by direct counting, and the mass of an a particle is known. Hence 
the total mass and the velocity of the particles emitted are known, and 
therefore their kinetic energy can be found. Again, it has already been 
explained that in any actual rock the quantities of all the radioactive 
substances present are such that the same number of atoms of each break 
up every second. Hence if we know the amount of any one radioactive 
element in a rock we can find the rate of production of a particles by each 
member of the series. The velocities of the <x particles from all members 
being known, the total kinetic energy of those from each element can be 
found, and hence finally if the quantity of any one radioactive element of 
the Ur anium series in a rock is known, the kinetic energy of all the 
a particles emitted per second by all the members of the Uranium series 
present can be calculated. 

6-211. Now in an actual rock an emitted a particle cannot proceed 
far before it is stopped by the surrounding material. Its kinetic energy 
then becomes converted into heat. Thus the presence of a known quantity 
of radioactive materials in a rock enables us to infer the rate of supply 
of heat to that rock. Indeed, one of the first facts noticed about radium 
was that its temperature was always a trifle above that of its surroundings. 
The result is that for every gram of uranium present, uranium and its 
products produce 8-0 x 10-® calories per hour. This result requires to be 
increased somewhat to allow for the fact that a particles are not the only 
form of radiation from radioactive substances. In addition they send out 
j8 particles, which are free electrons, and y rays, which are electromagnetic 
waves closely resembling X-rays. The energy liberated by the absorption 
of these in the medium is enough to increase the estimate just mentioned 
to 8-5 x 10~ B calories per gram per hour. This has been confirmed by 
H. H. Poole*, who filled a Dewar flask with pitchblende, kept the outside 
at a fixed temperature, and determined the difference in temperature 
between the inside and the outside by means of a thermocouple. He 
* PM. Mag. 19 , 1910 , 314 - 326 . 
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found the total rate of emission to be 10~ 4 cal./gm. hr. The former estimate 
is, however, probably the more reliable, since it is a task of extreme 
difficulty to measure the small temperature difference (0°-007) involved 
to the degree of accuracy required. The rate of evolution of heat from 
thorium and its products is 2-2 x 10~® cals./gm. hr. 

6-212. The amounts of radium and thorium in rocks are found by 
separating their emanations and measuring the ionisation produced by 
the a radiations from these. Thus the number of helium atoms produced 
per second from any rock is measured directly, and the rate of evolution 
of heat is therefore calculable. Many determinations of the supply of heat 
to rocks through radioactivity have been made in this manner, and the 
results have been systematized by Holmes*. The following table, for 
plutonic rocks, is due to him. 

Acid Rocks Basic Rocks Average 

Heat produced from Uranium series (cals./cm. 3 sec.) 4-3 x 10 -13 1-6 x 10 -13 3-0 x 10 -13 

„ „ „ Thorium „ „ „ 5-8 x 1CT 13 1-1 xHT 13 3-4 xlO -13 

Total 10-1 x l<r 13 2-7 x 10“ 13 6-4 x 10" 13 

It is seen that although one gram of thorium produces less heat in a given 
time than one gram of uranium, this is more than compensated by the 
larger quantity of thorium present in the earth’s crust. 

6*213. On inspecting these results, we notice that the radioactivity of 
basic rocks is systematically lower than that of acid rocks. Now basic 
rocks are on the whole denser than acid ones, and therefore may be 
expected to occur at lower levels in the crust. Further, the more basic the 
rock considered is, the denser and the less radioactive it is found to be. 
We may therefore suspect that the radioactivity of rocks diminishes as 
the depth increases. This is strikingly confirmed by a discovery of Lord 
Rayleigh f . The rate of leakage of heat from the earth is the product of the 
thermal conductivity into the rate of increase of temperature downwards 
at the surface. The thermal conductivity at the surface is about 0*006 c.g.s., 
and the vertical temperature gradient, observed in borings, is 0°*00032 C. 
per cm. Thus the rate of leakage of heat from the earth is 1*9 x 10~~ 6 cals./cm. 2 
A depth of 19 km. of standard acid rock would therefore be capable of sup- 
plying all the heat reaching the surface of the earth from within. If the rocks 
below a depth of 19 km. were as radioactive as this, more heat would be 
produced than is lost, and the interior of the earth would be getting hotter. 
This result is not acceptable in view of our belief that the earth is cooling; 
but the argument is capable of a more decisive formulation. 

6*214. Supposing that the radioactivity falls off with increasing depth, 
we may suppose that the actual law will he between two extremes. On 
the first alternative, radioactivity will be uniform down to a certain depth, 
at present unknown, and zero at all greater depths. On the second altema- 

* Geological Magazine, Feb. 1915, 60-71. f Froc. Roy. Soc . 77 a, 1906, 475. 
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tive, it will decrease exponentially, starting from the surface. It will be 
seen that in either case the distribution of temperature with depth at 
iany time can be determined, subject to a knowledge of the relevant 
numerical constants. It will be found that the only constant not known 
is, in the first case, the depth of the radioactive layer, and in the second, 
the constant in the exponential involved. In either case the known 
temperature lapse rate at the surface provides one quantitative datum, 
which is sufficient for the determination of this remaining unknown. 

6-3. Uniformly Radioactive Layer of Finite Depth. Taking first the 
uniform distribution in a surface layer, let us suppose that the depth of 
the layer is H; that P is constant in this layer and equal to A, and that 
at depths greater than H , P is zero. Then a particular solution of 6*2 (2), 
satisfying the condition that the temperature and its differential coefficient 


are continuous across the boundary x = H, is 

F 0 = A {. E 2 — (x — H) 2 }/2k when x is less than H (1), 

F 0 = AH 2 /2k when x is greater than H (2). 

We are given that when t is zero 

F = $ + mx (3). 

Hence 

f(x) = S + mx — A {. R 2 — (x — H) 2 }/2k when x is less than H ...(4), 
/ (x) = 8 + mx — AH 2 j2k when x is greater than R (5). 


On substituting from these into 6*2 (4) we find the value of F x , by integra- 
tion, to be 

Fj = /S'Erf-^r + mx 
1 2hti 

+ * [(*• + 2m) u £ - ho - JO* + *m» Erf y* 

-\{{x + Hf + 2 m) Erf + 2xht i ‘jr-i e-*'l**'* 

2 h$ 

- hti t ( a - H) e~ <■-*>“ llhH - ht * tt"* (x + H) e ~ (f W w* ... (6). 

It may be verified by direct differentiation that this expression satisfies 
all the conditions. 

6*31. If we differentiate F with regard to x and then put x equal to 
zero, we obtain the temperature lapse rate at the surface. Thus 

dv ' (1)- 

The present value of is 0°-00032 C. per cm. We have already seen 

in 6*1 1 that m can hardly exceed 0°-000025 C. per cm. S is the melting point 
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of average continental rocks. This is somewhat uncertain, for two reasons:' 
The cooling has extended to a considerable depth, and therefore the depth 
that the thermal constants used should refer to is doubtful. Indeed it is 
certain that they must vary somewhat with depth, and therefore the 
above solution, which depends essentially on their constancy, cannot be 
quite accurate. The melting points of basalts and granites are from 1060° 
to 1240°* (although some attention will have to be devoted later to the 
meaning of the melting point of mixed rocks such as these). S will here be 
supposed equal to 1200°. The time since the solidification of the earth 
has already been stated to be greater than the age of the oldest known 
rocks, namely about 1*4 x 10 9 years, but probably the interval between 
the formation of the earth and the condensation of the ocean was not a 
large fraction of this. We have no means of ascertaining the length of the 
interval^ between the formation of the ocean and of the oldest known 
igneous rocks. These are, however, of very old geological date, and it is 
at least plausible that this interval also is not a large fraction of the 
time since the formation of the rocks in question. Accordingly it will be 
supposed here that the time since the solidification of the earth is 
1*6 x 10 9 years, or 5 x 10 1G seconds. 

6*32. For most acid crustal rocks k is about 0*006 c.g.s. For basic 
rocks it is somewhat lower, about 0*004. Both types of rocks will be 
involved in the present problem, and accordingly the value adopted will 
be 0*005 c.g.s. The density being taken as 2*8 gm./cm. 3 , and the specific 


heat as 0-25 cal./gm. 1 ° C., we have 

h = 0*084 (1). 

We already have for surface rocks 

A = 1*0 x 10 -12 (2). 

Thus every quantity involved in equation 6*31 (1) is known except H . 
This equation may now be solved to find H. If we put 

H/2hti = l (3), 

this equation becomes 

1(1 - Erf l) + jrV (! - c_l ‘) = 0-034 (4), 

Z'Sj'TT 

giving l = 0*035 (5), 

and H = 1*31 x 10 6 cm. = 13 km. (6). 


Thus the depth of the radioactive layer is 13 km. We notice incidentally 

that out of the observed value of (j^J ? less than a tenth is provided by 

the term in m, while the term involving S contributes 0°*00004/cm. The 
remaining 0*00025 comes from radioactive sources, and practically the 
whole of this from the term AHjk, which is independent of the time. 


* F. W. Clarke, Data of Geochemistry , 1916, 296. 



86 


The Thermal History of the Earth 


Thus only about 13 per cent, of the heat being conducted out of the 
earth at the present time is due to cooling of the interior; the rest is 
supplied by radioactivity, and will continue until the latter fails through 
exhaustion of the uranium and thorium in the crust. We notice further 
that each term in (1) is positive, and therefore if H exceeded 16 km. it 
would be impossible for the quantity on the right to be as small as that 
on the left, even if no allowance whatever was made for initial heat and 
for the initial rate of increase of temperature inwards. Thus the concentra- 
tion of radioactivity in the surface layers is a necessary consequence of 
our assumptions. 


64. Radioactivity Decreasing with Depth. If instead of supposing radio- 
activity uniform down to a certain depth, we assume it to fall off expo- 


nentially with the depth, we shall have 

P = Ae~ ax (1), 

where a is a constant and A is the same as before. In these circumstances 
we have A 

v o=Ak {1 ~ e ~ ax) (2) ’ 

/(x) = S + «-^( 1-e— ) (3), 


F = ($ — Erf A + mx + (1 — e~ a “) 

+ 2 Ik ey ' [e ~“ X {1 - Erf (y - - Erf (y + m 


( 4 ), 

where A = x/2h$ (5), 

y = ah$ (6). 


As before, it may be verified by differentiation that this expression satisfies 
the conditions. Differentiating with regard to x , and then putting x zero, 
we have 


la z). 


■■ m 


S + 
h'V'irt uh 


ahV ttP 


.(7). 


Just as before, all the quantities in this equation are known except one, 
in this case a , for which we can therefore solve. 

With the values already adopted for the quantities involved, we have 

- = 1-30 x 10« cm. = 13 km. (8). 

This is practically the same as the value of H found on the hypothesis of 
a uniformly radioactive surface layer; a consequence evidently implied by 
the fact that equations 6*31 (1) and 64 (7) differ only in their small terms. 
On either hypothesis it is seen that radioactivity must fall off rapidly with 
depth, and probably become insignificant at something of the order of 
50 km. below the surface. If this were not so, the rate of increase of 
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temperature downwards would necessarily be greater than is observed, 
and it would therefore be impossible to coordinate our data. 

6*5. Hypotheses to account for the Distribution of Radioactivity . The 
falling off of radioactivity with depth is capable of two interpretations. 
It may be suggested that radioactive elements actually occur at great 
depths, but that their disintegration is prevented by the pressures acting 
on them. This hypothesis is scarcely plausible. In experiments already 
made* it has been shown that radioactivity is not appreciably affected 
by pressures up to 2*6 x 10 10 dynes/cm. 2 , or by temperatures up to 2500° C. 
The latter temperature is greater than can occur in the crust on the theory 
here presented, and the pressure corresponds to a depth of about 100 km. 
in the crust. Thus the reduction in radioactivity just shown to be probable 
at a depth of 13 km. would require that the pressure at that depth had 
an inhibitory effect greater than is produced by any pressure less than or 
equal to that at 100 km. Hence this interpretation of the diminution is 
unsatisfactory. 

6*51. The alternative is that there is a real diminution with depth 
in the quantity of radioactive substances present. It has already been 
seen that they are more abundant in acid than in basic rocks, and con- 
siderations of density and direct geological evidence both indicate that 
basicity should increase with depth. The latter considerations, however, 
give no clue as to the amount of acid rock in the crust, and therefore 
cannot determine quantitatively how basicity varies with depth. The theory 
just developed, however, gives a clue. The radioactivity of average basic 
rocks is rather less than -J of that of average acid rocks, and on the expo- 
nential law of decrease such an intensity would correspond to a depth of 

13 log km., or about 16 km. Hence the theory enables us to make 

the quantitative suggestion that basic rocks are predominant in the crust 
at a depth not greater than 16 km. This suggestion will be seen later (12*8) 
to have some interest in connection with the structure of the continents. 

6*52. The explanation of the concentration of radioactive materials 
in the acid rocks is still somewhat uncertain. It has often been thought 
that the high densities of these elements would tend to make them collect 
towards the centre of the earth, contrary to what has just been inferred. 
Holmes hin ts f that the concentrating action of volatile fluxes is important 
in this connection. The radioactive elements form volatile compounds, 
which would be expected to accumulate towards the top in a fluid earth, 
and thus would become concentrated in the granitic layer. 

6*6. Cooling at Great Depths . Let us next consider the temperature 
distribution at great depths. It has been seen that H/2hti and 1/2 ahti 

* Eve and Adams, Nature , July 1907, 209. 
f Geological Magazine , Eeb. 1915, 64. 
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are both small numbers, and therefore we may expand the tem fa-rat ure 
in powers of them. If q is moderate and l small, we have to the second 

order in l «»/ */* 

Erf (q I l) Erf ? I y* 1 v „<!<' * (I >' 

r -(««>)* t «'(i 2 ql i 2</ a / a / 3 ) W 

Considering first the uniform distribution of radioactive matter, we may 
approximate to ft 3 (0) by means of (!) and (2), and find that T reduces 
to the form AW\„ t r t// a .... 

where ft 0 if a: is greater than // ■ Mb 

and ft A (It x)*ftk if X is less than // <’’} 

Finally, if V denote the change in toinpcrat lire at any depth since xolidifi 
cation, we have , 1 m\ / ,• \ 


.(b). 


With the dat.a adopted we have 2/d* 370km.; while Alt 3 2l tr> about 

170", and therefore A '\jf will be about 1030 . At a depth of 37ft km. 

therefore, the coding since solidification will be 102 At 700 km it will 
be 8°, Thus considerable cooling will have taken plaee at depth* emu 
parable with 300 or 400 km., but not at double these depths. Tlitw the 
matter at depths of 700 km. or more must be in almost the same state 
as just after the earth first solidified. Incidentally it will noticed t hat , 
on account of the smallness of AU % j2k in comparison with S, the e«**Hng 
at these great, depths must be almost the same as if the earth had lsvn 
cooling for the actual time that has elapsed since its solidification, without 
cooling having been in the least delayed by radioactivity, 


6 - 61 . Considering next the exponential distribution, we find that 
y ■* 12, and therefore whatever value of A less than about H> we consider, 
we can approximate to Erf (y - X) and Erf (y 1 A), and the approximate 
form of the temperature is 


V -*« ma -i (M 




a*k 


0 


') t 


41 ), 


,IAc ** 

0*1* Vn (y 51 A*) 

With the numerical values already obtained, the last term is at, most of 
order 1 //, in comparison with the third, and y is about 12, The second 
term, again, is greater than the third, Hence, the last term may tie 
neglected, in comparison with the second ami third. 

The ohango of temperature at any depth since solidification m 


V "(n £ k )( 1 Erf A), 


If a is 13km., we And AjaXk « 340", and therefore M Afn*k is K«o\ The 
oooling at a depth of 370 km. is 135", and that at 700 km. is 7 \ Thus the 
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cooling at grout depths is about 83 per cent. of that found on the hypothesis 
of a uniform distribution' of radioactive matter down to a oertain depth. 



0-7. jf iff eel of a Urner Melting Point. It has been suggested that the 
melting point of rooks ho far adopted is too high, and that the actual 
melting point is considerably lowered by the presence of volatile con- 
stituents, and may lie as low as 800". With this hypothesis II and 1/a 
are both increased by about 5 per cent. Thus R - AII % j‘lk is reduced to 
about 010", and the corresponding factor S Aja % k that occurs in the 
theory of the exponential distribution is only 470“. Thus the cooling at 
all depths is considerably reduced if this hypothesis is correct. For oceanic 
regions, with the same melting point, we have 

A/a*k 110" and S Aja% 000". 

6-8. The, Coding of PufKH-mnic Rock*. The discussion has so far referred 
to continental rocks alone. It rests ultimately on the observations of the 
increase of teuifierature inwards in the earth's crust, made in mines and 
borings, and up to the present no mine or boring has been made in the 
ocean bottom. If such an undertaking could be carried out, most valuable 
information could lie obtained; but at present the cooling of the subooeanio 
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crust can only be inferred by means of a fairly plausible hypothecs. 1’here 
is some reason to believe that the surface rocks of the ocean bed are 
predominantly basic. This hits Mm inferred from several facts. esje-emUy 
the greater basicity of volcanic rocks from oceanic islands, It will Ik* 
assumed here that the surface rocks have n content of radioactive matter 
equal to that of basic igneous rocks within the continents, giving a rate 
of heat production of <>*2t) ■ 10 ‘"enl./em. 9 we. The rate of evolution of 
heat will be supposed to decrease according to the exponential law, with 
the same value of a as in the ease of the continents, The problem of the 
cooling of the regions below the oeenn lieeomes determinate with these 
assumptions, which would hold accurately if the ocean had been made 
by the removal of a uniform thickness of matter from the continental 
surface; this process bears a slight resemblance to what appears to be 
required by any theory of continental formation, We Inal that A ,o*k i * 
100", so that it A/nH ■ is 1100’. The cooling at a depth of :t7o km »>» 
about, 1K0°, and that at, 700 km. is 10 . The cooling below the ocean* c> 
therefore substantially greater than that MIow the continents, 

6*9. i hmtnary . The theory of the cooling of the earth develop'd in this 
chapter has made it possible to find quant ifatively tie* amount of cooling 
that has taken place at any depth since solidification, either Mow the 
continents or below the oceans. This theory has been definitely based on 
Certain simplifying assumptions; in particular it has Mm supposed that 
tihe conductivity and other thermal properties of the rocks affected arc 
constant. We have no direct evidence concerning the proper! n*-« of n**k * 
at depths exceeding a few kilometres. The assumptiotm of constancy 
therefore amount virtually to the assumption that these projierf ie>* ate 
unaffected by depth, or in other words by changes of pressure and tetn 
perature. Direct exjieriment in the laboratory has suggested that the 
effects of such changes are insuflicient to rwjuire any serious modification 
of the result* obtained. The evidence, however, remains inconclusive, and 
to this extent the theory is doubtful. This fact, however, t« no reason for 
neglecting the theory. In the absence of direct evidence that there w a 
physical connection between two quantities, the most probable hypothesis 
is always the simplest, namely, that they are iudejiendent * : and the 
scientific procedure is to push ahead as far as jwMble with the lined 
probable hypothesis on the data in our ponMiwiinn. If then the byjwdbcfU* 
is found to lead to incorrect cottseqtioneeH, that will M additional evidence, 
and the hypothesis will have to be replnml by a new one t fiat Mmine?* 
more probable when the new data arc taken into neemmt ; but even in 
that case the working out of the hypothesis of iudo{»cudcncc tu a form 
capable of being tested will have been a iweessarv stag** in the acquirement 
of the new knowledge, and will therefore have been of scientific value, 

* Wrinch and Jeffreys, Phil, Mmj, «, :i*lH “1, 
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So long as the hypothesis, on. the other hand, leads to results in harmony 
with our knowledge, it remains the most probable on the data we have, 
and its consequences are scientific inferences in the usual sense of the term. 

6*91 . The results are, therefore, that there is good reason for suspecting 
that the rocks in continental regions at a depth of 16 km. are typically 
basic, although it is known that the typical rocks of the crust are acidic. 
Further, the cooling of the earth since solidification amounts, at a depth 
of some 300 km., to between 200° and 300°; at a depth of 700 km. the 
cooling is as yet insignificant. Under the oceans the cooling must be 
somewhat greater at all depths. The physical significance of these results 
is that the physical state of the matter at great depths can scarcely have 
changed since solidification, and therefore it may be expected to show 
in some respects at least the usual properties of a liquid; namely, it should 
be capable of being deformed to any extent by a shearing stress, however 
small, provided this acted for a long enough time ; and it should be devoid 
of rigidity, and therefore unable to transmit distortional waves. We shall 
return later to the consideration of how far these predictions are actually 
satisfied. At the moderate depth of 200 to 400 km., it would be expected 
that the tendency to fluidity would already be beginning to show itself, 
probably by softening, which usually commences at temperatures far below 
the melting point when an impure substance is heated. Thus rocks at 
such depths would yield slowly to small shearing stresses ; but it is possible 
that the stress required to produce permanent deformation must exceed 
a definite li mi t, even though this limit must be much less than in the same 
substances at ordinary temperatures. 



VHAPTKR VII 


The Equations of Motion of an Elastic Solid with Initial Stress 
“lauK'iatactgiii vou'h 1 eiitMte." IHvn., Inf tutu 


7-1. In the following pages several result.* in (!«• (henry of eheitinty 
will be utilized, and it. will he eonvenient to diseuss (hem ns f«r an poxihle 
consecutively. If a stress is applied to any substance hut a jierfeet fluid, 
and we consider a small element of surface wit bin the *uh«tunee, t he strew. 


across the element, (i.e. the force per unit area exerted by (he matter on 
one side of it upon the matter on the other side) has three components, 
one of which is nonnal to the element, while the other two are tangential 
to the element.. In a perfect fluid the two tangential component* are zero 
Consider then a small parailelepifx'd within the Mih*t alien, if* centre 
being at the point (x, y, z), and its shies lining parallel to the coordinate 
axes and of lengths dx, dy , dz. lad us denote the eomjsmentw of force j**r 
unit area across a plane perpendicular to flit* axis of x by p t », /»»,. 
By considering the opposite faces of the parollelepi}**d in pair*, we easily 
see that the resultant force on the element due to the stresses ha* eom 

ponmte (*r„ . 

l, flx fly flz 


dxdydz 


<n 


and two symmetrical expressions. If p is the density and (,V. V, Z) the 
bodily force per unit mass, the force on the element arming from tins is 


. ...... f ») 

of the element , 


(y X, p Y, p%) dxdydz 

The two sets of forces together produce the acceleration 
If v, v, w denote its displacements from its initial position we shall t hen 
fore have J4 . a 


d,*u 
’ dP 


pX \ 


flr 




( 3 ), 


with two similar equations. In the differentiation with regard to the time 
the displacement is supposed to have lieen expressed ns a function of the 
initial coordinates and the time, and the differentiation is a partial one 
with regard to the time in this system, so as to give the true acceleration 
of each element. 

Now let us consider how the system of stresses p„, p„, ... p, f 

can arise. .Suppose that in the initial state they had the values indicated 
by the index zero, ... jfl„. When an element i* displaced the 

stresses on it in general change, and corresponding changes in its size 
and form occur. Huppose, for the sake of generality, that at the same 
time an increase of temperature V takes place, and that the coefficient 
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of linear expansion is n . Then the alterations in dimensions due to simple 
expansion in the absence of stress would be such as to make 

du __ dv __ dw _ y du _ du dv dv dw __ dw __ 0 ... 

dx dy dz U ’ dy dz dx dz dx dy 

In the actual displacement, however, the values of the displacements will 
not be such as to satisfy these conditions; the size and form of the element 
will change on account of the changes in the stresses from neighbouring 
elements. Now it is proved in works on elasticity that the deformation 
produced by a small extra stress is related to it according to the laws 

p'ccx = ^ ( e xx + e w + e zz) 4- 2fj.e XXi etc. (5), 

V xy “ V yx == p^xy ~ H'&vx 

where accents denote that we are dealing with the changes in the stresses. 
Here e xx , e xy3 e xz , ... e zz are the changes in the quantities 
du dv du dw du dw 
dx’ dx + dy’ dx + dz’ '"’dz* 

measuredfrom the state before the deforming stresses are applied, and A and /x 
are the two elastic constants of the element, supposed isotropic. The ad- 
ditional stresses are supposed small enough for their squares to be neglected. 
Thus we shall have o 

exx = dx~ nV ’ etc ‘ ( 7 )’ 

dv du , Q . 

C *" _ dx + dy’ 6tC ' 

and p' xx = A (jfc + - ( 3A + 2 /*> nV > etc 

(io) - 

Thus we have for the equations of motion 

dhi y , d P°xx . , %V°zx 

p W = pX + 'lT + ^ + ~W 

d / ->.> , o du\ , d f (dv , 0 [ /3u> 3?A) 

3:r (. ^ dx) dy \dx + dy) ) ^ dz y 1 \dx ^ dz / j 

-l{(3A + 2 y.)nV} (11), 

with two symmetrical equations, where 8 has been written for 

d £ + Ty + Tz < 12 >- 

We may also write y for (3A + 2 y) nV (13). 

It will be noticed that the bodily force ( X , Y, Z) is to be. considered 
as evaluated at (x, y, z) after the deformation. Let (X 0 , T 0 , Z 0 ) be the 
force at (x, y, z) before the deformation, and put 

X — Xq -j - Xj, etc. ......... 


( 14 ). 
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The stress components p° xx , p° XVi ... p° zz , on the other hand, refer to the 
position before deformation of the particle that is brought to ( x , y, z) by 
the deformation. If we denote by q xx , q xy , ... q zz the corresponding stresses 
before deformation on the element that was at (x, y } z) before deformation, 
we shall have for small displacements 

/pO — rf — OL U qn ( 1 K \ 

V XX qxx U dx V d y W dz {10), 

with corresponding relations for the other components. Also let p 0 be the 
density at (x, y , z) before deformation, and put 

P=Po + Pi (!6). 

0 0 9 

Then p = p 0 - ^ (p 0 u) - ^ (p 0 v) - ^ ( Po w) (17) 

is the equation of continuity, and determines p x . If the initial state was 
one of equilibrium, the equations of motion must hold when u , v, and w 
are put equal to zero. Thus we have 

°^p 0 Z 0 + ^+-^ r + -^- (18), 

with two symmetrical relations . On subtracting (18) from (11), and omitting 
terms involving squares and products of the displacements, we have 

+ + '’w + ' “%) 

-fc) 

+ 5 K * S) + a~ f (£ + £)} + ££■ £ 

(19). 

Further progress requires a knowledge of the initial stress. If the substance 
was under no shearing stress before the displacement, as would be correct 
if complete yield had taken place to any stresses produced during solidifica- 
tion, we should have 

Qxy ~ Q.vx — 2a :z = 2zx = 2»z == 2ztf = 0 (20), 

Po*o ^ = 2*x = 2v» = 2** = V > say (21). 

With this hypothesis, (19) reduces to 

po lF = + + g~;{ Po ( w -^o + *7. + u>Z 0 )} 

+ s(“ + *S£K{-£+ SK{'( b + S3} - £ 


( 22 ). 



CHAPTER VIII 

The li ending of the Earth's Crust % the Weight of Mountains 

" A pupil !*<«;» ii fi> barn geometry with Kuolbl and nNkt*d, when ho had learnt, one 
{iru|Mwiiti<>ii, VVlia) advantage aha II 1 get by learning these t hinge?' And Knalitl 
relied the sieve and said, '(live him Rixpence, situs) he must, nmlsgoin by what, he 
leet im.’" Kir T. L II hath. A 11 ixlttri/ <>f <lmk Mathttnatm. 

8-1, In what follows a groat, deal of attention will be devoted to tho 
mechanism that enables t ho eart h’s crust, to support tho weighted mountains 
without immediately yielding and gradually ofTaoing all departures from 
jtwfwt symmetry. A discussion of the stresses in the (trust produced by 
the weight of surface inequalities will therefore be necessary. For this 
purpose the crust, will 1st supposed to be of finite thickness, and a heavy 
fluid will l to supposed to lie below it. Thus tho effect of any additional 
pressure over the upjter surface will l>e to bend the crust downwards, and 
the under surface will 1st forced down into the fluid against hydrostatic 
pressure. The final deformation will therefore be the result of the joint 
action of the additional pressures on the upper and lower boundaries. 

The problem is a statical one; the accelerations in the equations of 
motion are zero. There is no change of temperature, so that y is zero. 
The elasticity terms in the equations of motion are of order 

(A 1 -/(.) or (A ( “/*) 
while the gravity terms are comparable with 

fa (/Vff/) <>r | s (f> n uy). 

If the wave length of the disturbing pressure is 'inf, gravity will be un- 
important in comparison with elasticity if f/p» is small compared with 
(A j 2p) k . Now the velocities of the longitudinal waves of earthquakes 
near t he surface enable us to say that (A ( 2/*)/p # is about li x 10 u cm.*/soc.* 
'I’hus our condition is that h shall be large compared with 2 x 10 »/«m., 
or that 2irf shall small compared with 30,000 km. The effect of bodily 
gravity will in fact be small in comparison with that, of elasticity unless 
the stresses are of a wave length comparable with the circumference of 
the earth, when it would be necessary to include curvature in our calcula- 
tions as well. Thus the terms depending on bodily forces can be neglected 
when we are dealing with the support of mountain ranges; the curvature 
of the earth can Isi neglected in similar problems; and it will therefore 
Is* legitimate to treat the problem as one of simple stress in a uniform flat 
plate of infinite horizontal extent. 

8*2. Let us take the axis of z vertically downwards, and those of x 
and y horizontal. Tho origin will be in the middle of the layer, and the 
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thickness of the layer will be 2 h, so that the upper and lower surfaces in 
their unstrained state are z = — h and z = h respectively. The layer is 
supposed homogeneous. The equations 7-1 (22) then reduce to 

+ + = 0 ( 1 ). 

( A + + ^ v = 0 ( 2 )> 

(* + f) + /*V 2 U> = 0 (3). 

By differentiating with respect to x, y, and z respectively and adding, 

wefind V 2 S = 0 (4). 

0 0 0 

Let us write p for ^ 5 q f or ^ , and S- f or ^ . Put also 

p 2 + ? 2 = -r 2 (5). 

Then V 2 - + p 2 + q* = - r 2 (6). 

Solving for S by the symbolical method of Heaviside and Bromwich, r 
being independent of z } we have 

S = A cosh rz + B sinh rz (7), 

where A and B are functions of x and y only. Let us now introduce a 
function x such that ^ g 

X = z sink rz + 2 r z cos k rz (8). 

Then we readily verify by differentiation that 

(S- 2 ~r 2 )x = S (9). 

If we substitute for 8 in (1), (2) and (3), we have three equations to find 
u, v , and w. Particular integrals will evidently be 

A + ja/300\ 

(«o. »«. »•) - --- (gj., e - y , fc)X (10), 

since with these values 

(A + p) g + = (A + /*)f| - #* (*’ - r*) -(11), 

which is zero by (9). The complementary functions~are any solutions of 


(&* = 0. 

We have therefore 

(u, v, w) = (§£> g-, 3z ) X + K> %, ^i) (12), 


where we can write % = U 0 cosh rz + TJ l sinh rz (13), 

v x — V 0 cosh rz + V x sinh rz (14), 

w x = W 0 cosh rz + W x sinh rz (15). 
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Here f/ 0 , H,, F 0 , F,. IF 0 , IF, are functions of * and */ alone. Wo still 
have the condition that p lf fi w 

(16). 


?«r * dp * ds ^ 


Substituting in this from (12). wo have 

pu t !■ qn x t *m>, 


A f 2/t , 




(17). 


This must hold for all values of a; so equating coefficients of cosh rz and 

sinh rz wo have .. X \ 2p 


1>V 0 \ q\\ yrW x 

f* 

pIMtV^rW. A ' 2, ‘ B 

r 


.( 18 ), 

.(19). 


8*21. Wo have still to mako ubo of the boundary conditions. Those 
will bo supposed to bo that there is no shearing stress across the pianos 


z ,\ fu and that 

when z - f • h, p„ ’»» P f Q (20), 

when * •• h, p„ <■- P-Q (21). 

We have from 7-1 (10) 


v>* i i (p 11 ' i - (A i p) i^x i n (p»\ i 


(A i /<) ^ (d sinh rs | Iiumhrz) (A | p) pz (A cosh rz | /i sinh rz) 

T 

l p\l>(9 'dIhwIus l IF, sinh rz) I r(f/ 0 Hinhrz I U,eosh rz)} (22). 

The vanishing of this whore z ■> t h gives the two relations 

(A 1 p) ?>/l (I I rh coth rh) | p (pW x I rf/„) - 0 (23), 

T 

(A l p) y (1 ! rh tanh rh) I p (pW a | r(J t ) - ■> 0 (24). 

The first of these can be written 

IF, I r If n ^ 1 ^ (l I rh coth rh) A (2/5), 

* p pr 

and wo see by symmetry that the vanishing of p m at the boundaries will 
prove the right side of (26) equal to IF, I r F 0 . Himilarly (24) gives 

1F„ I r f/, A 1 **(! f rh tanh rh) li (26) 

p pr 


Using these relations to eliminate' U 0 , F 0 , U x , F, from (18) and (19), 
we find A \ 2p A ( A t ;* ( , ( rhmihrh)A (27), 

W A t 2 P H A t P ( rhimhrh)H ,...(28). 

w 2 fir 2/i.r 
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We have also p zz = AS + 2yfew 

= AS — 2 (A + /x) ^ 2 x + 2[jfew 1 (29). 

But & 2 X = r 2 X + 8. 

Hence p zz = — (A + 2/x) S — 2 (A + jjl) r 2 x + 2 i^w, 

= — (A + 2fji) (A cosh rz + B sinh rz) 

— (A + /x) rz (A sinh rz + B cosh rz) 

+ Zpr (W 0 sinh rz + W x cosh rz) (30). 

By hypothesis p zz is to be equal to P + Q when z = — h, and to P — Q 
when 2 = h. Hence 

— {(A + 2fx) + (A + jit) rh tanh rh} A + 2 y.rW 1 = P sech rh . ..(31), 

— {(A + 2 jj,) + (A + f) rh coth rh) B + 2 ixrW 0 = — Q cosech r/&... (32). 
Substituting for TF 0 and ^ from (27) and (28), we have 

(A + y,) { 1 + rh cosech rh sech rh) A = P sech rh (33), 

(A + ju){l — rh cosech rh sech rh) B = — Q cosech r A... (34). 

These equations, with the expressions for the other coefficients in terms 
of A and B, give the symbolic solution of the problem when P and Q are 
known. In particular, if P and Q are proportional to sin kx sin Ky, where 
k and k are constants, or to any other product of harmonic functions 
of kx and Ky, the solution is to be found by simply substituting (/c 2 + K 2 )i 
for r. 


8*22. We require to know the stress-differences in the solid layer. The 
stresses are given by 

'3'it 

yp xx = AS + 2/x with two similar expressions; 


' dx 
dv 


Vxv = M j , with two similar expressions. 

Substituting for the coefficients in these, we find 

rp zz = (A + y) {( 1 + r h ooth rh) A cosh rz + ( 1 + r h tanh rh) B sinh rz 

— rz (A sinh rz + B cosh rz)} (35), 


p 2 


p xx = A cosh rz{\- ix ~ + (A + p) P r hcothrh) +B sinh rz |A — p 
+ h tanh rh) — — + (A sinh rz + B cosh rz)... 


(36), 


p zx = (A + p.) - {Arh coth rh sinh rz + Brh tanh rh cosh rz 

— rz (A cosh rz + B sinh rz)} (37), 

p xv = — (A + p)pq^ (A sinh rz + B cosh rz) 

+ [{(A + ju) rh coth rh — A cosh rz + {(A + p) rh tanh rh — p}B sinh rz ] 

(38), 


•with symmetrical expressions for p yy and p yz . 
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It in easy to verify that thaw expressions satisfy the original equations 
of equilibrium dp a . d 

ir 1 i ; 1 L 0 » 

with two similar equations. 

8-3. In the problem of the support of the earth’s crust, the values of 
P and Q must satisfy two conditions. Suppose the pressure to bo reduced 
by A' over the surface z - k, 'I'his surface will be depressed by a certain 
amount , and the reduction in the weight of the matter above this level 
must be allowed for in finding the stress after deformation. If then p be 
the density of the superficial matter, wo must have 

P \ Q H 1 up («>),„ h (1). 

Similarly, the depression of the lower boundary by the amount w lmh 
exposes it to the additional pressure due to a height of the underlying 
fltud, whose density will be supposed to be //. Hence the additional stress 
Pa across the boundary will bo increased by i/p'w amH . The negative sign 
is required because the stresses are tensions, not pressures. But this is 
the change in the stress on the matter constituting the boundary; after 
the displacement the vertical tension across t in* plane z h has to support 
the weight of the column of the crust below it, and therefore the increase 
of tension there is {//»«',_» more than that on the matter at the boundary. 
Hence tt ,, . , , 

p Q (/ (p (>) « w (2). 

Now we have 

u> -• 1 * u\ 

p, m 1 

^ 2 (A cosh rz I H sitth rz) 

I ^ J ^ ( .1 sinh rz i H cosh rz) 

2 /tr 

t . // (vl h r// sinh rz t H tanh rh cosh rz) ......(3). 

Hence n>, m * ^ ( A sinh rh f H cosh rh) (4), 

w t „ h (A sinh rh I H cosh rh) (fi). 

»./tr 

On substituting these expressions in (l) and (2), and expressing P and Q 
in terms of A and H by means of 8-21 (33) and (34), we have 
(A ! p) (.4 cosh rh | A rh eosooh rh H sinh rh (■ Hrh seeb rh) 

H f (fp^ ( -•! sinh rh I li cosh rh) («), 

(A i p ) (,4 cosh rh | Arh coscch rh | li sinh rh Hrh seeb rh) 

If (/)' p) ^ (d sinh rh | H cosh rh) 


(7), 
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which suffice to determine A and B. If we write 

= A + B — 2N (8), 

(6) and (7) take the alternative forms 

(A + ,) {*«« + <*«'» + **-*>} 

= S + ? B J £ + 2 ^) ( _ M e* + Ne-r*) (9), 

2fxr 

(A + „) { »» + Me- + + »«-)} 

~-g(p'- ^ ( 10 )- 

Let us first consider the case where rh is large. Then (10) shows -that 
Ne rli and 4 rhMe~ rh are of the same order; for we already know that 
(gp)l(X + 2/x) k is small in the problems we are considering, and a fortiori 

^ ~ ~2 (A + |x) ~lir^ * s sma ^‘ Hence to a first approximation 

N = - ArhMer** (11), 

and substituting in (9) we have 

M = Se^fX + p.) (12). 

Hence by 8-2 (7) 8 = — 4 rhe~ 3rh + rt } (13), 

or if we take as a new coordinate the depth below the undisturbed surface, 
putting z + h = z 1 (14), 

and neglect the terms in e rz , on account of their small coefficients, we find 
from 8-£2 (35) to (38) 

Pzz = (A + JU.) rA (h + z) e~ r * + (A + p.) Ae-** (15), 

Pxx = (A - ^f-) Ae ~ rz + ~ + f 1 ~ A {h + z) e~ rz ...(16), 

Pzx = ~ (X + n)pA (h + z)e~ TZ (17), 

P*v = (A + f) ~ A (A + z) e~™ - ii Ae-** (18). 


These can be shown by differentiation to satisfy the conditions of equi- 
librium. We have from (8) and (12) 

(A + fx) Ae rh = 8 (19). 

Hence the stresses reduce to 

Pmm - S (1 + rz x ) (20), 

+ TO. 


Pzm = - Spz x e-™1 


, a 

A + p. 


e -rz x 
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84. If now 8 is a simple harmonio function of kx and K'y, wo may 
fix the origin ho that ■ v com kx coh K'y (1), 

when) v is a constant. Then r a a K % .y K '% (2), 

and p„ v (l i rzj) «"”> coh kx coh K'y .........(3), 

/'« v \ l - (A + /t)r a ' “ 1 «'”* cofl ** cofl W> 

p tx ■ ’> vkz x 6 ■ ”* sin kx coh k'i/ (3) , 

/>,, * ’*** ^ ^ ^ ) « r *> «in kx Kin k'ij (0), 

from which the expressions for p vll and p„ can bo obtained by considera- 
tions of symmetry. Now the three principal stresses at any point are the 
roots of the cubic equation in to, 

P*x ~ ™ pmt Pm ( 7 )* 

Pxv Pvv “ m Pm 

?>« Pm Pm ~ m 

This determinant ia an even function both of coh kx, sin kx, cos K'y, an d 
win *'»/. Tfie at at ionary values of each HtreSH-componont with rospoot to 
variations in * and y occur where coh kx and coh k'ij are each equal to 
zero or t 1. 'Hie name may lx) exjxwted to l>e true of the principal stresses 
and of the differences between them, an<l this has been found to hold in 
all sj»ecial cases so far examined; but a general proof has not yet been 
constructed, on account of the heaviness of the algebra involved. It will, 
however, be assumed that it is in general true that the greatest stress* 
differences occur at points where cos kx and cos K'y are ea °h mn > or ± 1, 
and the following discussion will therefore deal only with those points. 

It will facilitate discussion if the surfaoe of the earth is considered 
marked out into rectangles by the two sets of linos where 
cos kx 0 and cos « 0. 

Then the points of the surface when) cos kx and cos K'y are .1, 1 will be 

the centres of these rectangles. If cos kx and cos K'y are both 1 or both 

... 1, the point considered will bo one of maximum elevation; if only one 

of them is - 1, the point will be one of maximum depression. The points 

where coh kx mix k'i/ 0, 

and those where Bin kx coh K'y 0 

arc t in* midpoints of the sides of the rectangles. Those where 

sin kx sin k'i/ • > 0 

are the comers of the rectangles. We therefore proceed to discuss the 
stress-differences at points vertically below these various points identified 
on the surface. 



Pzz Pvv 


which makes 
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8-41. Considering first the centres of the rectangles, we have 

Pm ~ Pzx ~ Txv — 0 (1). 

Hence the three principal stresses at any depth are p xx , p vv , p zz . We see 
at once that the greatest of these in absolute value is always f zz , and the 
greatest stress-difference is therefore either 

1 P„ - ?- I - ( ff r , + %) (2), 

OI I p " ~ I ” ((A + p.) r • + T **) 

We see that' the maximum value of p zz — p xx in a vertical line is given by 

+ <«. 

which mates *, " <«>• 

Similarly the greatest value of p zz — p yv occurs at a depth 

2 « /a + ^ 2 A/(A + p) 

r ( 2 /c ' 2 + k 2 ) v h 

So far the magnitudes of k and k have not been considered. Without 
loss of generality, therefore, we may suppose the axes turned so that the 
axis of y is in the direction of the greater wave length. Thus k will be 
greater than k’. Then 

I P„ -Txx | - | Pzz - Pw | = (at 2 - k' 2 ) (- + j) ve- re *...(7). 

Thus | p zz — p xx | will be greater than | p zz — p vy | if the depth exceeds 
r 3 ^ a ^ er W ^ L be fh e if the depth is less than this 

critical value. Now the greatest value of | p zz — p yy | occurs at a depth 

2k 2 + k 2 A/(A 4 ~ u) . p . . . u, 

- — rr . I he condition for this to be greater than 7 * — — is 

r (2 k 2 + k 2 ) & (A + /x) r 

(A 4 - /x) 2k' 2 + k 2 A > fi {2 k' 2 + k 2 ) ( 8 ), 

which is true, since A is positive and at least equal to /x. Hence the greatest 
value of | p zz — p vy | occurs at a depth where it is less than the value 
of | p zz — p xx | at the same depth, and a fortiori is less than the value of 
I Pzz — Pxx | at the depth where the latter reaches its maximum. Hence 
the greatest stress-difference below the centre of a rectangle is | p zz — p xx | 

at the depth Z = — _j_ K ' 2 \ ^ s value there being ~ — ve~+ z . 


Pzz Pxx I 


, , r i J _1 rr 2 K 2 + K 2 A/ (A 4~ Lb) . 

at the depth Z = r (2 . 2 * 


8-42. At the corners of the rectangles we have 

Pzz ~ Pxx == Pvv “ Pzx “ == 0 


Pxv = ± 


A 4- /x, 





Hence 


Poin ts of Maximum Strew- Difference 

,, , vkk' ( a \ 

Oot> » \ 1 ™ A H m) * ' 


ami the greatest stress-difference is 

2ckk' | 

rz i 


/* 

A h /<, 
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.(3), 

.(4). 


8-43. To compare this with tho greatest stress-difference at an oqual 
depth at. a point of maximum elevation or depression, we must consider 

two separate eases, according as z t is greater or less than ^ fi)r‘ ^ 

n> (A l /*)r’ 

the «t ress-di fferenee at a corner is less than “ VKK zx ~ n> , The coefficient. 

r 

2kk 2k® 2k® I k'® 

of vz l e. n> in this is ^ , which is less than - , which is less than - — •, 

which is t he coefficient of vz x e. »« in the expression for | — p xa | vertically 

below the centre of a rectangle. The other term in the latter expression is 
always positive, and therefore the stress-difference at a corner at any 

depth greater than ^ f is less than the stress-difference at an equal 
depth below a centre. 

If the depth is less than ,, . , the stress-difference below a corner 

(A I /*) r 

HI t 

is not greater than , and attains this value at. the surface. Below 

a centre j p„ | is greater than | p„ - p m | ; it is at least equal to 

r 3 (A*t /t )’ ft * la inmg this value at t he surface. Hence if k is greater than 

2k', the stress-difference at. the corner at any depth is less than that at the 
centre at the same depth; but if k is less than 2k', tho stress-difference at 
the corner is the greatest at the surface. 

Ix*t us now compare the stress-difference at the surface at a comer, 
when k is less than 2k', with the greatest, stress-difference at any depth 
below a centre. The maximum stress-difference below a centre is 


‘>*•2 


t k' 3 


W! 


rZ 


But the expression for Z shows that. rZ is less than unity, and therefore 
thin in r than ~ % v. Tho condition for thi« to 

be greater than that at the surface at a comer is therefore that 

2k® f k'» > 2 ckk . f . 

A t t i 

If A and /* are equal, this reduces to 

2k® - ckk' I k'® > 0, 
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which is true, since e 2 < 8. Hence if the Poisson ratio of the matter of 
the earth’s crust has the standard value of J , which makes A equal to fx , 
the greatest stress-difference below a centre will be greater than the 
greatest at a comer. 

8*44. Considering now the midpoints of the sides, we have if 


cos kx — sin K r y = 0, 

Vzz ~ Vxx 5=5 Pvv “ Vvz == Vxy == 0 (1), 

p zx = ± VKZ^-™' ( 2 ). 

Hence w = 0 or ± vKZ x e^ rZi (3), 


and the greatest stress-difference is 2vKZ 1 e~ rz i. A sufficient condition for 
this to be less than the value of | p zz — p xx \ at the same depth below a 
corner is that 2k shall be less than (r 2 + k 2 ) r. On substituting for r in 
terms of k and k we find that this becomes 

4/c 2 (/c 2 + k 2 ) < (2k 2 + /c' 2 ) 2 (4) 

which is true unless k is zero. Thus the stress-difference below the mid- 
point of a side of this set is always less than that at the same depth below 
the centre. Since k is less than k , we see that the stress-difference at the 
midpoint of a side of the other set is still smaller. 

8*45. Collecting these results, we see that if k is greater than 2k', 
so that the wave length in one direction is more than twice that in the 
other direction, the stress-difference at any point vertically below a place 
of maximum elevation or depression is greater than that at the same 
depth anywhere else. The maximum value is at a depth Z , equal to 

— — , and its amount there is — ve~ rZ , and greater 

2 k 2 _L k '2 

than 5 v. If. however, k is between k' and 2k', there will be regions 

r 2 e 

of finite depth, around the points where the lines of zero elevation cross, 
where the stress-difference exceeds that at the same depth at the points 
of m aximum elevation or depression. Even in this case, however, it will 
not with normal substances exceed the greatest stress-difference vertically 
below a point of maximum elevation. Thus if the strength of the material 
is the same at all depths, permanent deformation will take place first 
by a sinking of the greatest elevations and a rise of the greatest de- 
pressions. Since the greatest stress-difference in these circumstances is 
I Vzz — Vxx | > the failure will take place by the greater stress p zx overcoming 
the smaller p xx , so that the matter below a region of maximum elevation 
will be forced out parallel to the axis of x ; in other words, in the direction 
of the shorter wave length. Flow in the direction of the longer wave 
length will occur only if the surface stress is applied so quickly that the 
stress-difference | p zz — p vv \ reaches the amount necessary to produce 
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Parallel Ridges 

deformation before flow due in the direction of the shorter wave length 
has had time to reduce the stress-difference | p zz — p xx | below the limit 
necessary to produce yield. Flow in regions below the slopes will become 
possible only when extra stress has been thrown on these regions by the 
failure of materials below the summits and hollows to support their share. 

If k is between k and 2k, and the matter near the surface is weaker 
than that below, the stress-difference at the corners near the surface may 
become enough to produce yield before that below the centres has reached 
the greater value necessary to produce yield at the greater depth. The 
same may happen even in the case of uniform strength if fi is greater 
than A; but in the actual earth these quantities are nearly equal. Now the 
stress-difference at the corners arises from the component p xy , which 
represents a shear across each of the planes x = constant, y = constant, 
and parallel to it. The tendency will therefore be for matter near the places 
of greatest slope to flow dovmhill. 

8-5. The present problem is a generalization of one discussed by Sir 
G. H. Darwin*, as the limiting case of the stresses due to a spherical 
harmonic deformation of high order. His results refer only to the case 
where k is zero, corresponding to a series of parallel mountain chains of 
infinite length. In this case our results 8*4 (3) to (6) reduce to 


p zz =s v (1 + kz x ) e~ KZ ' cos kx (1), 

p xx « V (1 — kz x ) e~ KZi cos KX (2), 

Vw = v vr — e ~ KZx cos KX ( 3 )» 

A + fi 

p zx = vrt^er*** sin kx (4), 

Pzy = Pxy — 0 ( 5 )« 

The equation giving the principal stresses therefore becomes, if 

w = ove~ KZx (6), 

(1 — KZ X ) COS KX — or 0 KZ x sinKX = 0 ...( 7 ), 

A 

0 ~ cos K x — a 0 

A + fJL 

kz x sin kx 0 (1 + kz x ) cos kx — o 


the roots of which are — cos KX or cos KX ± KZ i- The first of these roots 
A -f /x 

evidently corresponds to the component p yy , flow due to which is im- 
possible, since it is the only component capable of producing motion 
parallel to the axis of y, and is itself independent of y, so that the resultant 
force parallel to the axis of y acting on any portion of the crust must be 
zero. The two principal stresses in a vertical plane perpendicular to the 
ridges differ by 2vKZ x er K% This is independent of x, so that the stress- 
difference is the same at all points at the same depth, whatever their 
horizontal distances from the nearest ridge. This has been seen to be 
untrue in the more general case. The maximum stress-difference occurs 

* Scientific Papers, 2, 481-84. 
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at a depth 1/k , and is equal to 2vfe. There is no stress-difference at the 
surface, in which respect again we have a disagreement with the case 
where #c' is not zero. 


8*6. In the above discussion rh has been supposed large. The stress- 
components introduced by the pressure applied over the surface have been 
found to decrease rapidly with depth, when the depth exceeds a definite 
finite value of order l/r. Hence the fluid upon which the crust has been 
supposed to rest has practically no additional stress to support, and it 
was therefore to be expected that the reaction P — Q across the boundary 
between the solid and the fluid would be negligible, as has been found to 
be the case. So long as the condition that rh is great is satisfied, the 
solution for the regions where the stress is comparable with the pressure 
applied over the surface is the same as that for a solid of infinite depth. 

If, however, rh is small, the stresses at all points within the solid layer 
would be expected to be comparable, and the fluid may have to support 
a large fraction of the pressure applied over the surface. In other words, 
the crust may undergo considerable flexure, and the extra hydrostatic 
pressure where it is depressed into the fluid may nearly balance the 
pressure on the top. Within the fluid there is no stress-difference, but in 
the surface layer there will be. In comparing the two cases it will be 
useful to evaluate the stress-differences in the crust, so as to find out 
whether they exceed those in a deep crust or not. Coming now to the 
case of a floating crust, of small depth in comparison with the wave length 
of the deformation applied, we may approximate to 8-3 (9) and (10) by 
neglecting powers of rh higher than the first. They reduce to 

2 (A + riA = S + gp±±^(-Arh + B) (1), 

2 (A + ,,) A = - g( P ' - (Arh + B) (2), 

provided that B (rh)* is small compared with A. We know already that 
in the class of problems we are considering gp is small compared to 
(A 4- 2 pb) r. Now A and p, are nearly equal, and in these two equations the 
ratios of the terms in A on the right to those on the left are respectively 

r h an( ^ T h. In each of these rh is small, 

4 fxr (A + pi) 4 pjr (A -h /tx) 7 


by hypothesis, and the other factor is of the order of which is already 

known to be small. Hence the terms in A on the right are both products 
of two small factors, and therefore can be neglected. With this sim- 
plification the equations give 

P '~ p S (3), 


B = - 


V (A H- p) 

2p,rS 


gp' (A + 2 p) 


(4). 
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The condition for the validity of the approximation is that 

(rh) a <A/li 

WnUi B 4/t (A 1- /x) r 

Taking g 1000, A ft 5 \ 10 U , and p' - p 1, all in o.g.s. units, wo 
have j <1 

B " l() 10 r 

'I’huH our condition gives 

r*h a < 7 x 10- 10 
and if we put h equal to 150 km., or 10 7 cm., this gives 

r 5 •• 10 */cm. (9). 

If the distribution of pressure over the upper surface is simple harmonic, 
this shows that the wave length must bo at least 1200 km. to make the 
present solution valid. 

Substituting in the expressions for the stress-components, and re- 
membering that 2 cannot exceed h within the crust, wo have on rejecting 
powers of rh above the first , in accordance with the approximation already 


..(B). 


-(7). 

-.( 8 ), 


made, 

P„ 2.1 (A | p) 

(lb). 


dA i ^ ) | /fA ( 1 rz 

(11). 


V** ^ 

(12), 


l *iiM - (A 1 2ft) Brz) 

(18)* 

If in particular 

H V 008 KX 

(14), 

we have 

Vn 0 

(15), 

and the greatest, stress-difference is 


i V** 1 

j {*2HXrz 2 A (A | /* )} v ooh kx j 



( A P X « iZ j P' P . 1 y COH KX 1 

W'( A 1 2 M ) ’ p 

(!«)• 


If z has its maximum value h, and the quantities involved have the 
values already assumed, together with 

p 2 * 5 ; p 3 * 5 , 

the first term within t he bracket is approximately 3, while the second is 
2/7. Thus the greatest stress difference in a thin crust floating on a fluid 
will occur at the bottom surface, and will be about 3s below the places of 
greatest elevation and depression. 

In the thick crust the greatest stress-difference at any depth was found 
to be 2e/c. Hence the stress-difference in a thin crust may considerably 
exceed those in a thick one. 
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8 - 7 . In the foregoing investigation two extreme cases have been con- 
sidered, the thickness of the crust having been supposed in the one to 
be great, and in the other to be small, in comparison with the wave length 
of the disturbing pressure applied over the surface. In each case the 
distribution of the stress-differences through the crust has been found. 
In the case of a thick crust the maximum stress-difference is below the 
greatest elevations and depressions, and at a depth about 1/2? r of the 
distance between consecutive ridges. Its amount is about 2v/e, where v is 
the maximum pressure applied over the upper surface. When the whole 
thickness of the crust is less than 1/27T of the distance between consecutive 
ridges, the crust bends down as a whole until the extra upward pressure of 
the fluid on the regions bearing the extra load almost balances the weight 
of the load. When this is so, the depressed regions are compressed above 
and stretched below, the opposite holding for the elevated regions. The 
deformation produces stress-differences which may exceed several times 
the maximum that can occur in a thick crust of similar materials; the 
greatest is at the bottom of the crust. 



CHAPTER IX 

The Theory of Isostasy 

“I could show you hills, in comparison with which you’d call that a valley.” 

“No, I shouldn’t,” said Alice, surprised into contradicting her at last: “ahillam’tf 
be a valley, you know. That would be nonsense....” 

The Bed Queen shook her head. “You may call it nonsense if you like,” she 
said, “but Fve heard nonsense, in comparison with which that would be as sensible 
as a dictionary I” Lewis Carroll, Through the Looking-Glass. 

9 * 1 . The Behaviour of Matter under Shearing Stress . It was shown in 
0*6 and 6*61 that the matter of the earth’s crust at a depth between 
300 km. and 400 km. has had time to cool down since solidification by 
something of the order of 200°; while the matter at a depth of 700 km. 
can have cooled by only a few degrees, at the most, from the melting 
point at the pressure that actually prevails at that depth. We should 
therefore expect that, while the rocks at the surface possess the properties 
of ordinary solids, a gradual transition in properties would be associated 
with increase of depth, and that the matter at a depth of about 700 km. 
would behave almost as a fluid. Unfortunately, however, this is much 
too simple a statement of the problem. Several quite different properties 
are commonly thought characteristic of fluids, but are by no means 
invariably associated. Thus the use of the term 'fluid’ without some 
preliminary discussion of what is meant by it in the particular context 
would be certain to lead to confusion. Some account of the properties 
of matter in its various physical states is therefore necessary. 

In studying the development of the earth, especially in relation to its 
surface features, we shall be largely concerned with phenomena of change 
of shape, both temporary and permanent. Hence the physical properties 
of its constituents that we chiefly need to know will be the relations 
between the changes of shape that they undergo and the stresses that 
produce these changes. Other properties of matter, so far as they concern 
us, will do so only in a subsidiary way. Any classification of substances, 
to be useful in geophysics, must therefore be based primarily on their 
behaviour under deforming stress. Such a classification will be outlined 
in what follows. It does not follow completely any classification known 
to me, for two reasons. First, no single account I have seen appears 
to deal adequately with all the properties that require description; and 
secondly, most accounts are methodologically unsatisfactory in that they 
use for purposes of definition properties incapable of being tested experi- 
mentally. 

The dimensions of a body may be altered in two ways. First, it may 
be compressed or extended by a uniform pressure or tension over the whole 
of its surface. This property is called compressibility . In many substances, 
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which are called isotropic, the dimensions in all directions alter in the 
same ratio when the pressure is uniform and normal to the surface. If, 
however, the pressure is not uniform, or if the substance as tested by the 
above criterion is not isotropic, the dimensions in different directions will 
in general change in different ratios. Any alteration of size or form in a 
body can be represented as a combination of changes of volume without 
change of shape, and changes of shape without change of volume. The 
simplest type of the latter occurs when a rectangular block has one face 
clamped, while a tension is applied in the plane of the opposite face. The 
block will be distorted, its angles ceasing to be right angles, but the 
volume will remain unaltered. A stress that alters angles without altering 
the volume is called a shearing stress. If, again, the tension over each 
face of the block is normal and uniform, and if the tensions over opposite 
faces are equal, but those over adjacent faces are different, the block 
will in general be altered both in volume and in shape, becoming most 
extended in the direction of the greatest tensions. The angles between 
lines inclined to the edges of the block will be altered, indicating the 
presence of shear. If three mutually perpendicular lines meeting in a 
point in the body remain perpendicular after the deformation, they are 
called 'principal axes of the strain at that point. In the case of the rectangular 
block just considered, lines through any point parallel to the edges are 
principal axes of the strain. Again, if the stress across a plane at any 
point is wholly normal to that plane, this plane is called a principal plane 
of stress at that point. At any point there are three mutually perpendicular 
principal planes of stress, and the tractions across them are called the 
principal stresses at the point. If the substance is isotropic, the principal 
stresses act along the principal axes of the strain. The difference between 
the greatest and least of the principal stresses is called the stress-difference . 
It is evident that in an isotropic substance the vanishing of the stress- 
difference indicates that there is no distortion at the point, the expansion 
or contraction being the same in all directions. Thus stress-difference and 
shear in an isotropic substance are always associated. 

9 * 11 . Permanent Set . Suppose now that a body is deformed in any 
way, and that the external deforming stresses, after being applied for 
some time, are removed. Further changes of form will in general follow. 
The rate of variation of shape may diminish with time in such a way that 
it is legitimate to infer that it is tending to zero and that the extent of 
the change of form from the original state is tending to a definite limit. 
If, for instance, the changes in several successive equal intervals of time 
decrease like the terms of a decreasing geometrical progression, such an 
inference will be justified. If the limit is different from the original state, 
the substance is said to have undergone permanent set. 

Permanent set follows very different laws in different substances. 
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There may be a limiting stress-difference such that no permanent set is 
observed unless the stress-difference actually applied exceeds this limit, 
but such that any greater stress-difference always produces permanent 
set. This is usually called the limit of perfect elasticity , but the term is a 
bad one, since a body may be strained so as to show no permanent set, 
while being very far from perfectly elastic in another sense, which will 
be explained below. It will here be called the set-point . It may happen 
that the set-point is not appreciably different from zero; this is true not 
only for typical fluids, but for such metals as cast iron. Often, however, 
it is different from zero. 

The nature of the set varies in different cases. It may involve a con- 
tinuous deformation such as a liquid undergoes, particles originally in 
contact remaining in contact; or the constituent parts may roll or slip 
over one another, with or without internal change of form; or parts 
originally within the body may cease to be in contact with other parts of 
the body at all. The first type may be called flow , the second elastic 
hysteresis , and the last fracture ; but the property of greatest geophysical 
interest is the same in all, namely that the substance acquires a per- 
manent elongation in the direction of greatest tension (or least pressure) 
and a permanent contraction in that of least tension (or greatest pressure) ; 
and we are fundamentally concerned with the existence and amount of 
the set, and not with its nature or the details of the process that brings 
it about. 

The amount of the set may depend not only on the stress-differences 
applied, but also on how long the stress-difference has exceeded the set- 
point. It may happen that the set is practically independent of this time ; 
this property is connected with elastic hysteresis. In this case the shape 
of the body tends to a definite limit under the stress applied, and does 
not surpass the limit, however long the application continues, unless the 
stress is further increased. 

9-12. Plasticity and Strength. When the stress is sufficiently great, 
however, it will be found that the rate of change of shape shows no sign 
of falling off when the stress is applied for a long interval. If this is so, 
the extent of the recovery when the stress is removed is practically 
independent of the time of application of the stress, so that the set is an 
increasing function of the time of application, and could theoretically be 
made to surpass any limit by increasing the time sufficiently. The last 
property is here called plasticity. It is one of the most important properties 
of matter, since the flow of fluids, the malleability and ductility of some 
solids, and the brittleness of other solids, are all particular cases of it. 
The critical stress-difference, above which the rate of change of shape 
does not decrease when the time of application of the stress increases, 
may be called the strength of the material; and one substance may be 
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said to be weaker than another if it has a smaller strength. Every substance 
can be made to show plasticity by exposing it to a sufficiently great 
stress-difference; a body heterogeneous in constitution may, however, 
show it only when the stress-difference has become great enough to produce 
it in every constituent*. 

The ratio of the stress-difference to twice the rate of shear during 
plastic flow may be called the viscosity. If a body has been undergoing 
deformation through plasticity, and the external stresses are gradually 
diminishe d, the plastic deformation in any element will cease when the 
stress-difference there sinks to the strength, and thenceforward no further 
set will be acquired until the stress-difference again surpasses the strength 
of the material. 

9-13. Rigidity and Elastic Afterworking . If a body is exposed to a 
stress-difference insufficient to produce permanent set, and is then released, 
it may oscillate about its original position, the extent of the oscillations 
gradually diminishing to zero, or it may return to its original position as 
a limit without ever passing through it. In either case the tendency to 
return is said to show rigidity. Rigidity and strength are quite distinct 
properties, but are habitually confused in geological literature. A sub- 
stance that oscillated about the original position, the oscillations retaining 
permanently the same mechanical energy, would be called perfectly elastic; 
but such a substance does not exist. The concept of a perfectly elastic body 
is, however, useful, for in certain circumstances the behaviour of real bodies 
approximates very closely to that of perfectly elastic ones, which there- 
fore serves as a valuable standard of comparison, and is, at the same 
time, susceptible of exact mathematical treatment. The dying down of 
the deformation is called elastic afterworking. An example of this pheno- 
menon is afforded by certain biscuits containing treacle, notably ginger 
snaps, when slightly stale. If bent to an extent insufficient to start a 
crack, 5 and then released, the biscuit may be seen to creep back slowly to 
its original flat form. 

9-14. If a substance that shows rigidity and elastic afterworking when 
its stress has not exceeded the set-point is afterwards exposed to stress- 
differences greater than the set-point, and is afterwards released, its 
behaviour during the stress and recovery is a complex process, for rigidity, 

* If plastic deformation commences in one constituent, the failure of this constituent 
to bear the stress-difference falling on it win throw additional stress-difference on the others. 
An example of this was seen in the problem discussed in 8-6. Hence a plastic yield of the body 
as a whole will take place more readily than it would if the body were composod entirely of 
its strongest constituent. This fixes an upper limit to the strength of a heterogeneous body 
as a whole. The possibility of thus fixing an upper limit requires some emphasis, since it is 
sometimes thought that the heterogeneity of the earth imposes an insuperable obstacle to 
the application of any elastic theory. Even if constituents in a state of mechanical mixture 
become separated, this statement will remain true. 
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elastic afterworking and set all take part. It will therefore return only 
part of the way, if at all, towards its original configuration, and the return 
will be slow, the oscillations, if any, gradually dying down. To disentangle 
these effects, and to say how much of the motion is due to each, would, 
require more experimental investigation than has yet been carried out. 

9-15. Definitions of Solids and Fluids. Typical fluids have no strength 
and no rigidity. Since elastic afterworking arises only as a property of 
rigidity, this property also is absent from fluids. Suppose, for instance, 
that a horizontal plate is suspended in a liquid, and is then moved hori- 
zontally through it. The surface remains level, so that gravity does not 
affect the motion. It is found that, however small the stress ac ting on 
the plate may be, it always deforms the fluid, particles originally in vertical 
columns acquiring horizontal displacements with regard to one another; 
and that when the plate is no longer acted upon by stress the fluid merely 
comes to rest, showing no tendency to return. These properties have been 
defined to be the criteria for absence of strength and rigidity, which are 
therefore zero in fluids. 

But although typical fluids possess neither strength nor rigidity, these 
properties are not invariably associated. Shoemaker’s wax, for instance, 
is a famous example to the contrary. It is possible to make tuning forks 
of it, whose free vibrations have a frequency sufficiently high to enable 
them to give out an audible note; the resilience thus indicated implies 
rigidity. Yet when one of these forks is left to itself, it gradually flows 
out under its own weight, until a uniform flat surface has been produced. 
Hence it has no strength*. In general solids possess both strength and 
rigidity, but both properties diminish rapidly as the temperature ap- 
proaches the melting point, and disappear as the substance melts. Strength 
is usually the first to show great diminution, and in the case of many 
glasses has quite disappeared some hundreds of degrees below the melting 
point. Thus to use the term ‘fluid/ without carefully specifying whether 
absence of strength or absence of rigidity is the defining characteristic, 
would be certain to lead to errors. Each convention would have its 
advantages, and both have been used for the purpose. Absence of strength 
was used as the defining quality by Lord Kelvin, who has been followed 
by most physical writers. The definition, however, does not appear to 
have been followed in practice. If we are to have a coherent scheme the 
definition that should be used should be that actually used in melting 
point determinations, which has quite another basis. In such determina- 
tions the substance is not kept at a uniform temperature for as long a 
time as would be required, for instance, to make pitch at ordinary tem- 
peratures acquire a flat surface. Thus whatever the practical criterion of 
the fluid state may be, it is not absence of strength. Strength, indeed, is 

* Lord Kelvin, Baltimore Lectures , Camb. Univ. Press, 1904, 9-10. 
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lost by all impure substances, and by many pure ones, at temperatures 
far below the accepted melting points. The property actually used is the 
acquirement of mobility; that is, the substance is considered to be fluid 
when it can be poured. Now if one tries to pour a substance possessing 
rigidity, the flow is resisted by rigidity until the stress-difference surpasses 
the strength, and afterwards by the resistance to plastic flow, so long as 
this continues; thus mobility implies the smallness of both these qualities. 
The absence of rigidity in the liquid state is again shown by the absence 
of any tendency towards elastic recovery of form when the substance has 
been poured. It therefore appears that the characteristic property of 
fluids is twofold: they have zero rigidities, and their viscosities are small 
in comparison with those of the same substances in the solid state. 
Either of these properties might be used as an expression of the practical 
criterion, the great reduction in viscosity on melting being probably the 
more convenient; but they are closely associated in actual substances, 
and it will be a matter for no surprise if rigidity in a substance is found 
to be present almost or quite up to the melting point. We shall therefore 
recognise the fluid state of a substance by the absence of rigidity and by 
the smallness of the viscosity in comparison with that in other states 
of the same material. Other states characterised by high viscosity, with 
or without rigidity and strength, will be called solid. Thus pitch at ordinary 
temperatures will be regarded as a solid. 

9 - 16 . Properties of Solids. It will be seen that this definition of the 
solid state suggests a further classification of solids according to their 
possession of rigidity and strength. It is possible, though not certain, that 
all solids possess rigidity. They may, however, be devoid of strength. 

There is only one state of solids in which they are quite lacking in 
strength. In this state they are amorphous and practically uniform 
throughout. There is another state, however, bearing, at first sight, a 
close resemblance to the last, in so far as solids in this state are also 
amorphous and uniform, but differing from it in the possession of con- 
siderable strength. Both states are commonly described as vitreous or 
glassy. The difference between them is so important, however, as to merit 
a difference in nomenclature. The former will here be called the lique- 
vitreous and the latter the durovitreous state. Any given vitreous substance 
is of the former type above a certain critical temperature, and of the 
second type below that temperature. This critical temperature is, of course, 
to be carefully distinguished from the critical temperature encountered 
in the discussion of the transition between the liquid and gaseous states. 
This is true for instance of all ordinary kinds of glass and of fused silica. 
The transition is usually gradual. Thus in one kind of hard glass with 
a critical temperature of 750° the strength below 750° has been found 
to vary roughly as (750 - F) 2 , where V is the temperature. In a soft 
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glass the critical t«mi>erature may bo something like 400°-450°. All 
vit reous substances are isotropic. 

Another type of solid state is the state characterised by the existence 
of a definite crystalline form. The crystalline state is inherently weaker 
than the dure vitreous, because every crystal possesses cleavage planes, 
over which slip may take place for stress-differences much less than are 
required to produce plastic flow in the durovitreous state. JDr A. A. 
Oriffith informs me, for instance, that ho has maintained vitreous silioa at 
room temperature for a week at an elastic extension of 5 per cent., without 
detecting any flow. If there had been a flow of 0-005 per cent, of the 
length of the fibres he could have detected it. This corresponds to a far 
greater stress-difference than could be withstood for so long by any 
substance in the crystalline state. 

Only crystals of a small class are isotropic, namely those belonging to 
the cubic system; and even in these the isotropy disappears when they 
have lKH*n strained so as to produce internal slip. In actual rocks, however, 
the crystals are orientated in all directions and usually are not oven all of 
one kind. Hence the differences in elast ic, properties in different directions 
shown by different crystals will be expected to balance one another, and 
so long us we an< dealing with masses of rock so large as to include a very 
large number of crystals, we may regard them as isotropic. 

Vitreous substances often tend to crystallize when near particular 
tenijieraturea, which may be above or below the critical temperature. 
If flu* temperature of crystallization is above the critical temperature, 
crystallization is resisted only by viscosity, and therefore must occur if 
sufficient time is allowed. If, however, it is below the critical temperature, 
the strength of the durovitreous matter may be enough to withstand the 
stresses involved in crystallization, and crystallization will then be im- 
possible. The strength increases rapidly with decrease of temperature; 
hence if a substance is cooled sufficiently quickly through the liquevitreous 
state and the hotter part of the durovitreous state, crystallization may 
not have time to start,, and may he afterwards permanently prevented. 

The lack of strength of liquevitreous substances, combined with the 
use of the same name for both them and durovitreous substances, has led 
to a widespread belief that all substances of both classes are ‘ supercooled 
liquids’ and able to flow to an indefinite extent under any stress-difference, 
however small, provided it is maintained for a sufficient time. The latter 
statement is true of liquevitreous substances, but not of durovitreous 
ones; the former dojiendB on the definition of ‘supercooling,’ and will not 
arise in the present work. Ordinary window glass, with no horizontal 
pressure to support it, resists the stress due to its own weight for hundreds 
of years without appreciable set, a longer time than has been available in 
any experiments supporting the statement that all glasses are devoid of 
strength. 
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In addition to the above types of solid, there are two types of frag- 
mentary solid. Some solids are composed of a vast number of small 
particles, which may be fastened together by a matrix or quite free. In 
the former ease the solid follows the rules for mixtures already elaborated. 
The only need for special warning is that the matrix may be stronger than 
the particles ; as may be seen from an inspection of an ordinary piece of 
broken brick concrete, where the fracture goes through the fragments of 
brick instead of through the cement or along the boundaries between brick 
and cement. If there is no matrix, strain again follows the usual rules 
until it becomes great enough to make the particles roll or slide over one 
another, after which the substance behaves more or less like a solid 
showing elastic hysteresis and plasticity together. 

9-2. Probable Mechanical Properties of the Earth’s Crust. Coming now 
to the application to the earth of this account of the properties of matter, 
we notice that rigidity, viscosity, and strength all increase as the tempera- 
ture falls from the melting point, but that whereas strength may remain 
zero until cooling through some hundreds of degrees has taken place, 
viscosity is certainly, and rigidity probably, considerable as soon as the 
substance is below the melting point. If the substance crystallizes, the 
str eng th will become appreciable if the crystallization is complete and if 
the substance was previously in the liquevitreous state; but if it has 
already attained the durovitreous state, crystallization will weaken it to 
some extent. The cooling within the earth is so slow that it must ensure 
crystallization if the crystallizing temperature is reached. In any case, 
however, we shall expect that the rocks of the earth’s crust, where they 
have cooled by only a few degrees since solidification, will have no 
strength, but that where they have cooled by some hundreds of degrees 
their strength will be considerable. The question is complicated by the 
hi gh pressures prevailing at considerable depths in the earth’s crust; but 
it will be observed that by hypothesis the initial temperature at any 
depth was the melting point appropriate to the pressure at that depth, 
and that just below the melting point every substance is lacking in 
strength, but has by definition considerable viscosity and probably con- 
siderable rigidity. These statements are true whatever the pressure; all 
we need to assum e is that the temperature interval between solidification 
and the acquirement of strength remains of the same order of magnitude 
at the pressures existing at depths of some hundreds of kilometres as it is 
at the surface. If this plausible hypothesis be granted, it follows that the 
rocks at a depth of 700 km. can have no appreciable strength, that 
those at a depth of 300 km. may be just acquiring it, and that those at 
a depth of 100 km. are probably very strong. Rocks at all depths, however, 
may have great rigidity. The rigidity may be greater than that of rocks 
of the same constitution at the surface ; for the rigidity is raised by pressure. 
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and this effect may be enough to counteract the reduction due to the 
greater temperature. 

9-21. Let us consider the stresses in the crust due to the weight of 
a series of parallel ranges of mountains. We saw in 8-5 that if the elastic 
constants (i.e. the incompressibility and the rigidity) are the same through- 
out the crust, and if the depth of the crust is more than, say, half the 
distance between consecutive ridges, the maximum stress-difference will 
occur at a depth approximately equal to l/2w of the distance between 
consecutive ridges, and will he equal to 2/e times the weight of the load 
per uni t area where it is greatest. Now consider a series of ranges 3 km. 
in height. Taking the density as 2-7, we find the maximum stress-difference 
to be 6 x 10 8 dynes/cm. 2 The crushing strength of basalt, which is pro- 
bably typical of the rocks at depths of 30 km., is 1*2 x 1 0 9 dynes/cm. 2 
Thus if the earth’s crust were uniform and of the same strength as basalt 
in the laboratory, the weight of mountain ranges comparable with the 
Rockies and the Alps would be insufficient to produce plastic deformation 
of the crust at any depth; the weight of the Himalayas might be just 
sufficient. 

9*22. When the reduction of strength with depth is taken into account, 
this statement evidently requires some qualification. If we assume as a 
working hypothesis that the earth’s crust at depths greater than 400 km. 
possesses no strength, it will follow that any inequality capable of pro- 
ducing appreciable stress-differences at this depth in a uniform crust must 
produce plastic deformation in the actual crust. The weak matter will 
flow out laterally, and the upper crust will bend down, the amount of the 
depression being determined by the elasticity of the crust and the density 
of the weak matter, in accordance with the discussion of Chapter VIII. 
In the process the stress-differences in the upper crust will be increased, 
becoming greater than the maximum stress-difference in a uniform crust. 
If the distance between consecutive ridges is large in comparison with 
the depth of the layer of weakness, the approximation of 8-6 will become 
applicable. In this case the extent of the depression is such that the weight 
per unit area of the weak matter that flows out is nearly equal to the 
pressure applied over the surface, which is itself equal to the weight of 
added matter per unit area. Thus the effect of flow in a thin crust will 
be that the total quantity of matter in a column of given cross section 
down to a place in the layer of weakness at a given depth below the 
original surface will be unaltered. 

9-23. The discussion of the last paragraph is still too simple an account 
of the facts. In the actual crust we should not expect that the rocks of 
the crust would have a uniform strength down to a certain depth, and 
no str eng th below that depth. Thus the last result does not represent the 
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true state of affairs, but it provides a basis for further investigation. We 
should expect a gradual variation of strength, possibly distributed over 
some hundreds of kilometres in depth; for the extent of cooling since 
solidification decreases continuously with depth, while the pressure in- 
creases continuously. Even in glasses of uniform composition the reduction 
of strength in passing from the durovitreous state to the liquevitreous 
state is gradual, and in the earth’s crust the change must be gradual both 
for this reason and because rocks are in general mixtures. Hence a con- 
tinuous decrease of strength would be expected, starting at the layer of 
greatest strength, whose depth is so far unknown, and finishing at a depth 
of about 400km., below which strength is probably absent. The consequence 
will be that additional pressure applied over the surface will produce 
plastic deformation, not only in the region of zero strength, but also in 
all places above it where the stress-differences produced exceed the 
strength. Thus it is possible that the major part of the flow involved in 
the adjustment of the earth’s crust to superficial inequalities may take 
place at depths much less than 400 km. If so, the crust may be treated as 
thin when the horizontal extent of the inequalities considered is much 
less than the 3300 km. given by 8-6 (8) for a crust of this thickness. 

9*24. It will be noticed that the uniformity of mass per unit area over 
the earth’s surface, inferred to hold when the crust is thin, would imply 
the absence of any superficial inequality if the density of the added matter 
was equal to that of the matter where flow first occurs; for to produce 
this uniformity the depth of matter that flows out would have to be equal 
to that of the added matter, and thus the depth of the matter in a vertical 
column would be the same as before. Hence no superficial inequality could 
persist if the crust were thin and the density uniform. If, however, the 
lightest matter was on top, when the adjustment was complete the depth 
of matter that flowed out would be less than that of the added matter, 
and then a projection would remain on the surface; but the greater 
part of the added matter would sink below the original surface in the 
process, and the projecting portion would correspond only to the visible 
portion of an iceberg, the part below the surface corresponding to the 
much larger portion of the iceberg that lies below the surface of the water. 

9*25. The discussion of Chapter VIII referred to a flat earth of infinite 
extent. The results are readily adapted to give an interpretation that takes 
account of the finite size of the earth. It was seen that the stress-differences 
decreased rapidly* with depth, so that a depth could always be found such 
that the stress-differences below it produced by a given load on the surface 
did not exceed any assigned limit. Thus the hydrostatic state, in which 
the stress-differences are zero, is approximately undisturbed below a 
certain depth. Now in the actual earth, if the strength below a certain 
depth is zero, the hydrostatic state must exist below that depth and be 
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unaffected by surface load. An important property of the hydrostatic 
state is that the surfaces of equal density, equal gravitation potential, 
and equal pressure coincide. Our condition is therefore that the pressure, 
density, and gravitation potential below the layer of weakness are un- 
affected by surface load; and if the load is of such an extent that the 
crust can be regarded as thin, the mass per unit cross section in a column, 
cut down to some definite equipotential surface within the layer of weak- 
ness, will be unaffected by surface load, and will be the same for ail places. 

9-26. It has been seen that a great difference is to be expected between 
the adjustment of the earth’s crust, on the one hand, to inequalities whose 
horizontal extent is so small that the stress-differences they produce reach 
their ma xim a far above the layer of weakness, and on the other hand to 
inequalities whose horizontal extent is large. In the former case the flow 
produced is inappreciable, and hardly affects the mass in a vertical column , 
any matter added, or any valley denuded away, will produce no flow 
reducing the effect on gravity outside the solid substance of the earth. In 
the latter case, the addition of extra mass to the surface will produce a 
disturbance to gravity in its neighbourhood, but the reduction of mass 
below will cause the anomaly to be much less than if the earth was 
undeformable. A great deal of observational evidence has been acquired 
concerning the effect of surface inequalities on gravity, and this will now 
enable quantitative tests to be applied to the theory so far developed. 

9-3. Effect of Uncompensated Surface Inequalities on Gravity. The older 
geologists and geodesists regarded mountains as composed of matter of 
much the same density as the rest of the crust, and it was not realized 
that their weight would be expected to pro- 
duce any deformation of the material below 
them, nor that the density of the matter 
^ below a mountain range might differ system- 
atically from that of the matter at an equal 
depth below a plain or even an ocean. Now 
if a mountain is considered merely as an 
extra mass superposed on a previously 
uniform crust, and its deforming effect on 
the interior is ignored, it is possible to com- 
pute its gravitational attraction on bodies 
in its neighbourhood. The attraction can 
also be found experimentally, and the result 
compared with that calculated. The experiment was carried out on several 
mountains during the eighteenth century, but the results were m conflict. 

The principle of the measurement of the attraction of a mountain 
may be illustrated by means of the above figure. Let A and A' be two pivots 
on opposite sides of the mountain, from which two pendulums are sus- 
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pended. Let 0 be the centre of the earth, supposed spherical. Let AS, 
A'S' be lines joining A and A' to a fixed star in the plane AOA', and let 
AD, A'D' be their prolongations past A and A\ Then the angle AOA' 
is nearly AA'/B, where B is the radius of the earth. Now AA' can be 
found from surveying operations, and therefore AOA ' is determinable. 
Let its value be a. But we have, since AS and A'S' are parallel, 

OAD + OA'D' = AOA' = a. 

Next, the zenith at A, say, is defined to be on the prolongation of the 
plumb-line past its point of support. Hence the zenith distance of the 
star is equal to PAD. But the zenith distance is observable. Thus we can 
find PAD and P'A'D' from observation. Let their sum be £. Then we 
have by subtraction 

OAP + OA'P' = p - a. 

But if the mountain had no deflecting effect, the two pendulums would 
point straight towards the centre of the earth, and therefore OAP and 
OA'P ' would both be zero. Hence £ — a is equal to the sum of the de- 
flexions of the plumb-line at the two stations owing to the attraction of 
the mountain. 

Now if g be the intensity of gravity, and the bob of the pendulum AP 
be exposed to a small horizontal acceleration y due to the mountain, the 
deflexion of the pendulum is, by the ordinary rules of statics, yjg. Hence 
if y refer to the other pendulum, 

Y + Y* = g(P-a). 

The accelerations y and y are calculable from the law of gravitation, if the 
region has been surveyed, and therefore this relation affords a test of the 
theory. 

The first attempt to use this method was apparently made by Bouguer*. 
The sum £ — a of the deflexions due to the mountain Chimborazo was found 
to be very much less than that calculated from the law of gravitation. 
At that time the constant of gravitation was known only vaguely, but 
the deflexion of the plumb-line was much less than could be reconciled 
with any reasonable value. Maskelyne, in 1774, repeated the experiment 
at Schiehallion, in Perthshire. His results gave 

a = 41"; £ = 53". 

The value of y + y' , namely 

y + y r = 0*06 cm./sec. 2 

inferred from this, was used to estimate the constant of gravitation, and 
hence the mean density of the earth. The density was found to be 4*71. 
This is decidedly lower than modern estimates, but the discrepancy is 
much less than that found by Bouguer. A repetition by Petitj* in the 
Pyrenees showed that their attraction was not only small, but actually 
negative; the plumb-line appeared to be deflected away from the moun- 

* La Figure de la Terre , Paris, 1749. f Comptes Bendus, 29, 1849, 729-34. 
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tains, Indeed the attraction of mountains was generally found to be 
nearer to zero than to the values calculated on the supposition that the 
underlying matter was of normal density. Kohiehallion was an exception 
to the general rule ; the reason it was exceptional was probably that it 
was of smaller size and therefore unable to produce much deformation 
below. 


9*31. Another method of testing the attraction of a mountain is to 
consider the intensity of gravity on top of it, instead of the direction at 
its sides. For this purpose it will he sufficient, to regard the mountain as 
tint ; this is justifiable, for the width of a, mountain or range of mountains 
is always much greater than its height. If the mass of the earth be M, its 
mean density p„ and its radius «, the intensity of gravity at the surface is 

u /*//«* !*/*« (i), 

where / is the constant of gravitation. At a height h above the surface, 
in the free air, the intensify of gravity is 

h 8 bring neglected. If instead of the interval between sea-level and 
height h tx-ing filled with air, it is occupied by a mountain of density p', 
it is known from the theory of attractions that it. will add an amount 
•Infp'/i to the attraction above it. Hence the total intensify of gravity at 
the top of the mountain, on the hypothesis again that the matter below 
it is of normal density, is 

.,( i ... 3p' h\ /‘i\ 


by (1). Hence the excess of gravity at the top of a mountain over its value 

at sea level is ( l l 1 * 'i. In actual eases p’ is always loss than p 0 , 

a \ 4 /»„ 

and therefore this anomaly is always negative. In other words, the gravity 
on a mountain top is less than elsewhere. This formula was obtained by 
Houguer and by Young. As in the case of the deflexion of the pendulum, 
it was found when tested to give considerable errors ; the actual anomaly 
of gravity on the top of a mountain was nearer to 2yh/a than to the 
Houguer formula. 


94. Comfmmttum. It is seen from an examination of the formula for 
the gravity anomaly that, only the second term arises from the attraction 
of the mountain itself. Thus the statement that the gravity anomaly on 
the top of a mountain is equal to - • V»/«. impliw that it is the same as 
would he correct if the mass of the mountain were zero, its height 
remaining the same. The hypothesis that the mountain is an egg-shell 
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gives better accordance with truth than the hypothesis that its weight 
does not deform the interior. A hypothesis virtually identical with the 
former was offered by Boscovich* when he suggested that mountains 
were swellings caused by the earth’s internal heat, no extra matter being 
added. The use of this formula was reintroduced by Helmert, by whose 
name it is generally known. 

Thus with regard both to the deflexion of the plumb-line and to the 
intensity of gravity, the attraction of a mountain is very much less than 
it would be if a deformation were not produced below. But this is exactly 
what would be expected from the theory of the deformation of the layer of 
weakness by superficial load. It has been seen that the mass under a given 
area lost in any deformation of a thin crust lying on a weak interior is nearly 
equal to that added on top. The two effects balance, so that the mass 
in a vertical column of unit cross section is unaltered, instead of being 
increased by the mass per unit area of the mountain added, or decreased 
by the mass per unit area denuded away from a valley. Hence the extra 
attraction in any direction due to a mountain is partly neutralized by the 
diminution in the attraction due to the loss of mass below it. The failure 
of the Bouguer formula to fit the facts, and the rough agreement with 
fact of the Helmert formula, are therefore in accordance with the theory 
so far elaborated of the strength of the earth’s interior. 

9 - 41 . The hypothesis that the inequalities of mass over the surface 
are neutralized by opposite inequalities at an appreciable depth, as distinct 
from the Boscovich-Helmert hypothesis that mountains are of zero mass, 
is due to Archdeacon Prattf , who reached it from the gravity observations, 
and not by way of cosmogony, as has been done in this work. The name 
‘isostasy’ was coined for this hypothesis by Major C. E. Dutton in 1889. 
The term ‘compensation’ is also used. Some writers use ‘compensation’ 
to denote the fact of approximate uniformity of mass over the earth 
within a vertical column of constant cross section extending down to a 
standard equipotential surface, and restrict ‘isostasy’ to the physical 
process that leads to the establishment of this state. 

It will be seen that our theory concerning the strength of the earth’s 
crust predicts the existence of compensation as a first approximation to 
the truth ; it does not assert that compensation must in all cases be exact. 
The existence of compensation has been inferred on the supposition that 
the inequalities considered have a horizontal extent large in comparison 
with the depth of the layer of zero strength, and probably over 2000 km. 
We therefore expect inequalities of this extent, however small in height, 
to be completely compensated. 

* Be Litteraria Expeditione per Pontificiam Ditionem , 1750, p. 475; or Todhunter, 
Mathematical Theories of Attraction, 1, 313. 

t Phil Trans . 149, 1859, 779-796; 161, 1871, 335-357. 
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9-42. Inequalities of smaller horizontal extent, on the other hand, 
will produce a depression over the layer of zero strength too small to 
give complete compensation; the depression for such inequalities will 
follow a law intermediate between that correct for widespread inequalities 
and that correct for inequalities whose extent is small compared with the 
depth of the layer of zero strength, and we know that in the latter case 
there is no compensation. When adjustment in the layer of zero strength 
has taken place, however, some stress-difference will continue to exist in the 
weak layers above, and may be enough to cause plastic deformation in 
them. This must be the case if the strength decreases continuously down- 
wards. For some stress-difference, different from zero, must exist in the 
crust both before and after yield has occurred in the layer of zero strength; 
and if the strength of the crust tends continuously to zero as we approach 
the layer of zero strength, there must be a region above this layer where 
the stress-difference exceeds the strength, and will therefore produce 
plastic deformation. Thus plastic deformation will gradually spread upwards. 
Since, however, adjustment is now taking place in a region of finite 
strength, plastic deformation will cease when the stress-difference at the 
depth considered has sunk to the strength of the material, which will 
necessarily be before it has become zero. Hence the depression will be 
less than it would be if the crust below the layers bent without plastic 
deformation were in a state of hydrostatic pressure. Thus we should expect 
that the compensation of inequalities of horizontal extent small compared 
with 2000 km. would be incomplete. The extent of the imperfection of 
compensation should depend only on the stresses in the underlying matter, 
and therefore cannot exceed a limit depending on the strength of this 
matter. It therefore renders possible the determination of a lower limit 
to the strength of the earth’s crust over a considerable range of depth. 

9-5. Hayford’s Hypothesis. The most detailed work on the compensa- 
tion of surface inequalities so far achieved is that of the United States 
Coast and Geodetic Survey*. The reductions of the observations have been 
made independently of any physical theory regarding the cause of the 
compensation, but, in order to have a definite hypothesis capable of 
quantitative test, Dr Hayford, when head of the Survey, introduced a 
special hypothesis about the nature of the compensation. The hypothesis 
is that un der an elevated region the density at all depths falls short of the 
average for the same depth by the same amount, provided the depth does 
not exceed a certain maximum, and that at greater depths than this the 
density is the same over any equipotential surface. A physical interpre- 
tation of this hypothesis is easily obtained. Suppose that the density of 
the matter composing the elevation is p', and that the mean elevation of 
its surface above the mean surface of the land would, in the absence of 

* The In dian Survey, under Sir S. G. Burrard and Sir G. P. Lenox-Conyngham, has 
also carried out important work, for which see its publications. 
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deformation, be Tc. Then the additional mass per unit area is p'k. Again, 
let the density at the highest level where plastic deformation has taken 
place be cr. Then compensation would be attained if the depression of the 
crust was p'k/cr , for this would make the mass expelled below equal to that 
added on top. If we neglect compressibility, this depression requires that 
the density after deformation at height x above a fixed equip otential surface 
within the layer of zero strength must be equal to the original density at 

a height x -h p'kj <7, and is therefore p + where p is the original 


density at height x. The density diminishes towards the surface, so that 

the change in density at a given level due to the compensation, being 

p'k dp . 

dx* 1 ® ne § atlve * This is constant if p is a linear function of x. Accordingly 

Hayford’s hypothesis, that the defect of density is the same at all levels 
down to a given depth, and zero below that depth, is true on the hypothesis 
here adopted, provided that the density before deformation increases 
uniformly down to a given level, and is constant from that level down to 
the layer of flow. There is nothing inherently improbable about this, and 
it is clear that the charges of artificiality often made against Hayford’s 
hypothesis are unfounded. 


9-51. If there is a sudden change in density at any level, the com- 
pensation must be partly concentrated in that level. There is some evi- 
dence, from the behaviour of earthquake waves, that there is a dis- 
continuity of substance at a depth of about 30 km., and the theory of the 
cooling of the earth already considered suggests that there must be a 
transition from lighter to denser rocks at a still smaller depth. Thus some 
of the compensation is probably concentrated at a depth of about 30 km., 
and probably an undue proportion of it is at still smaller depths. In 
addition there must be a gradual increase of density with depth, with a 
corresponding continuous distribution of compensation over a wide range 
in depth. Thus the true distribution of compensation would be expected 
to be intermediate between the uniform distribution of compensation, 
postulated by Hayford, and the concentration of compensation at one 
level required by the alternative hypothesis. 

9-52. If Hayford’s compensation is distributed through a depth H, 
the defect of density at any depth less than H due to an elevation of 
height h and density p is p'h/H, and we shall have 

Given the elevation of the land at all points of a country, and the density 
of the surface rocks, it therefore becomes possible to estimate the density 
anomaly at all points below the surface. From this, by means of an 
extremely laborious computation, in spite of the ingenuity of the officers 
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of the Survey in reducing this labour to a minimum, it is possible to calcu- 
late what the intensity of gravity and the deflexion of the plumb-line 
should be at each of a network of stations scattered over the United States, 
if Hayford’s hypothesis is correct. The work is complicated by the fact 
that the hypothesis contains the unknown constant H, which is called 
the depth of compensation. It is therefore necessary to evaluate the 
anomalies on various hypotheses as to the value of H , and to compare the 
anomalies calculated for each value of H with those observed. 

9*53. - It will be seen that if H was infinite, the change of density would 
be zero at all depths, and there would be no disturbance of gravity other 
than that due to the elevation itself. Thus the case of infinite depth of 
compensation corresponds to the hypothesis of an undeformable earth. 
If H is zero, the compensation is all concentrated in the surface, so that 
the mountain has no attraction, and we have the Helmert hypothesis. 
Thus Hayford’s hypothesis includes those of both Bouguer andl Helmert 
as particular cases. 

9*54. The following data, obtained by William Bowie*, summarize the 
residuals, on four different hypotheses, in the values of gravity at the 
Survey stations. 

Mean residuals without regard to sign. 



17 = oo 

17 = 0 

17 = 114 km. 

17 = 60 km 

Coast stations 

0-021 

0-022 

0-018 

0-012 

Stations near coast (within 325km. ) 
Stations in interior (not in moun- 

0-025 

0-023 

0-021 

0-020 

tainous regions) 

Stations in mountainous regions. 

0-033 

0-020 

0-019 

0-019 

below general level 

Stations in mountainous regions. 

0-108 

0-024 

0-020 

0-018 

above general level 

0-111 

0-059 

0 017 

0-022 


Mean residuals with regard to sign . 



17 = oo 

17=0 

17=114 km. 

17 = 60 km. 

Coast stations 

+ 0-017 

+ 0-017 

- 0-009 

- 0*003 

Stations near coast (within 325 km. ) 

+ 0-004 

+ 0-017 

- 0-001 

+ 0*002 

Stations in interior (not in moun- 

tainous regions) 

- 0-028 

+ 0-009 

- 0 001 

- 0-001 

Stations in mountainous regions. 

below general level 

- 0-107 

- 0-008 

- 0-003 

0-000 

Stations in mountainous regions, 

above general level 

- 0-110 

4- 0-058 

+ 0 001 

+ 0*016 

The unit in each case is 1 cm./sec 

. 2 (not 1 dyne 

as given by the original author). 


In the first place, we see by inspection of these tables that no solution 
makes the mean of all the residuals without regard to sign less than 
0*019 cm./sec. 2 This is to be regarded as representing the irregular variation, 
andnomeanresidual canbe considered significant unless it decidedly exceeds 
this standard. We notice then that no residual for coastal stations or stations 
within 325 km. of the coast can give useful information concerning the 

* Investigations of Gravity and Isostasy , U.S. Coast and Geodetic Survey, 1917. 
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accuracies of the four hypotheses. In interior stations, not in mountainous 
regions, the Bouguer hypothesis begins to fail, giving a mean residual 
of 0-033 without, and — 0-028 with, regard to sign. In the mountainous 
regions, below the general level, the mean Bouguer anomaly has become 
0-108 without, and — 0*107 with, regard to sign; and in mountainous 
regions, above the general level, it reaches 0-111 without, and —0*110 
with, regard to sign. In no case has the anomaly on either Hayford hypo- 
thesis risen above the ordinary limits of irregular variation. This is sufficient 
to make the Bouguer hypothesis untenable ; the close agreement in absolute 
value between the residuals with and without regard to sign shows that 
the hypothesis is in error in the same sense at nearly every station. Some 
form of compensation must therefore be admitted. 

The Helmert hypothesis is in sufficient agreement with the facts in the 
first four lines of each table, but breaks down completely when applied to the 
mountain stations, above the general level of the neighbourhood. As on 
the Bouguer hypothesis, the residual has the same sign at nearly every 
station; but the error is systematically in the opposite direction. 

The failure of the hypotheses of the undef ormable earth and of massless 
mountains to account for the observed variation of gravitation is con- 
clusive evidence of the existence of some form of compensation within a 
finite depth. The compensation is not, however, necessarily complete, for 
residuals remain on all solutions; and it is possible that the depth of 
compensation, instead of being constant, is itself a function of position. 
Actually it is found that the residuals are made smallest for mountainous 
regions if the depth of compensation is taken to be 95 km., and for the 
less elevated regions if this depth is about 60 km.; but where the in- 
equalities are small they could produce little disturbance of gravity even 
if they were uncompensated, and therefore little weight can be attached 
to a determination of the depth of compensation from them. The data 
are quite well represented by a uniform depth of compensation of 90 
to 100 km. 

Hayford, from the deflexions of the plumb-line, found the depth of 
compensation to be 97 km. Thus two entirely different sets of observations 
lead to almost identical results for the depth of compensation, a further 
confirmation of the hypothesis. 

9 - 6 . Discussion of Residuals. But though the geodetic data are enough 
to show that some kind of compensation exists, it is necessary to point out 
certain possible misinterpretations of the results. The Hayford hypothesis 
is not exact. If it were, all the residuals would be zero within the limi ts of 
error of a gravity determination, which at most stations does not exceed 
dt 0-003 cm./sec. 2 ; whereas the mean residual on either Hayford hypothesis 
is about 0-020 cm./sec. 2 Though the hypothesis of complete compensation 
in a finite depth is a vast improvement on those of no compensation and of 
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compensation at zero depth, it is therefore not a complete statement of 
the facts. The theory can be complete only when the whole of the residuals 
have been reduced to the limits of observational error. 

9-61. Two explanations of the residuals are readily suggested. The 
surface inequalities that give rise to them may be of extent not great in 
comparison with the depth of the region of weakness, so that the greatest 
stress-differences due to them will occur in the strong part of the crust, 
and only small ones in the weak part. Thus the depression required to 
reduce those in the underlying layers to less than the strength may be 
much too small to give compensation. The alternative is that the in- 
equalities have a horizontal extent great enough to make great stress- 
differences occur at all depths within the strong part of the crust, but that 
part of the weight is supported by the stresses in the region of finite, but 
small, strength just below. These hypotheses may be compared by in- 
spection of Figs. 11 and 12 of Bowie’s memoir, giving the distribution 
over the United States of the residuals on the two Hayford hypotheses, 
the depth of compensation being taken as 114 and 60 km. in the two 
cases. The distribution follows much the same outlines in the two cases. 
The distance from one region of maximum positive residual to the next 
is in general of the order of 600 or 1000 km., so that the greatest stress- 
differences, if there was no plastic flow, would be at depths comparable 
with 100 or 160 km., and considerable stress-differences would exist at 
the depth where the crust becomes weak, seeing that strength disappears 
completely at about 400 km. The second hypothesis, that the imperfection 
of the compensation is due to the finite strength of the region of weakness, 
is therefore suggested by the general features of the distribution of 
residuals. 


9*62. Let us consider what strength the residuals imply within the 
layer of weakness. If we suppose that a residual is due to an uncom- 
pensated hill, of height h and density //, we have seen that the gravity 
anomaly due to the attraction of the hill is the second term in the Bouguer 

formula, namely — . If we take 

£ po a 

?-=\, g, = 1000— a = 6 x 10 8 cm., 

Po 2 sec. 2 

we find that the attraction is equal to 0-020 cm./sec. 2 if 
h = 1-6 x 10 4 cm. = 160 metres. 


The residuals therefore indicate that in general elevations or depressions 
of 160 metres are uncompensated. The vertical pressure due to such an 

2 

elevation is gp'h, and the maximum stress difference is - gp'h, at a depth 

6 


equal to tj- 


of the distance between successive crests. This amounts to 
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3*2 x 10 7 dynes/cm. 2 The wave length of the inequalities being taken as 
700 km., the greatest stress-difference in a perfectly elastic crust would 
be at a depth of 120 km., and the absence of compensation shows that 
strengths of the order of 3*2 x 10 7 dynes/cm. 2 must exist at that depth 
and at greater depths. 

9 * 63 . On the other hand, the greatest residuals anywhere in the 
United States are about 0*060 cm. /sec. 2 , if we except a station in the 
north-west where there is one of 0*093 or 0*100 according to the depth 
of compensation adopted*. Thus the greatest uncompensated inequality 
is about 480 metres in height. Since inequalities greater than this do not 
exist, it appears that the strength of the layer of weakness is not great 
enough to support an uncompensated inequality of this magnitude. This 
result implies that the strength of the layer of weakness is not greater 
than 10 8 dynes/cm. 2 ; for if a greater stress-difference could be borne it 
would have survived the adjustment that followed the great alterations 
in level that have taken place within the United States. 

9 * 64 . Taking the results of the last two paragraphs together, we see 
that between the depths of 100 km. and 400 km. there must be an extensive 
region where the strength lies between 3 x 10 7 and 10 8 dynes/cm. 2 The 
crushing strength of basalt at the surface is 1*2 x 10 9 dynes/cm. 2 This 
great fall of strength between the surface and a depth much less than 
400 km. is consistent with the fall that was expected from the theory 
of the cooling of the earth. 

9 * 65 . On the other hand, it has been seen that compensation implies 
more, not less, strength in the upper part of the crust than would be re- 
quired to support uncompensated inequalities. A mountain range rising 
10,000 metres above its adjacent valleys corresponds to a case where h is 
5000 metres. This elevation, if possessed by a series of parallel ridges, would 
make the greatest stress-difference below them amount to 10 9 dynes/cm. 2 
This is nearly the crushing strength of basalt, which could therefore just 
support the Himalayas if the stresses required to support them could 
be distributed over an infinite depth. But the weakness below throws 
extra stress on to the upper part of the crust, and therefore the strength of 
the crust at a depth of 50 to 100 km. must be decidedly more than that of 
basalt at the earth’s surface. This is in accordance with experimental evi- 
dence obtained by F. D. Adams and L. V.King, who have shownf that under 
the conditions of temperature and pressure existing at a depth of 18 km. 
Westerly granite acquires a strength of about 10 10 dynes/cm. 2 The available 
evidence, therefore, shows that the strength of the rocks of the earth’s 

* Further work by Bowie has shown that the anomalies near Seattle are due to abnormal 
densities at small depths, and not to a defect of compensation. 

t Journ. Oeol. 20, 1912, 97-138. 
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crust increases inwards until it becomes several times the strength of 
surface rocks; and that at some depth, probably of the order of 100 km.* 
it commences to decrease, becoming small in comparison with that of 
surface rocks at a depth perhaps about 200 km., and finally disappearing 
at about 400 km. A variation of this type was first inferred by Prof. J. 
Barrell, in a series of papers in the Journal of Geology for 1914 and 1915. 
He applied the term ‘ asthenosphere 5 to the region of weakness where 
plastic deformation takes place under stresses distinctly less than the 
strength of surface rocks; the definition unavoidably is vague, since many 
different distributions of strength, within certain limits, would account 
equally well for the facts. He based his argument on the geodetic evidence ; 
in the present work it has been based principally on the results of cos- 
mogony, and the two methods of attack have been seen to give closely 
accordant results. Thus the facts of isostatic compensation, especially in 
relation to the depth of the region of weakness, are explicable by the theory 
of the origin of the solar system so far developed, and afford a striking 
confirmation of it. 

9-7. Widespread Inequalities. It has been seen that an inequality whose 
horizontal extent is greater than 2000 km. will produce so much deforma- 
tion in the layer of zero strength that it will be completely compensated. 
It follows that the continents, each taken as a whole, must be completely 
compensated. In other words, if we take average columns in a continent 
and in an ocean, their cross sections being equal, and their lower ends 
being on the same equipotential surface, the masses in the two columns 
will be equal. Thus the continents must be made of lighter materials than 
the ocean floors. It corresponds well with this that oceanic lavas are on 
the whole more basic, and therefore denser, than those of the continents ; 
unfortunately knowledge of the nature of the plutonic rocks of the ocean 
floor is lacking, so that the comparison cannot be carried out for these. 
A quantitative observational test of this prediction has not yet been made. 
The tests of the theory of isostasy so far carried out refer almost wholly 
to differences of level within a continent, and not to the differences between 
continents and oceans. Hayford, in one of his computations, supposed 
the land inequalities uncompensated and the oceanic ones compensated, 
and found that the residuals were decidedly less than those of the Bouguer 
theory, showing that the ocean was probably compensated, at least within 
distances of 2000 km. or less from the coast. So far as this goes, it confirms 
the theory ; but hitherto, except for the evidence of lavas, which is favour- 
able, it has been found impossible to test directly the theory that the 
continents and oceans as a whole are compensated. The supposition stands, 
however, as a direct inference from a theory that has so far been amply 
confirmed, and will therefore be adopted in the following pages. 


JE 
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CHAPTER X 

The Thermal Contraction Theory of Mountain Formation 

“It were not best that we should all think alike; it is difference of opinion 
that makes horse races.” Mabk Twain, PwMrihead Wilson. 

10-1. It is generally agreed among geologists that the principal cause 
of the elevation of mountains is that the crust of the earth is in a state 
of horizontal compression, under which it frequently gives way, the strata 
being then folded into a shorter length in the neighbourhood of the point 
where the crust has proved unable to withstand the stress-difference upon 
it. Such a compression seems to be the only mechanism that is qualitatively 
capable of producing folded mountains. Several possible causes of com- 
pression have been suggested, but the majority are inadequate to account 
for any appreciable fraction of the crumbling that has actually occurred. 
The most effective appear to be thermal contraction, which will be discussed 
in this chapter, and changes in the rotation of the earth, which will be 
dealt with later. 

10-2. Outline of the Theory. It has been seen in Chapter VI that 
different parts of the interior of the earth have cooled since solidification 
by different amounts. In cooling they must have contracted in volume 
by different proportions, and in this way a state of stress must have been 
set up in the crust. The mathematical discussion of the character of 
the deformations produced was due originally to Dr C. Davison* and to 
Sir G. H. Darwin f. Consider the earth at some instant during its cooling, 
and co nsi der the effect of the cooling that takes place during a further 
interval. Throughout the region from the centre of the earth to within 
about 700 km. of the surface, no appreciable change of temperature takes 
place, and therefore no change of volume. Between this level and the 
layer where cooling is most rapid, each layer cools more than the layer 
below it, and would therefore contract more if it were not obstructed by 
the matter below. The latter fixes the inner radius of this region, and 
therefore the requisite reduction in volume can be achieved only by 
reducing the outer radius. Thus the adjustment requires a thinning of 
this region without a corresponding reduction in its inner radius. Since 
this region is necessarily in the region of zero strength, the matter in it 
will adjust itself completely to the stresses involved, and assume a hydro- 
static state. On the other hand, the outer surface of the earth undergoes 
no further cooling and contraction, and is therefore too large to fit the 
contracted region just considered. It will therefore be under a horizontal 
crushing stress. 

* Phil. Trans. 178 a, 1887 , 231 - 42 . 
f Ibid. 178 a, 1887 , 242 - 49 ; or Sci. Papers, 4, 354-61. 
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Since the region below the layer of greatest cooling becomes too small 
to fit the interior, while the outer surface becomes too large, there mhst 
be an intermediate layer where the contraction is just enough to enable 
it to continue to fit the interior. This layer is called the Tevel of no strain/ 

Below the level of no strain, the rocks at any time would, if they simply 
underwent a contraction in all directions in accordance with their cooling, 
be too small to fit the interior, and thus in order to fit it they are stretched 
out horizontally. Yield under horizontal extension may occur in two ways. 
If the rock is capable of flow, it merely spreads out horizontally and 
becomes thinner vertically. It may, however, fracture vertically, forming 
long fissures, which will descend to levels where flow is possible. In such 
a case, hydrostatic pressure will force the matter capable of flow up into 
the crack, and its further cooling will lead to its sohdification or crystalliza- 
tion within the crack. In either case, the total volume of the matter within 
the level of no strain is the same, for the vertical crack cannot extend 
above this level, and therefore the motion of weak material into the crack 
only redistributes matter below the level of no strain without altering 
its quantity. 

Above the level of no strain, it will be seen that the rocks have probably 
always been crystalline. Their strength must therefore be finite. Hence 
when exposed to horizontal stress they would not flow, but would behave 
in the manner of crystalline rocks under high pressure in the laboratory; 
they would fracture and bend up irregularly, starting at the weakest spot. 
Thus an elaborate system of folds would be produced in the upper rocks. 
These, according to the thermal contraction theory of mountain building, 
are the initial stages of mountain ranges. 

Since there is no deformation initially, and cooling starts from the 
surface, the level of no strain must start from the surface and gradually 
descend. By the time it has reached any particular layer of material 
within the crust, that layer will be crystalline, and therefore will yield to 
subsequent deformation by folding. This folding will start at once, for 
the filling up of any fissures that may have been opened will have blocked 
them up with solid material; thus when compression is applied the rocks 
will not be free to move, and yield can take place only by crumpling. 
Accordingly the crumpling of any layer required to make it continue to 
fit the interior must be calculated from the time when the level of no 
strain passed that layer. 

10*3. The Amount of Compression available. Let us now apply the 
above considerations in a quantitative discussion of the amount of crum- 
pling that must have occurred on the earth, to enable the outside to con- 
tinue to fit the interior. Consider a shell of internal radius r and thick- 
ness dr. Let its coefficient of linear expansion be n , where n may be 
variable, and let its initial density be p. Let the rise of temperature of 


9-2 
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the shell be v; this will of course be negative. Then v is a function of r 
alone. The density of the shell, if we ignore the small change due to com- 
pressibility, becomes p (1 — 3 nv). Let the radius of the shell of radius r 
become r (1 + a). Then the external radius becomes 

r (1 + a) + dr jl + ^ (ra)j (1). 

Hence the mass of the shell after the change of temperature is 
4 vr 2 (1 + a) 2 dr jl + ^ (ra)l p {1 — 3 nv} = 4ar pr 2 dr jl + 2a + ( ra ) — 3 m>j 

( 2 ), 

neglecting squares and products of a and v. But the mass is unaltered. 
Hence we have the equation of continuity 

2a + ^ (ra) — 3 nv = 0 (3). 

Since v is supposed known throughout the earth, this is a differential 
equation to determine a. 

Now if a shell simply expanded without stretching, its radius would 
increase by rnv instead of ra, so that the stretching required to make it 
continue to fit the interior is r (a — nv ). Let us denote a — nv by Jc. Then 
substituting for a in (3) we have 

~(kr 3 ) = -r 3 ~(nv) (4). 

At the centre there will be simple expansion without stretching, so that 
Jc will vanish with r. Hence 

k= ~F*fy& (nv)dr (5)- 

Let c be the radius of the earth. Then we can write 


r z Jc = — [r*nv] r Q + 3r 2 nvdr 


•( 6 ), 


lc = — nv + 


1 f f 

-z 3 r 2 nvdr 
r 3 J o 


.(7), 


since the integrated part vanishes at the lower limit. Now the change of 
temperature is appreciable only in a depth small in comparison with the 
radius of the earth. Hence in the region where Jc is appreciable r can to 
a first approximation be put equal to c. Then 

3 r 

k = — nv - f - nvdr (8). 

c J o 

If we call the depth x, we have r __ c _ x ^ 


and then, since the temperature change is practically that in a solid of 
infinite depth with a plane face, as was seen in Chapter Y, we have 

Jc = — nv 4- - f nvdx 
C J x 


( 10 ). 
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Now consider the changes that take place in a short interval of time dt. 
If the integral stretching in a particular layer since solidification be K, 


we have 


7 dK,. dV 

k== w dt; v = -di dt 


.( 11 ), 


where V is the temperature. Then ( 10 ) becomes 


dK 

dt 


dV , 3 

= — n-w - + - 

dt c 


/. 


n~dx 

x 


( 12 ). 


The stretching at the surface is to be found by putting x zero in this and 
integrating with regard to the time. The level of no strain is determined 
by the fact that dKjdt vanishes there. 

The coefficient of expansion is in general a function of the temperature, 
and can be approximately represented by 

n = e + e'V (13), 


where e and e' are two constants. 


10-31. Considering first the case of a uniform distribution of radio- 
active matter, finite in depth, we had ( 6 - 6 , equation 3) the approximate 


formula 


+ ( S -Tf)“i + 


AH Z 


2ht i 2k 


V- 


•( 1 ), 


where /x = 0 if x is greater than H, and p, = A (H — x) 2 /2k if x is less 
than H. Putting AIPj2k = a, S — a = x/2 hti = A, and evaluating 

10-3 ( 12 ), we have 

~ = (e + e'« + 2 e ’mht i X + e'/3 Erf A) 7 

ot \7T t 


’\firt 


'B- T(e + e’cc) e~ kt + e’mhfi {2Ae~» + tt*(1 - Erf A)} 
irtCL 


+ €'j3]e-» Erf A + ^(1 


Erf X\/2) 


•(2), 


provided x is greater than II . 

The level of no strain is found by putting dKjdt = 0, and solving ( 2 ) 
for A. It is evident from the form of the equation that the appropriate 
value of A is of the order of 3 hti/c, which is small. Hence we can approxi- 
mate by neglecting A 2 ; then ( 2 ) becomes 

(« + e'a + e'mhVnt + e'/3/V2) (3), 


0 = (e + e'a) 


V 71 " * Vrtc 


which with the numerical data of 6-6, with Fizeau’s values 

e = 7 x 10-« 4 - 1° C„ 
e' = 2-4x 10- 8 4- (1°C.) 2 , 

gives A = 0-4 (4). 

The corresponding depth is 150 km. This is greater than H, which has 
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been seen to be 13 km., so that the omission of the terms depending on p, 
is correct. Thus the level of no strain is now belowthe layer of compensation. 

To find the stretching at the surface, we put A zero in (2). This assumes 
that the terms arising from p can be neglected. They are evidently much 
less than that involving e'a, which is itself less than the term in e. This 
neglect is therefore justified. We have 

dK 3/3A 

dt ~ V^tc^ e + e ' a ^ + e ' m]l ^’ ITt + e 'PlV^] (5), 

A = — (e -f e'a + + ^e'mWVvt] (6) 

= - 4-1 x 10~ 3 , 

with the above data, for the stretching up to the present time. This 
estimate refers to continental regions. The corresponding estimate for. 
oceanic regions would require an evaluation of the depth of the radioactive 
layer over the ocean floor, which cannot be done at present. If we assume 
that H is the same, but that A for the oceans is one-third of what it is 
for the continents, we find 

a - 57°, /? = 1143°, 

K = - 4-5 x 10- 3 . 

The area of the land surface of the earth is 1-45 x 10 18 cm. 2 , and that of 
the ocean surface is 3-67 x 10 18 cm. 8 The relative reduction of an area 
being double that of a length, the surface of the continents has on this 
hypothesis been reduced by 11-9 x 10 15 cm. 2 , and that of the oceans by 
33-1 x 10 15 cm. 2 , making a total of 45 x 10 15 cm. 2 This gives an estimate 
of the area of the rock surface that may have been crumpled up to form 
mountains. 

10-32. Considering next the exponential distribution of radioactive 
matter, we had (6-61) the approximate formula 

V = mx + (S - A) Erf i A + A (1 _ ). 

Substituting in 10*3 (12) and writing 

Aja 2 h — a) S — a = /3, 

we find 
dR 

gj- = {« 4- 2€'mh$\ + e'y8 Erf A 4- e'a (1 - e~ 2a7U< *)} - e~ k * 

oOtl r V * 

~~V( 77 £)c € ' a ^ € ' m ^ {2Ae~ XI 4-^(1 — Erf A)} 

+ e'P je-** Erf A + -L (1 - Erf A V2)j . 

As before we see that where dK/dt vanishes A must be small, of order 
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3 h&lc or £. But ahA = 14, and therefore e~ 2ahXti can be neglected. 
Neglecting A 2 elsewhere, we have 

o , ( « + «'«) A | {. + «'« + + $} • 

to determine the level of no strain. This equation is exactly the same in 
form as 10-31 (3), but the values of a and /3 are different. We have, from 6-61, 
a = 340°, j8 = 860°. Then A = 0-3, and the depth of the level of no strain 
is 111 km., just greater than the depth of compensation. 

The stretching at the surface is given, as in 10*31, by 




+ ea mh 2 V7rt 

= - 3-6 x 10~ 3 




for continental regions. Nor oceanic regions we had in 6-8 

a = 100°, 0 = 1100°. 

This makes K — — 4-3 x 10 -3 . 

The reduction of surface of the earth available for mountain building is 
therefore 42 x 10 1S cm. 2 , of which 10-4 x 10 15 cm. 2 is derived from the 
continents and 31-6 x 10 15 cm. 2 from the oceans. This result is slightly 
less than that found for the uniform distribution of radioactive matter 
down to a finite depth, but the difference is so small, considering the 
widely different character of the two distributions, that it appears very 
improbable that the actual distribution, whatever it may be, so long as it 
satisfies the conditions already shown to be necessary for any possible distri- 
bution, will give a value differing from this by more than a few per cent. 


10 - 33 . If we adopt the lower melting point of terrestrial rocks suggested 
in 6-7, namely s = 800 o ; 

we have, assuming an exponential distribution of radioactive matter, 

a = 330°; j8 = 470°; 

K = - 1-6 x 10- 3 , 

for continental areas. For oceanic areas, 

K=- 2-2 x 10- 3 , 

and the available compression is reduced to 21 x 10 1S cm. 2 , of which 
4-8 x 10 15 cm. 2 is derived from the continents and 16-2 x 10 16 cm. 2 from 
the oceans. Thus the melting point assumed has a considerable influence 
on the available compression. 


10 - 4 ; Compression required to explain known Mountains. It is necessary, 
in order to make a quantitative test of the thermal contraction theory of 
mountain formation, to compare the compression shown to be available 
for mo untain formation on this theory with the compression required to 
produce known mountain ranges. A complete computation of the required 
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compression is not yet possible, on account of the incompleteness of the 
geological surveys of many of the greater mountain ranges. In the cases 
of a few ranges, however, geologists have succeeded in obtaining direct 
quantitative estimates of the amount of compression necessary to produce 
the observed folding. In the Appalachians, for instance, the width of the 
rocks, measured at right angles to the chain, has been shortened by about 
40 miles. Similarly, the compression in the Rockies is 25 miles, in the 
Coast Range in California 10 miles, and in the Alps 74 miles*. The larger 
ranges in Asia and South America have not been so exhaustively treated; 
but a rough idea of their importance can be obtained by a comparison 
with the Rockies, or, in the case of narrower ranges, the Coast Range, 
whose geological age is about the same. The Alps are probably abnormal, 
and have not been used as a standard. The elevation of a continent 
or a large tableland involves little crumpling within it, and no great 
amount at the coast so long as the slope there is gradual. Hence in de- 
termining the amount of compression required, we need consider only the 
steep slopes of mountains. The compression at right angles to the range 
has been supposed proportional to the mean height, which would be 
exactly true if the strata were similarly folded in all mountains. In the 
following table the mean height has been obtained roughly from the maps 


Table. The great mountain ranges . 



Range 


Length 

(km.) 

Mean height 
(metres) 

Compression 

(km) 

Area compressed 
(thousands of 
sq km ) 


/Scandinavian 

... 

1400 

1000 

10 

14 

CD 

Alps 


1000 

3000 

118+ 

118 

& < 

Carpathians 


1300 

1000 

10 

13 

3 

Apennines 


900 

700 

10 

9 

» 

Urals 


2200 

700 

10 

22 


Pyrenees 


400 

2000 

16 

6 


Caucasus and Armenia 


3500 

2000 

40 

140 


Iran 


1400 

2000 

40 

56 

Asia 

Himalaya 


4000 

5000 

loot 

400 

Suleiman, etc. 

... 

1200 

2000 

30 + 

36 

Karakorum and Hindu Kush 

2400 

1000§ 

20 

48 


Kwen Lun 


2300 

1000§ 

20 

46 


Tian Shan 


2000 

3000 

60 

120 


1 Altai ... ... ... 


1600 

2500 

50 

80 

c3 

o 

'Abyssinia 


2000 

2000 

40 

80 

Drakensberg 


1500 

1000 

20 

30 


h Atlas 


2000 

1500 

30 

60 

<3 

’ Coast Range 


4000 

2000 

16f 

40 


Rockies 


7000 

2000 

40t 

280 

(D 

4 

Appalachians 


800 

1000 

60+ 

48 

, Andes 


7000 

2000 

40 

Total 

280 

1926 


* Pirsson and Schuchert, Textbook of Geology , 1915, p. 361. 
f These are the data obtained directly from the geological evidence, 
t This agrees roughly with a provisional estimate by Mr R. D. Oldham. 

§ It is assumed that the folding needed to produce the plateau of Tibet was all at the 
margins, and is thus included in that found for the Himalayas and Tian Shan. Thus, for 
the mountains within the area it is only necessary to consider the height above the general 
level of the plateau. 
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in Philips 5 Student's Atlas. From this compression in width, with the 
length of the range, the area lost by folding is at once found. The amount 
of compression found is of course essentially provisional, and must be 
revised when further geological evidence is available. 

It is thus found that in the formation of mountains the surface of the 
earth has been diminished by crumpling by about 20 x 10 15 cm. 2 

10-5. The Pacific Mountains. The available compression on the thermal 
contraction theory of mountain building has been seen to be over 
40 x 10 15 cm. 2 , so that the amount available appears to be more than 
double what is required to account for existing mountains. The surplus, 
however, is not so great as this indicates. The compression of the ocean 
bottom is not all available for mountain formation. It might, in fact, be 
thought that none at all of it is so available, since it would give rise to 
mountains on the sea-bottom, and not to the observed continental moun- 
tains. This, however, is only partly true. On the present hypothesis the 
lower radioactivity of sub -oceanic rocks has enabled them to cool to a 
greater extent than sub-continental rocks. In addition, it appears that 
basic rocks are, on the whole, stronger than acidic ones; thus basalt has, 
under ordinary conditions, a crushing strength of 1*2 x 10 9 dynes/cm. 2 , 
as against 8 x 10 8 dynes/cm. 2 for granite*. On both grounds, therefore, 
the rocks below the oceans must be stronger than those below the con- 
tinents. Now where the compressed ocean floor abuts on a compressed 
continent, the weaker will be the first to give way; the continent margin 
will be forced inwards and its rocks piled up over those further inland. 
Thus ranges of mountains parallel to the coast will be formed, with much 
overthrusting. These correspond closely to the Pacific type of mountain, 
such as the Rockies and Andes. Such mountains are evidently, if this 
theory is correct, formed by the relief of sub-oceanic and not sub-continental 
compression, so that in these cases the compression produced has been 
derived from the oceanic rocks. Of the total compression required, about 
6*5 x 10 15 cm. 2 was required to account for the Pacific type of mountains. 
If we assume that this has been derived from the compression of the ocean 
bottom, the compression required to account for other mountains is 
13*5 x 10 15 cm. 2 , which is only slightly greater than the compression 
already seen to be available from the contraction of continental rocks 
alone. The theory is therefore certainly adequate to account for the greater 
part of the mountains known to us, and further has the recommendation 
that the existence of the two distinct types of mountain range known as 
the Continental and Pacific types is a direct inference from it. It is not 
impossible that, by a more complicated process, the continental type of 
mountains may have been partly formed by the relief of sub-oceanic 
compression, but this point will not be considered in the present work. 


* Landolt and Bornstein, Physikaltsche Tabelle. 
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10 * 6 . Epochs of Diastrophism . The formation of mountains has not 
taken place at all periods in the history of the earth; it is known that 
there have been long intervals of quiescence. These appear as a natural 
consequence of the present theory. In crustal rocks the modulus of 
rigidity is about 5 x 10 11 dynes/cm. 2 , and Young’s modulus is about 
12 x 10 11 dynes/cm. 2 The breaking stress being taken as 8 x 10 8 dynes/cm. 2 , 
we see that if Hooke’s law held right up to the breaking-point, the extension 
would be — 0-7 x 10~ 3 . But it has been seen that the linear compression 
to be expected on the contraction theory is about 4 x 10“ 3 . Hence the 
compression at any place has had time to reach the breaking stress and 
undergo complete relief about six times. 

What must happen on the thermal contraction theory of mountain 
formation is that the stresses increase continuously until the strength of 
the rocks is reached, when flow commences. Until this stage no flow and 
no mountain building occur, and we have an interval of quiescence. When 
the stress-differences reach the strength, complete fracture takes place 
in surface rocks, and the strength is reduced to zero. Thus crumpling 
continues until the stresses are almost completely relieved. This corresponds 
to an epoch of mountain formation. Then the fractures become sealed up 
afresh, and further internal cooling recommences the process. At any 
one place, by what has just been said about the strength of rocks, there 
may have been about six such epochs since the solidification of the earth. 
It is of interest that this is of about the order of the number of the great 
eras of mountain-building that are known to have occurred in the geo- 
logical record. 

10 * 7 . It was thought by Osmond Fisher*, who has been followed by 
many geologists, that the thermal contraction theory of mountain forma- 
tion is quantitatively insufficient to account for known mountain ranges. 
Osmond Fisher’s discussion, however, rests on several incorrect hypotheses. 
In the first place, he uses Kelvin’s theory of the cooling of the earth, 
which is now known to be in serious error, since it ignores radioactivity 
and takes the age of the earth to be only 10® years instead of over 10 9 years. 
This in itself shows that none of Fisher’s quantitative estimates can be 
accepted at the present day. There is, however, a still more serious error. 
Fisher’s criterion of quantitative accuracy is based, not on the reduction 
of area by crumpling, but on the volume of crumpled rock. This is estimated, 
correctly in principle, by finding the reduction of area in each layer down 
to the level of no strain, where crumpling ceases, and integrating with 
regard to the depth. Fisher then supposes the crumpled rock spread in 
a uniform layer over the surface of the earth, and finds that the thickness 
of this layer is only a few metres, which is small in comparison with the 
heights of existing mountains. With the data here employed, the depth 

* Physics of the Earth's Crust, Macmillan, 1889 . 



Ranges Compensated from, Formation 139 

found is greater than Fisher’s estimate, being of the order of 200 metres, 
but is still less than the heights of known mountains. The comparison 
made, however, is quite illusory. It would be valid only if the physical 
process suggested in the calculation bore a close resemblance to that 
involved in the actual elevation of mountains, which is not the case. The 
rocks crumpled at great depths have not all been brought up to the surface 
in the process; a very small fraction of them have. Those crumpled at the 
surface have not been uniformly spread out, and if they had been, the 
surface would have remained perfectly level, and no mountains at all 
could have been formed. The only way of altering Fisher’s comparison so 
as to make it serve as a trustworthy test of the thermal contraction theory 
of mountain building would be to find the depth of the layer that the 
existing mountains would form if they were all pulverized and spread 
uniformly over the earth ; and it is certain that the depth of such a layer 
would not exceed a few metres. 

10 - 8 . It has been seen that the yielding of the crust below the level of 
most rapid cooling is an essential preliminary to mountain formation. 
Since this layer is in the region of small or zero strength, such yield would 
occur under very small stress-differences. The compressive movements of 
the strong part of the crust would follow this adjustment. Since the 
piling up of the crumpled rocks necessarily increases the weight of rock 
per unit area locally, enough flow must take place below to reduce the 
stress-differences at all levels to the strength. Hence if the folding takes 
place over a great enough area, the mountains will be isostatically com- 
pensated from their birth. The formation of mountains and their isostatic 
compensation are both parts of the same process. 

10 * 9 . Summary . It has been shown that the thermal contraction theory 
of mountain building, with the data already adopted from other evidence, 
implies a reduction of the surface of the earth by crumpling of the order 
of 4 x 10 16 cm. 2 , while the reduction required to account for known moun- 
tains is about 2 x 10 16 cm. 2 On the whole the thermal contraction theory 
appears able to account for the greater part, and possibly the whole, of 
the existing mountain ranges. It easily explains, in addition, the difference 
between the Pacific and Continental types of mountain range, and the 
long intervals of quiescence between the great epochs of mountain forma- 
tion. Osmond Fisher’s argument against it appears to be fundamentally 
fallacious. The great mountain ranges have probably been isostatically 
compensated from their formation. 



CHAPTER XI 

Theories of other Surface Features 

“The time has come, the Walrus said, 

To talk of many things.” 

Lewis Carroll, Through the Looking-Glass. 

11-1. The Origin of Oceanic Deeps. In consequence of the greater 
cooling at depths of 100 to 200 km. below the oceans, the rocks there 
must have tended to contract more than rocks at equal depths below the 
continents. The surface, on the other hand, must have remained at almost 
constant temperature on account of the cold water at the sea-bottom. This 
would give rise to a phenomenon comparable with the bending of the 
covers of a book when held in front of a fire. In the latter case the con- 
traction of the side nearest to the fire is due to loss of moisture, whereas 
in the case of sub-oceanic rocks it is due to cooling; but the contraction 
is an essential feature of both phenomena, and its effects must be similarly 
shown in a tendency to curl. In each case the margins bend towards the 
contracting side; thus the ocean floor will tend to sink near the coasts 
and to rise in the middle. In the case of the book-cover there is nothing 
to oppose the curling, and complete adjustment is therefore possible; but 
in the earth’s crust the tendency is resisted by the upward pressure of 
the underlying rocks, which has to be overcome in the depression of any 
portion of the crust. The tendency to force the asthenosphere downwards 
at the margins and upwards at the centre creates a stress-difference in 
the asthenosphere, which will yield so as to make this small again, the crust 
meanwhile bending so as to fit the new form of the asthenosphere. 

At a depth of the order of 100 km. oceanic rocks must have cooled 
about 300° more than continental ones. Young’s modulus for materials at 
this depth is known from earthquake data to be about 15 x 10 n dynes/cm. 2 , 
and hence the tension necessary to prevent contraction, with the coefficients 
of expansion already adopted, must be about 8 x 10 9 dynes/cm. 2 The 
crushing strengths of ordinary rocks at atmospheric pressure are much less 
than this, but it has been seen that even below the continents the rocks 
at such depths as 100 km. are probably much stronger than at the surface, 
and that sub-oceanic rocks are probably stronger still. Hence the rocks 
below the ocean floor may be able to withstand the whole of this tension, 
and we may proceed to discuss the behaviour of the ocean floor on the 
hypothesis that there is no yield. 

The determination of a complete formal solution of the problem of the 
straining of a portion of the earth’s crust by cooling would be very 
laborious. As only an estimate of the order of magnitude of the possible 
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deformation is required, we shall, therefore, discuss only the following 
related problem for the cylindrical case. 

A fluid is in equilibrium in the form of an infinite circular cylinder, the 
force of gravity at the surface being normal to the axis. On its surface an 
infinite strip of solid matter floats, its curvature being equal to that of 
the surface of the fluid. It then contracts by cooling, the relative con- 
traction that would be produced at any depth, x, in the absence of stress, 
being a. The solid is supposed to have Young’s modulus E, and Poisson’s 
ratio zero. It is assumed that after contraction it remains a portion of 
a cylinder. Find the elevation of the centre above the margins. 

Let 2B be the width of the strip, c the radius of the cylinder and strip 
before cooling, and c x that of the strip after cooling. Let the elevation of any 
point of the surface above the undisturbed position be £, and the difference 
between the values of £ at the centre and at the margins, H. Then the 

original length of the arc at depth x was 212 ^1 — —j , and the natural length 
after cooling is 212 [jl — ~ . The actual length is 2R ^1 — — ^ . Hence 

the amount of stretching is 2 R 4- a — - J 5 and the tension is E J • 

The strain energy is therefore ErJ^~ - ~ + aj dx taken through the strip. 

The gravitational energy is fygptfdy, where y is the element of arc of a 
section of the cylinder, and the integral is taken across the strip. The 
approximate solution desired will be obtained by making the total energy 
a minimum. 

Remembering that the mean value of £ must be zero, from the condition 


that the strip is still floating, we see that 

<-(*-«)' “>■ 

We also notice that 

Cx(l — cos = c — cos + H (2). 

If powers of R /c above the second be omitted, this gives 

l/c x - 1/c = 2H/R 2 (3). 

The energy reduces to 

~ gpH 2 R + ER f (a - dx (4). 


The equilibrium condition is obtained by differentiating this with 
regard to H. Hence 

With g = 981 cm./sec. 2 , 

a = 4 x 10~ 3 , x = 100 km., R = 2000 km.. 


( 5 ). 
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we see that the first term is of the order of sixty times that under the 
integral sign involving H . In other words, the tendency to curve is mostly 
balanced by the disturbance of hydrostatic pressure, so that the curvature 
that actually takes place is only a small fraction of what would occur in 
the absence of gravity. With the above values of the quantities involved, 
H is found to be nearly 1 km. Thus, we should expect to find that the chief 
oceans will have regions around their margins deeper, by a distance of 
the order of a kilometre, than the centres. 

This bears a suggestive resemblance to the facts with regard to oceanic 
deeps. All the chief deeps in the Pacific are near the margin: there are 
depths of 8500 m. near the Kurile Islands, 6000 m. off the Aleutian Islands, 
7600 m. off Chile, 9000 m. near the Marianne Islands, and a strip of depth 
9000 m. to the north of New Zealand. The last two are now in mid-ocean, 
but are near the edge of a former continent. The mean depth of the oceans 
is about 5000 m., so that some of these regions are too deep to be altogether 
accounted for in this way unless the difference of cooling is supposed to 
extend to a greater depth than 100 km. : but this, of course, is quite 
probable. The same is true on a smaller scale in the Indian Ocean. Off the 
coasts of Australia, Java and Sumatra there are depths of 6000 m., while 
the middle is occupied by a huge area whose depth does not exceed 4000 m. 
In the Atlantic, again, shallow strips extend from the south up the middle, 
past S. Georgia, Tristan d’Acunha, St Helena, and Ascension, and from 
the north right down the centre to the Azores. Thus each ocean has a 
region of smaller depth in the middle, as is predicted by the theory. 

A possible test of this theory is afforded by the fact that the inflow of 
matter from the margins towards the centre required by the theory is not 
caused by any additional weight on the surface. It therefore corresponds 
to a net transference of mass towards a particular region. The mass per 
unit area at a deep should therefore be less than that at the centre of the 
ocean. This should be indicated by a true defect of gravity at sea-level in 
the deeps; in a gravity determination it should therefore appear as if the 
deeps were uncompensated. The evidence at present available on this 
point is meagre. Duffield’s observations* on the Morea indicate a defect 
of gravity over the deep parts of the Indian Ocean of about the theoretical 
amount, but are open to some uncertainty. Nevertheless it would be a 
remarkable coincidence if accidental errors should have happened to 
produce low values of gravity at all the places where they should theo- 
retically have been expected, and the observations, so far as they go, 
definitely support the theory. 

The gravity anomalies here predicted do not arise from a permanent 
strength in the asthenosphere, which is on this theory in a hydrostatic state, 
as under a mountain chain; they arise from the strength and tendency to 

* On the Determination of Gravity at Sea, Brit. Assoc. Report, Newcastle, 1916, pp. 549- 
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curvature of the strong upper crust. Faulting may occur near the margins. 
A reversed effect may be looked for in the continents, but is probably 
masked by denudation and sedimentary rocks. 

11*2. The Formation of Geosynclines . It has been seen (9*52) that the 
addition of a thickness h of matter of density o depresses the crust by an 

amount crh/p 0 , so that the upper surface of the newmatter is ( 1 — — ) h above 

V Po/ 

the original surface. If the deposition takes place from water, the addi- 
tional mass is only the excess of the mass of the se dim ents over that of 
the water displaced. Let p x be the density of the sediments and p 2 that 
of the water, h the depth of sediment deposited, and x the depression of 
the original surface. Then the mass per unit area is increased by 

p x h - (h - x) p 2 - p 0 x, 

and the condition for compensation is that this shall vanish. We find that 

(h — x)/h = (p 0 — Px)/(po — P 2 ) (1). 

But h — x is the reduction in the depth of the water. We therefore see 
that the depth of sediment that can be deposited in a sea whose initial 
depth is known is a determinate multiple of this depth. If we take p Q to 
be 3*2, which is probably typical of the rocks at a depth of some hundreds 
of kilometres, p x to be 2*2, and p 2 to be 1*0, it is seen that the maximum 
depth of the sediments is 2*2 times the original depth of the water. 

The possibility of deposition of sediments to a depth far greater than 
the initial depth of the water in which they are formed is obviously of 
considerable geological importance; but the depression of the sea-bottom 
that can be produced in this way has been much exaggerated, as has been 
pointed out by A. Morley Davies*. If the stress -differences present become 
too small to cause flow, compensation will not proceed. Accordingly, the 
adjustment that takes place can never be greater, and may be less, than the 
amount needed to give compensation. But very many cases are known 
where the existing deposits are far more than 2*2 times as deep as the sea 
can have been when their formation commenced, and for these the theory of 
isostatic compensation is therefore inadequate. To account for them we 
must have a theory that will explain how the crust in a region of deposition 
can be depressed by an amount far in excess of that needed to give com- 
pensation. Again, some of these sedimented regions afterwards rise far 
above sea-level, implying a flow of matter into them for which there could 
be no explanation if the depression of the crust at the end of the sedimenta- 
tion was less than or equal to the amount needed to neutralize the effect of 
the weight of the sediments. Accordingly, there must be important de- 
partures from isostasy at certain stages of the development of such regions, 
and no explanation of the existence of sedimentary rocks above sea-level 
can be satisfactory unless it takes them into account. 

* Geological Magazine, 1918, pp. 125 and 233; E. M. Anderson, loc. ciU p. 192. 
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A method by which these extensive sedimented regions can afterwards 
be uplifted is suggested by the theory of the origin of deeps just described. 
The sediments from a continent must often be deposited in a gradually 
developing deep. Their weight will accentuate the tendency already existing 
for that region to sink. Hence the stresses in the crust will be increased, 
and may lead to fracture. When this takes place, the crust on the oceanward 
side will be free to bend down further. That on the landward side of the 
fault, however, will now have nothing to hold it down except the weight 
of the se dim ents. Accordingly, it will be free to rise above sea-level. If 
compression occurs afterwards, a greater thickness of light sedimentary 
rocks is accumulated, and hence the surface will be raised still higher. 


11*3. The Stresses in a Cooling Earth before Set has occurred . If the 
difference between continents and oceans be ignored, and the earth be 
considered simply as cooling from the outer surface, let us consider the 
elastic strain due to the change of temperature. The earth in these con- 
ditions will remain perfectly symmetrical, and if the centre be taken as 
the origin of coordinates, we have, with the notation of Chapter VII, 


u = qxjr , v = qyjr, w = qz/r (1), 

where q is the radial displacement and r the distance from the centre. 

The radial force acting on unit mass is g , and is of course in general 
a function of r. Thus 

Z 0 = - gxjr , etc. (2), 

and uX 0 + vY 0 + wZ 0 = - gq .(3). 

The force acting on the same particle after the displacement is 

X 0 (^%tc„ 

so that = 2 gxqjr 2 (4). 

8 . (5), 

h--N *-!%• ( 6 ). 


Substituting in 7-1 (22), and remembering that A and /z are functions of r 
alone, we find that all three equations are satisfied if 




dy 4 q 

Tr + 7 g P» 


/>o? 


dg 

dr 


0 


.(7). 


If H be of the order of magnitude of the depth to which cooling has 
extended, we see that in the portion of the earth affected by the cooling 
dqjdr must be of order q/H, and therefore in general large compared with 
qjr. If c be the radius of the earth, we see that the first term in this equation 
is of order Xq/H 2 , the second A q/c\ and the fourth and fifth gp 0 q/c. 
Accordingly no term, with the exception of the third, can amount to more 
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than, a hundredth of the first. We can accordingly reduce the equation to 

S ® + V ) S }-|-0 ( 8 ), 

giving S = ^-jy_ + cons t. (9). 

If we consider a point on the axis of x, the additional stresses are 

p xx = XB + 2^~y ( 10 ), 

= ?>** = AS 4-2^-y (11), 


IPvz Vxz Vxy — 0 (12). 

Thus the principal stresses are radial and tangential, and it is at once 
seen from symmetry that this must be true at all points. Now the tendency 
of the matter to flow or fracture is determined by the stress-difference. 
As the initial stress-difference was zero, the actual stress-difference is the 
same as the difference between the radial and tangential additional 
stresses. If P, the radial stress, is the greater, horizontal fracture will 
tend to occur; if Q be the greater, the fractures will be Yertical. Now 

p _ Q _ 2p /s 3 [ r 




3 j 

r^-^-dr 

dr 


Vi !« A + M » r * 


(3A + 2^)wF 
A -f- 2fi 

o n ^ [ r , 


r 7 

r 6 7 dr 
ft dr 


Suppose first that the last adjustment to stress took place at solidification. 
Then the cooling is greatest at the surface, and steadily becomes less 
inwards. If A [p is nearly constant, as is usually true, ddjdr is always 
negative, and therefore P — Q is always negative. Thus the immediate 
effect of the cooling of the earth is to produce a strong tendency to vertical 
fracture at all depths. 

On the other hand, suppose that the crust has by flow or fracture 
adjusted itself since solidification until the horizontal tension first produced 
has been completely relieved, and consider the effect of further cooling. 
The fall of temperature at the surface is zero, on the supposition that tjfip 
temperature there is maintained wholly by radiation from the sun, which 
is supposed constant. Hence 9 is zero when r = 0, falls to a maximum 
negative value in the crust, and then increases again, reaching zero again 
at the surface. Thus if it were not for the variation of r 3 within the region 
of integration, P - Q would be zero at the surface. But above the layer 
of greatest cooling r is greater than below, and therefore in the integral 


JE 


10 
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dOldr is multiplied by a larger quantity when it is positive than when it 
is negative. Thus P-Qis positive when r = e, and of order cHd^, where 
0 is the numericaEy greatest value of 0. At depths comparable with that 
of the level of greatest cooling, the integral is of course negative. Hence 
if there has been no variation in the surface temperature since hydrostatic 
conditions were last attained, symmetrical cooling must necessarily lead 
to a horizontal compression at the surface and a tension below. 

11 - 4 The Origin of Terrestrial Continents and Lunar Maria. It has 
iust been shown that the cooling that immediately followed solidification 
must have produced a tremendous tension in the uppermost layers of the 
crust This t ensi on would be practically that which would be developed 
if a rock cooled down from near its melting point to ordinary temperatures 
while its ends were kept immovable. No rock could stand such a tension, 
and, accordingly, it must soon have been relieved in some way. The nature 
of the relief requires discussion ; its effects appear to have been neglected 
by geologists, presumably because it took place before the oldest known 
rocks were formed, but, nevertheless, it is likely to have played a very 
important part in determining the present configuration of the earth s 
surface; and relief of tension in modified form has probably continued to 
produce notable effects even up to the present day. Sir G. H. Darwin, in 
his investigation of the amount of mountain building to be expected on 
the Kelvin theory of the cooling of the earth, seems to have thought that 
the relief would take place by horizontal flow, the surface layers merely 
becoming somewhat thinner without change of length, and thereby 
acquiring a new unstressed state. This may be a satisfactory description 
of the phenomena at great depths, where the pressure is great; but at the 
surface a rock under tension would break at right angles to the tension 
just 1 as any rope or bar does in air. Accordingly, the surface must have 
become honeycombed with vertical cracks. The depths of these would 
initially be very small and nearly equal, but the differences in depth would 
gradually grow. For suppose that a crack, A, is slightly deeper than a 
neighbouring one, B. Then further cooling below will produce a new 
tension, and the crust at A will have been more weakened by the deeper 
crack there, and therefore the crack A will commence to grow downwards 
sooner and more rapidly than the other. When cooling has progressed a 
long way down, the cracks must become very unequal in depth, and only 
a few of those originally formed will then be deep enough to continue 
their growth. 

Now it must be remembered that, before solidification, the temperature 
was not uniform, because the melting point would be raised by pressure, 
and would therefore rise with the depth. Hence a crack extending down- 
wards must be penetrating regions of higher and higher initial temperature 
as it proceeds; but its internal pressure is necessarily atmospheric and 
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practically constant. Hence, although the rocks at any depth are neces- 
sarily below their melting points at the pressure normally appropriate to 
that depth, as soon as they are reached by a crack, there will be a fall of 
pressure which may lower the melting point sufficiently to cause fusion ; all 
that is needed is that the crack may reach a depth where the actual 
temperature is as high as the initial temperature at the surface. It may 
be easily shown from the equation 11*3 (13) that this will be achieved at the 
depth of most rapid cooling, which is also a region of great tension, when 
cooling has proceeded for an interval of the order of 10 7 years, when the 
depth of the cracks would be comparable with 8 km. When this happens 
fusion must take place, and magma will be forced up the crack by hydro- 
static pressure until the horizontal uniformity of pressure is nearly restored. 
Now the density of the matter there was probably not very different from 
that at the surface, and the semi-fluid magma may even have been lighter 
than the solids at the surface. Hence hydrostatic conditions would not be 
restored till the crack was practically full. Thus intrusions, not unlike the 
dykes of the present day, would be formed. Known dykes are not, of 
course, original examples of this process, being of much later date; all sign 
of these primitive dykes must have been buried beneath sediments and 
igneous outpourings long ago. On the moon, however, denudation and 
sedimentation do not exist, and there some relics may be sought. The 
well-known rills are not instances, being of later date, as is seen from the 
fact that in some cases they have broken through crater walls. The radia- 
ting streaks are much more likely to afford examples. These are narrow 
streaks, radiating as a rule from large craters; that they are filled up to 
the level of the surface is plain from the fact that they are extremely 
difficult to see under oblique illumination, which would not be the case if 
there were any difference of level that could cause a shadow to be thrown. 
In fact, the agreement in level is surprisingly good, considering that it can 
only arise from a more or less accidental numerical coincidence between the 
average density of the rocks down to the bottom of the crack, and the 
density of the rocks at the bottom when fused. The fact that the theory 
calls for such a coincidence does not, however, afford any argument against 
it, for the extreme smoothness of the surface of these streaks shows that 
they must have been filled with a semi-fluid at one time, and the support 
of this would have to be explained by some such balance, whatever theory 
we should choose to adopt as an explanation of their origin. So far, there- 
fore, we may hold that the theory is confirmed by the existence of these 
streaks on the moon. As it depends partly on the increase of pressure with 
depth, which would be greater in the earth on account of the greater value 
of gravity, we may have some confidence in its applicability to the earth. 
When the lateral ends of cracks are near together, the short length of 
crust between them has to support the whole of the unrelieved tension, and 
is therefore a particularly likely part of the crust for the next fracture to 
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occur. Cracks will therefore tend to grow together, and thus will tend to 
develop into closed polygonal systems. When this takes place, a qualita- 
tively diff erent stage of the process commences. Each polygon is separate 
from the rest of the crust, and will therefore proceed to develop on its 
own account. Its surface has long ceased to change in temperature, but 
cooling continues below, so that there is a tendency to contract underneath. 
This would tend to close the cracks above by shortening the crust, were 
it not that the cracks have been closed already by the injected magma. 
Hence the shortening below can be achieved only by curvature of the 
crust. The centre of the polygon must therefore rise in the middle relative 
to the edges; its centre of gravity cannot rise, however, since that would 
imply the existence of a great additional pressure over the surface, which 
the weak matter just below would be unable to support. Accordingly, 
while the centre must rise, the boundary must sink. The matter below 
will offer little resistance to this depression, but rather will make way 
for some of it by breaking through the dykes that form the boundary. 
What reaches the surface will fuse, owing to the relief of pressure, and 
flow out so as to submerge the depressed portion. It is obvious from hydro- 
statics that it must rise to a level above the tops of the cracks, for a 
simple fracture would bring it nearly level with them, even if the margins 
were not bent down, and the curvature would be enough to send them 
far below the surface. When the ejected matter solidified, which would 
not take long, a smooth surface would be formed. Here, again, we find 
a verification on the moon, for the large maria are extensive regions of great 
smoothness, and the regions between them are at higher levels. The 
bounding cracks would of course have been submerged below the outpour 
and become lost to sight for all time. What is particularly interesting about 
the maria, however, is that all the chief lie in a chain, forming the greater 
part of a circle, about 1000 miles in diameter, so that the suggested forma- 
tion of a raised polygon is confirmed. The fact that they are darker than 
the average of the lunar surface, while the streaks are brighter, may 
perhaps be attributed to the different conditions of solidification inside 
a crack and in the open, or perhaps to the matter having come from a 
' different depth. 

The submersion of the matter around the edges of these polygons below 
hotter matter, far above its normal melting point, must have caused the 
depressed rocks there to melt again, or at least to soften. Now the density, 
by hypothesis, increases with depth, and therefore the melted matter, being 
originally derived from a higher level in the crust, is fighter than its 
surroundings and tends to rise. The highest part of the polygon being the 
middle, on account of the curvature, the fused material would collect there. 
Thus the centre would become characterized by a greater depth of fight 
matter than the edges ; but if the average density down to a certain equi- 
potential is excessively low at a place, a greater depth is required to give 
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compensation. Hence, when the fused matter solidified again, even if the 
crust afterwards gave way under the tension involved, the centre would 
still remain elevated above the margins. Thus a permanent departure from 
sphericity would be produced. The region on the moon that has apparently 
been uplifted in this way is about '1000 miles across; a region on the earth 
of the same relative size would have a diameter of 3600 miles, about the 
width of Africa or North America. If such a process ever took place on 
the earth, we should therefore expect it to have led to the formation of 
elevated regions of similar size to our actual continents. 

Before developing this hypothesis further, let us consider certain other 
data about the moon which may be relevant. The lunar craters are the 
do min ant physical feature of the continents, but they are almost absent 
from the maria. This is probably due to their having been formed before 
the maria; most of those that were originally present would then have been 
submerged in the outflowing lava and hidden, and only those of later origin 
would have examples in the maria. Streaks also are rare in the maria, for 
the same reason. It may be objected to the theory that after the outflow 
all tension in the crust would be relieved, and that therefore no cracks at 
all could be formed subsequently. The partial fusion of the surface by the 
hot liquid must, however, lead to the formation of a new hot solid surface, 
when tension could begin afresh, though with less violence than before. 
The origin of craters I have not attempted to account for. The rills may 
he analogous to rift valleys on the earth. 

The origin of continents offers one of the most difficult problems in 
geophysics. Numerous attempts have been made to solve it, but none 
of the theories offered appears satisfactory. The tetrahedral theory is one 
of the best known; this starts with a newly solidified earth, and it is 
supposed that the contraction of the inner parts left the outer crust in a 
state in which it retained its original area, but had to collapse so as to 
accommodate itself to the reduced volume of the interior. The form adopted 
would, it was said, differ from the sphere in the direction of the regular 
solid with largest surface for the given volume, namely, the regular tetra- 
hedron, and thus four continents would be formed, all at equal distances 
from one another. The physical aspect of the theory has not been considered 
m detail. It derives some support from the fact that the actual distribution 
of land does bear some resemblance to a tetrahedron, though this is 
probably a peculiarity of the present time, and seems to have been widely 
departed from at some previous epochs. The fatal defect of the theory, 
it seems to me, is that a tetrahedral deformation does not correspond to 
a figure of equilibrium. It is known that for any such displacement the 
elevated parts must tend to come down again, since both gravity and 
the curvature of the elastic outer layer act so as to restore the original 
state. Instead of retaining the deformed figure, the earth would therefore 
oscillate about the spherical form till the oscillations were damped out, 
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when symmetry would be restored. The shell, being too large for the 
interior, would then be unsupported and would collapse. A tetrahedral 
deformation cannot therefore be produced in this way ; the way to render 
one possible is to have the continents free at their edges, so that curvature 
can take place in consequence of the natural cooling. The curved continent 
will then practically float on the heated interior, and any oscillation that 
may take place will merely move it up and down with the interior. Thus 
the process we have indicated is an essential preliminary of a tetrahedral 
deformation. 

It has at various times been suggested, especially by Osmond Fisher, 
that the birth of the moon may have had an important effect on the 
distribution of land and sea on the earth. This view must be examined 
with special care, because the hypothesis that the moon was formed from 
the earth by the disruptive action of the solar tides has acquired a con- 
siderable probability, as has been seen in Chapter III, though it cannot be 
regarded as demonstrated. 

It was shown in 5*83 that the moon, if formed in this way, must have 
been formed when the earth was almost fluid, with at most a thin solid 
crust on the outside. In the violent agitation that took place during the 
process, this thin crust must have been broken into fragments, floating 
on the liquid interior. If they stayed where they were, the removal of a 
large quantity of surface matter from one side would leave a vast area 
with no light matter, which would in course of time develop into the 
present Pacific Ocean. Unfortunately, however, the fragments would not 
stay where they were. Light solid bodies floating on a liquid interior, and 
largely confined to one side, would correspond to a first harmonic deforma- 
tion, which has been shown to be unstable*. They would spread themselves 
out in such a way as to get as far apart as possible, thus allowing the denser 
liquid below them to get as close together as possible, and thus would 
become roughly symmetrically distributed over the earth at once; the 
scar left by the birth of the moon would have lasted a few days or months 
instead of a thousand million years. 

A further criticism of the theory is that even if the Pacific Ocean could 
be accounted for in this way, a similar explanation would not be available 
for the asymmetry of Mars ; for Mars has certainly not acquired a satellite 
by fission, and, even if it had, the equator would run through the middle 
of the ocean produced, whereas the dark regions on Mars, which are 
widely believed to be seas, are nearly confined to the southern hemisphere. 
There must therefore be some alternative reason for an asymmetrical 
distribution of oceans. 

11 - 5 . Effects of Decrease of Density within the Crust . In the theory of 
the cooling of the earth, which has been utilized to account for the de- 

* J. H. Jeans, 4 Gravitational Instability and the Figure of the Barth,’ Proc. Roy . Soc. 
93 a, 1917, 413-17. The argument of 13*52 amounts to an alternative proof. 
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velopment of the principal surface features, it has consistently been 
supposed that every element of the crust has fallen steadily in temperature, 
and that every element decreases in volume as it cools. The first of these 
suppositions would be strictly correct if the radioactive matter of the 
crust were symmetrically distributed, the rate of generation of heat per 
unit volume being a function of the depth alone, and independent of the 
position with regard to the earth’s surface. It has been seen, however, 
that the difference between continental and oceanic conditions points to 
.an asymmetrical distribution of radioactive matter. This in itself does not 
indicate any possibility of internal heating of the crust, since the original 
calculation referred to the continents, and the evidence indicates that 
oceanic rocks develop less internal heat than continental ones. If, however, 
for any reason the radioactivity in some locality is decidedly greater than 
that in typical continental regions, heat may be developed locally in 
excess of the loss by conduction, and the temperature may rise. This may 
occur especially in cases of mountain formation by crumpling. The short- 
ening of the crust has already been seen to imply a concentration of 
granitic rocks in the region of upheaval, and these rocks represent the 
most radioactive type. It may therefore be expected that local heating 
may take place below mountain ranges. This is confirmed by the fact 
that the rate of increase of temperature with depth observed in high 
mountains is considerably above normal. The addition of sediments to 
a continent margin, again, must tend to increase the internal temperature ; 
though this process is not likely to be so potent in this respect as mountain 
formation, on account of the lower radioactivity of the added matter. 

The second supposition, that the coefficient of thermal expansion is 
positive, is also true in most cases. It is possible, however, that some 
rocks may expand in solidification, or in the transition from the lique- 
vitreous to the crystalline state. If so, a temporary expansion will be an 
incident of the cooling process. 

Thus there may be local and temporary exceptions to the general rule 
that the matter of the earth’s crust has steadily contracted since solidifica- 
tion in general accordance with the theory of Chapters VI and X. Let us 
then consider the effects of any local expansion that may have occurred. 
The expanded material must become too large for its surroundings; this 
will indeed happen even when contraction takes place everywhere, pro- 
vided that it is less in some restricted region than in the surrounding parts. 
Thus a state of stress will be set up. Evidently the principal stresses will 
consist of pressures across the boundary of the region and tensions parallel 
to it. Hence there will be a tendency for cracks to develop across the 
boundary and for the expanded matter to be forced into them. If the 
stresses become great enough (a possibility that has not yet been quantita- 
tively tested) such a rupture and intrusion will occur. Whether the cracks 
will reach the surface will depend on the special circumstances of the case. 
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On this theory the great mountain ranges are the most probable regions 
for intrusion, since they are necessarily places where the underlying rocks 
have cooled less than elsewhere. Intrusion cannot, however, reach the 
surface until a horizontal tension has been developed: if there were a 
horizontal pressure it would close the cracks as fast as they were formed — 
in other words, it would prevent their formation. The original horizontal 
pressure that produced the mountain ranges is relieved in their formation, 
and therefore the subsequent heating or reduction of cooling may start 
from a state when there is practically no pressure or tension at the surface. 
Intrusion is therefore to be expected in mountainous regions. It is in 
agreement with this theory that large intrusions are habitually found 
there; they rarely reach the surface, but often come up to such a 
distance from the surface as to be accessible to the geologist. Such 
intrusions are of great horizontal extent and granitic in character; they 
are called bathyliths . 

Other intrusions reach the surface in thin dykes and sills. They are not 
necessarily, nor indeed usually, associated with mountain ranges: they 
are usually basic. The acid character of bathyliths and the basic character 
of most (far from all) dykes may be due to the fact that an extra thickness 
of granitic matter is accumulated in a given region when a mountain 
range is formed; thus granite occurs below mountains at a depth where 
the matter below plains is basaltic. 

A further type of elevation of fused matter from a considerable depth 
is afforded by volcanoes. These sometimes occur among folded mountains, 
as in the Andes, but more often in festoons of islands, especially in the 
Pacific. Their tendency to occur in chains indicates that they are formed 
along lines of weakness. It is clear, however, that though the volcanoes 
in a chain are related to the same line of weakness, they are not necessarily 
in communication with the same source of magma. If they were, lava in 
neighbouring volcanoes would rise to the same level, which is not the 
case : there is, for instance, a difference of 500 metres between the levels of 
the lava in two craters of Kilauea a few kilometres apart. 

Tension phenomena in the earth’s crust, though important, do not 
appear to be so general in character as the phenomena of folding. Bathy- 
liths are generally considered by geologists to be subsidiary to mountain 
chains, and not conversely. A dyke is considered exceptionally long if it 
exceeds 100 miles. The importance of purely local considerations in de- 
termining the behaviour of volcanoes is shown by the difference in level 
between the two craters of Kilauea just mentioned; by the frequent changes 
of direction among the festoons of islands in the Pacific ; and by the fact 
that as a rule different volcanoes of a chain are not active at one time. 
On the other hand the great mountain ranges, produced by folding, extend 
halfway round the earth. Thus tension phenomena must be regarded as 
due to local causes and compressional movements to worldwide ones. 
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Internal expansion, however, may produce bodily uplift of the over- 
lying matter, without vertical fracture. This possibility, like the theory 
of intrusion just outlined, has not yet been submitted to quantitative 
test; but it appears to be indicated by some elevated plateaus with 
apparently little or no folding within them. Such regions are Tibet and 
the Deccan. They are of such dimensions, both vertical and horizontal, 
that our theory of the strength of the earth’s crust requires them to be 
compensated. Below them, there must therefore be an abnormal thickness 
of light material. This could be produced by horizontal compression in 
two ways, both consistent with absence of folding in the uppermost layers ; 
but neither is intrinsically very plausible. Firstly, the compression might 
have merely shortened and thickened the surface layer without crumpling 
it. This appears unplausible when we remember that the horizontal extent 
of these regions is of the order of 300 km., while the thickness of the 
granitic layer is of the order of only 15 km., so that crumpling is much 
more likely. The other possibility is that sheets of light matter from the 
sides were forced in below the undistorted matter already there. That this 
could be done without crumpling, in spite of the horizontal force to be 
overcome by the ends of the injected masses, appears quite as improbable 
as the first alternative. If, however, the matter below such a region, at 
depths of considerable strength, had spontaneously expanded, compensa- 
tion would be attained without folding if the overlying rocks were merely 
forced up until the space between them and an equipotential surface within 
the region of zero strength was enough to accommodate the matter in 
its new state. 

Some geodesists, notably Sir S. G. Burrard, have said that compensa- 
tion is not produced or maintained by horizontal movement. In the 
account of Chapter IX it was shown that the establishment and main- 
tenance of compensation by horizontal movement within the asthenosphere 
is a necessary inference from the theory of cosmogony that has been 
adopted, and that the main characteristics of the compensation inferred are 
in close accordance with those found by geodesy. Hence the geophysical 
theory here elaborated receives strong support from the facts of com- 
pensation. If, however, it were shown that compensation could be explained 
equally well in terms of another theory, it would not afford so strong 
an argument in favour of the present one The examination at this point 
of the possibility of compensation without horizontal movement is there- 
fore desirable. 

In the first place, the existence of folded mountains at all seems to 
demand horizontal compressive movements near the surface. Thus the 
surface motion alone would indicate an inflow of matter towards the 
region of mountain formation, and therefore an increase of mass within 
a vertical column. This can be compensated only if matter flows out from 
this column at greater depths: but this can be achieved only by horizontal 



154 Theories of other Surface Features 

movement. Thus the compensation of mountains involves horizontal move- 
ment in the asthenosphere. 

Next, consider the case of a plateau, originally compensated, in which 
a deep and broad valley has been cut by denudation. This involves a 
loss of mass in a vertical column, unless matter flows in horizontally below. 
Thus again horizontal movement within the asthenosphere is necessary. 
Similarly, the maintenance of the compensation of a river delta, as its 
area and thickness gradually increase, requires horizontal movement. 

Burrard*, in reply to a criticism by Dr Morley Davies, has suggested 
that the compensation of a delta requires no depression of the crust. The 
matter below the crust merely acquires a lower density, without change 
of volume, and therefore the position of no element changes. This hypo- 
thesis, however, evidently contradicts the fundamental physical law of 
the indestructibility of matter. 

Thus horizontal movement must play an essential part in any useful 
theory of mountain formation and of isostatic compensation. It is not 
asserted here that it has played the most important part in the formation 
of every surface feature; it is indeed suggested that certain plateaus 
require some other mechanism: but these are exceptional features, and 
horizontal compression accounts for many more and larger features than 
these. 


* Geographical Journal, July 1920, p. 58. 
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Seismology 


“I heard the water lapping on the crag 
And the long ripple washing in the reeds.” 

Tennyson, The Passing of Arthur . 

124. Waves started by Fractures. It has been seen that the earth’s 
crust must be continually undergoing permanent deformation under the 
influence of the stresses developed within it in the course of its evolution. 
The deformation may take the form of gradual flow or of fracture. In 
each case strain energy is converted during the set into energy of internal 
motion. In the case of flow, the transformation is gradual, and produces 
only local heating ; however great its ultimate effect may be, it produces 
no immediately observable consequences. The behaviour of the crust in 
the event of fracture, on the other hand, may be illustrated by analogy 
with an elastic string stretched to such an extent that it ultimately snaps. 
The relief of tension at the point of rupture initiates a separation of the 
exposed ends, and the motion spreads through the whole length of the 
string. In the same way, a fracture in the crust of the earth starts a 
movement there, leading to a wave, which spreads throughout the earth. 


12-2. j Elastic Waves within a Solid: Longitudinal Waves. It is easily 
seen that two types of wave are possible in a homogeneous elastic body. 
If u, v, w be the components of displacement from the equilibrium state, 
the equations of motion are 

p g (u, v, w) = (X + ft) (1 . 4) S + («, w) (1), 

where p is the density, A and /x the two elastic constants of the substance, 


and 




dv 3w 
3 y dz 


.( 2 ). 


If a harmonic plane wave is being propagated with velocity c, the dis- 
placements must be the real parts of expressions of the form 

(A, B, C) 

where the axis of x has been taken parallel to the direction of propagation, 
and A , B , and C are complex constants. By differentiating the three equa- 
tions (1) with regard to x, y, z and adding, we find 


P k 2 c 2 8 = (A + 2/x) V 2 S (3), 

leading at once to c 2 = (A + 2/x)//o (4), 

or 8 = 0 (5). 
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If 8 is different from zero, then since dS/dy and 98/3 z are zero, the second 
and third equations of motion give 

pK 2 c 2 ( v , w) = fiK 2 v , w) ( 6 ), 

and since fx pc 2 , v and w must be zero. 

Thus there is a type of wave in which the displacement is wholly 
parallel to the direction of propagation, and the density of a particular 
element changes during the passage of the wave. This type of wave is 
known as the irrotational, longitudinal, condensational, primary, or 
wave. Its velocity c x is {(A + 2p)jp}%. 


12*21. Transverse Waves. If, however, 8 is zero, we have 

pK 2 C 2 ( U , V, IV) = jJLK 2 ( u , v , w) ( 1 ), 

and therefore a necessary condition for a wave without condensation is that 

c2 = v/p ( 2 ). 


The wave must also satisfy the condition that S, as defined by 12*2 (2), 
actually does vanish. Now 


0 v 3 w 
dy dz 


0 


*( 3 ), 


in consequence of the assumption that the wave is plane. Hence 

du 


dx 


= 0 , 


and therefore A is zero and there is no displacement parallel to the direction 
of propagation. Thus there is a second possible type of wave, such that 
the displacement is wholly perpendicular to the direction of propagation. 
There is no change in the density of any element during the passage of 
the wave. The displacements in two perpendicular directions parallel to 
the wave front are propagated independently. The difference of phase 
between the displacements parallel to these two directions is the same at 
all points, since both are propagated with the same velocity. Hence any 
particle may oscillate in a straight line, or may describe an ellipse or a 
circle, according to the amplitudes and phase differences of the com- 
ponents ; but the size, form, and orientation of the path are the same for 
every particle. This type of wave is known as the distortional, transverse, 
equivoluminal, secondary, or "S’ wave. Its velocity c 2 is (j u,/p)i. 

In the case of secondary waves arriving at the surface, it is often 
desirable to distinguish between those whose displacements are horizontal 
and those whose displacements are in the plane including the vertical and 
the direction of propagation. It will be seen that the direction of propa- 
gation may be at any angle to the vertical. These two types will be called 
SH and SV waves. They are reflected in different ways, as will be seen 
from a paper by C. G. Knott*. 


* Phil. Mag . Ser. 5, 48, 1899, 64-97. 
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It can be proved that any motion whatever of an elastic solid under 
no external forces can be represented as the result of combining waves 
of these types. 

12*3. Rayleigh Waves . In some possible movements of an elastic solid, 
the motion is greatest near the surface, and becomes inappreciable at a 
depth of a few wave lengths. Such waves can be represented as com- 
binations of plane waves of condensational and distortional types rising 
from the interior, with the corresponding waves reflected downwards from 
the surface; but they are of such interest that a special discussion is 
desirable. 

If the origin be in the surface, the axis of z vertically downwards, that 
of x horizontal and in the direction of propagation, and that of y per- 
pendicular to it, then in any harmonic wave propagated over the surface 
without change of type the component displacements must be the real 
parts of ( U , F, W) e LK where U, V , TF are complex quantities which 
may be functions of z. Then as in 12-2 (3) we find 
— p#c 2 c 2 S = (A + 2/a) V 2 S 

~ v /3 2 S *cv\ 


(A 4- 2/a) (j 


The only solution of this equation that does not become infinite when z 
tends to infinity is § = j) e ~ r z e ^x-ct) ( 2 ), 

where D is a constant, and 

’• w ( i -A?y < 3 >- 

Any displacement consistent with this value of 8 must satisfy 
- P K*c*(U, V,W) = (\ + r)(uc,0,-r)De-» + p K^j(U,V,W) ...(4), 

since when R is of the form p e lK< - x ~ cl) , where P is a function of z alone, 

v2jR = (S ~ **) peM{x ~ ct) ( 5 )- 

Also ~ + is the real part of 




and must be equal to I)e~ rz & Kt - x ct] . 

Particular solutions of these equations are found to be 

rn T 7 U7\ A -T 2/X . . a.\ Tio—rz 


(U, V,W) — — (<-«> - 0 De ~ r 


= (Ui> Vi> F x ), say 


It is readily verified that 
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Hence the complete solution, satisfying 

du dv dw __ » 

dx dy dz ~ 

must be given by 

(tf. r, w) = (u 19 v 19 w x ) + (u % , v %9 w 2 ) ... 

where (U 2 , V 2 , W 2 ) satisfy the equations 

- P K*c* (U % , V„ W 2 ) = ,(£- K») (U 2 , V 2 , W 2 ) 


m, 

(11) s 

( 12 ) , 


and 


t U 2 + 


dWj 

dz 


= 0 


(13). 


The solutions of these equations that tend to zero at an infinite depth are 

(U 2 , V 2 , W t ) = (s, p, uc) Qe~°* (14), 

where Q and j3 are unspecified constants and 


.s 2 = 



Now the boundary conditions are that there shall be no stress across 
the free surface; and if we neglect small quantities of the second order in 
the displacements this is equivalent to the condition that there shall he 
no stress over the plane z = 0 . This gives 


du dw 

di + 0 

(15), 

dv dw 


Tz + di = ° 

(16), 

AS + V 5-0 

(17), 


when z = 0 . Substituting in these equations from ( 8 ) and (14), we have 


W 7 ^ D = (* 2 + fi2 ) G (18), 

P = ° (19), 

(A + 2 # t)(l-^)2)-2^«e (20). 

Eliminating D and Q, we have as an equation to find c, 

(!-^)(k 3 + s 2 ) + 4/^ = 0 (21), 

or, eliminating k , and writing 
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or, on squaring, (2 - = 1® (l - |a) ( x “ ^ 2 ) ( 25 )> 

which reduces to ^ — 8-^ + 24 ~ — 16— — 16 + — 0 (26). 

c 2 c 2 c 2 Cl c i 

When the sohd is incompressible, c ± is infinite, and the equation reduces to 


c 6 

7~6 

C 2 


/»4 /»2 

-^ + 24^-16 = 0 


This has one real root, c 2 = 0-91275c 2 2 

The two complex roots make 

c 2 /c 2 2 = 3-5436 ± 2-2301 1 

and then (24) gives 4s/& = — 2-7431 ± 6-8846t 


(27) . 

(28) . 

(29) , 

(30) , 


so that e 82 tends to infinity with depth. Thus these roots are inadmissible. 


Hence the only type of .wave possible is determined by 

c = 0-9554c 2 ; 5 = 02954*; r=* (31), 

u — A ( e~ KZ — 0-5433e~ S2 ) sin * (x — ct) (32), 

v = 0 (33), 

w = A ( e~ KZ — l-840e~ S2 ) cos k (x — ct) (34), 

where A is a constant. The velocity of propagation is rather less than 
that of secondary waves. There is no displacement across the direction of 
propagation. The motion at the surface is given by 

u = 0-4567.4 sin * (x - ct) (35), 

w — — 0-840.4 cos k (x — ct) (36), 

so that the particles move in elliptic paths, the maximum vertical and 
horizontal displacements being in the ratio 1-9 : 1. 

If Poisson’s ratio is J, so that A = p, Lord Rayleigh finds 

c = 0-9194c 2 (37), 

5 = 0-3933* (38), 

r = 0-8475* (39), 

u — A (e -22 — 0-5773e~ 12 ) sin * (x — ct) (40), 

w — A (0-8475e~ r2 — l-4679e _S2 ) cos * (x — ct) (41), 


and the ratio of the axes of the elliptic orbit described by a surface particle 
is reduced to about f . 

The type of wave just discussed was discovered by Lord Rayleigh, and 
is usually named after him. It has been seen in the course of the investiga- 
tion that no other type of harmonic wave is capable of continuous propaga- 
tion over the surface of a homogeneous solid; and that in this type the 
displacement of any particle is partly vertical and partly horizontal in 
the direction of propagation, there being no horizontal motion across the 
direction of propagation. 
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124 . The actual earth being heterogeneous, its vibrations must be 
more complicated than those examined in paragraphs 12*2 to 12*3; a 
complete theory of them has not yet been constructed. Certain essential 
points, however, can be made clear without elaborate analysis. All the 
types of wave so far considered travel with velocities independent 
of the wave length. Now every wave train, of whatever form, can in 
general be expressed as the resultant of a number (usually, in a continuous 
body, an infinite number) of simple harmonic wave trains. Again, whatever 
the nature of the initial disturbance that generates the disturbance, it 
can be expressed as the resultant of a number of simple harmonic motions. 
If then it takes T seconds for one of these waves to travel from the origin 
to a given particle, it will follow that at any time the motion at the particle 
will be in the same phase as at the origin T seconds before. Further, if 
the waves all travel with the same velocity, this will be true for every 
wave separately. Hence, in accordance with the theory of group velocity, 
the motion of the particle will reproduce the motion at the origin T seconds 
previously, but reduced in amplitude on account of the fact that each 
wave is diverging all round. Thus a single impulse at the origin will 
produce a single impulse at any other point after a definite interval de- 
pending on the wave velocity and the distance. In fact, the waves would 
pass a point of the surface in three stages : first, the compressional wave 
would pass, then the distortional wave, and then the Rayleigh wave, each 
producing a sudden jerk, without much motion at any other time. 

12 * 41 . In the heterogeneous earth the impulse at the origin will 
generate primary and secondary waves in its neighbourhood, and these 
will spread out with the velocities appropriate to their types. Every time 
they enter matter with different physical properties, however, they will 
undergo modification. In part they will be reflected, and in part they 
will be transmitted, with change of velocity and direction of propagation. 
Each point of the boundary between the two media will act as a new origin, 
and the wave will first affect a given point in the second medium after 
a time equal to the shortest possible time of transmission of a wave of 
the given type from the origin to the point. The principle of least time 
being the basis of the ordinary laws of refraction, we see that the wave 
that initiates each phase of the disturbance observed at any station must 
have traversed from the origin the path specified by the laws of refraction. 
If we proceed to the case of several layers, and finally to that of an earth 
whose properties vary continuously from point to point, the same results 
will evidently hold. Thus an impulse applied within the earth will generate 
two main waves of primary and secondary type, spreading out with the 
velocities appropriate to waves of these types, and sudden displacements 
of any particle will occur when these waves reach it. Since, however, the 
velocities are not the same in all parts of the earth, the wave front at any 
instant will not be spherical. Internal reflexion will produce waves which 
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can reach the point of observation only by more circuitous routes than the 
two main waves, and thus such reflected waves will arrive later. Where 
there is a definite boundary between different materials, definite reflected 
waves will be produced, which will be capable of being recorded separately 
at the observing station; but where the transition is continuous, these 
pulses will be distributed over a long interval, and will not give definite 
sudden shocks. 

12*42. It is actually found that the first effect of an earthquake at a 
distant station is a sudden impulse in the direction away from the place 
where the earthquake has actually occurred. This corresponds to the 
primary wave, just discussed. This is followed by a further sudden impulse, 
corresponding to the arrival of the secondary wave. Before and after the 
latter come trails of waves that can be identified with waves reflected 
internally, some having , been changed from longitudinal to transverse by 
internal reflexion, and some from transverse to longitudinal. Thus the 
actual phenomena are in close accordance with what would theoretically 
be expected. The times of arrival of the P and S waves have constituted 
the greater part of the data of seismology; less attention has been given to 
the trains of internally reflected waves, partly on account of the difficulty 
of describing them without reproducing the actual records of the earth- 
quakes, which would be an extremely expensive operation to undertake 
if more than a few earthquakes were to be discussed. 

12*43. The waves will undergo reflexion, not only at internal points, 
but also when they reach the surface. The theory of the reflexion of elastic 
waves at the surface of a solid is somewhat complex, but has been de- 
veloped by Knott in the paper already cited. In general a pffre condensa- 
tional wave or a pure distortional wave generates waves of both types on 
reflexion, the amplitudes of the condensational and distortional reflected 
waves depending on whether the incident wave was condensational or 
distortional, on the plane of polarization of the incident wave, where this 
is distortional, and on the angle of incidence. Knott’s numerical results 
for the reflexion of waves from an interface between rock and air are as 
follows. The density of the rock has been taken to be 2000 times that of 
the air. 

(1) Distortional wave incident m the rode. 
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( 2 ) Condensational wave incident in the rock . 
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In these two tables the symbols without accent or suffix refer to the 
incident wave, those with suffix 1 to the reflected wave in the solid, and 
those with accents to the wave refracted into the air. 6 is the angle of 
incidence, refraction, or reflexion of a wave of condensational type, and 
A its energy; <f> is the angle of incidence or reflexion of a wave of dis- 
tortional type, and B its energy. The absence of a distortional wave in air 
ensures that B' is always zero. 

It is seen that in no case does more than a small fraction of the energy 
of the incident wave pass out into the air. Thus the sound-wave produced 
by an earthquake must in all cases carry an amount of energy very small 
in comparison with that of the earthquake itself. 

In calculating Table (1), Knott has supposed the vibration of the 
incident wave to be in the vertical plane through the direction of propaga- 
tion; that is, it is a wave of the type already denoted by SV . This produces 
a vertical motion of the boundary, and therefore can give rise to a wave 
in the overlying fluid. It is seen that as a rule most of the energy of such 
a wave is reflected in a distortional wave, except for angles of incidence 
between 15° and 30°. In this range the reflected wave is mostly condensa- 
tional, the transition to the condition of reflexion as a pure distortional 
wave being extraordinarily sudden. Thus a wave of type SV incident 
normally, or at a direction of propagation making an angle with the 
normal greater than 35°, is reflected as a pure wave of type SV, whereas 
if its angle of incidence is within the range from 15° to 30°, the reflected 
wave is mostly of type P. 

A wave of type SH gives no vertical movement of the boundary, and 
therefore no wave in the air. The stress and strain in such a wave are 
purely horizontal, and it is therefore evident that the condition that the 
stress shall be continuous across the surface can be satisfied by combining 
with the incident wave a reflected wave of the same amplitude and with 
an angle of reflexion equal to the angle of incidence, the phase being such 
as to neutralize the surface stress that would be produced by the incident 
wave acting alone. Thus waves of type SH are reflected as pure SH waves, 
without giving any condensational waves. 

Table (2) shows that when a condensational wave is reflected, most of 
the energy is reflected in the condensational wave for directions of pro- 
pagation making angles less than 20° with the vertical, but that for 
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greater angles of incidence the reflected wave of type S V carries most of 
the energy. 

Waves reflected at the surface differ from those reflected in the interior, 
since we definitely know that they are reflected at a given surface, whereas 
waves reflected internally may be, and probably usually are, reflected 
continuously through regions of finite thickness, within which the physical 
properties of the medium change continuously. The continuous character 
of internal reflexion renders it unlikely that it would give reflected waves 
recognizable by definite impulses on the seismic records. In the case of 
surface reflexion, on the other hand, perfectly definite waves of the same 
type as the original waves are produced by reflexion, and must afterwards 
be propagated according to the same laws. When they again emerge at 
the surface they therefore give definite impulses which are recognizable 
on the records. In general the impulse due to a wave that started as a 
condensational one, and was reflected as a condensational one, is denoted 
by PR ; that due to a wave originally condensational, but reflected as 
distortional, by PS; that due to the condensational wave produced by 
the reflexion of a distortional wave by SP ; and that due to a distortional 
wave reflected as distortional by SR. In addition each type of reflected 
wave may undergo further reflexion when it again emerges. The waves 
produced by these later reflexions are more difficult to identify on the 
records, but it is probable that a phenomenon known as the Y wave is 
due to them. 

12-5. The Long Waves. The seismograph records a sudden movement 
of the ground when any of these well-defined waves first reaches it. Between 
them the instrument is disturbed only by waves reflected internally. The 
sudden movement that initiates a new phase marks the instant of arrival 
of a wave of given type after the shortest possible time of transit. The 
internally reflected waves, however, will also undergo reflexion when they 
emerge at the surface. In general the reflected waves formed in this way 
will be even more difficult to identify than the internally reflected waves are 
when they emerge for the first time, and therefore will afford no prospect of 
successful discussion in the present state of seismological knowledge. A por- 
tion of the wave will be diffusely reflected, since the solid surface of the 
earth is irregular in contour and in constitution. Thus, wherever the origin 
of the earthquake may be, we should expect that some part of its energy 
will be reflected at the surface and sent out along the surface. It will 
not, in general, be capable of proceeding far along the surface without 
loss into the interior. It has been seen, however, that Rayleigh waves, if 
once started, can proceed over the surface for an indefinite distance 
without change of type or dispersion into the interior. Thus we may expect 
that part of the wave arriving at the surface will be diffusely reflected, 
and that some of the motion will go to produce further vibration in the 
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interior ; but part of the energy of the wave will be used up in the formation of 
surface waves. Now a given amount of energy, in spreading through the earth 
without reflexion, becomes distributed over an area roughly proportional 
to the square of the distance from the source, so that the energy crossing 
a given area is proportional to the inverse square of the distance. On the 
other hand, in a surface wave propagated without change of type, the 
distribution with regard to depth remains unaltered as the wave advances, 
and the area over which the energy is spread is roughly proportional to the 
circumference of a small circle of the earth, with its centre above the origin 
of the earthquake, and passing through the point of observation. Thus 
the energy crossing a given small area near the surface is proportional 
only to the inverse first power of the radius of this circle. Hence the 
importance of the surface waves, in comparison with that of the internal 
waves, will gradually increase with distance from the origin, and it is 
possible that for stations sufficiently remote they will be responsible for 
most of the observable motion. 

Now it is observed that at stations far away from the origin of the 
earthquake the arrival of the 8 wave is followed by a stage in which the 
motion is oscillatory in character, the amplitude and period varying only 
slowly. The amplitude increases to a maximum usually several times greater 
than the greatest displacement in the P and S stages, and then falls 
again. Often, however, the amplitude rises and falls several times before 
quiescence is again attained. This stage is known as the long wave or 
L phase, or as the main shock. Since Rayleigh’s investigation showed 
that a surface wave was capable of producing at remote stations a dis- 
turbance greater than either P or 8, this stage of an earthquake has been 
generally interpreted as the passage of Rayleigh waves. Such an inter- 
pretation, however, can account for only part of the facts. In the first 
place, it has been seen that the velocity of Rayleigh waves in a homogeneous 
earth is independent of the wave length, and is a fixed proper fraction of 
the velocity of S . Hence, whatever periods may occur in the waves 
reflected from the surface, all should reach any given station at the same 
time, and the Rayleigh phase should consist of one shock, and one only; 
the simple theory cannot account for a long train of approximately har- 
monic waves. Again, the motion in the Rayleigh wave is wholly in the 
plane containing the vertical and the direction of propagation. The actual 
motion in the L phase has a strong horizontal component at right angles 
to the direction of propagation. 

12 * 51 . Both difficulties have been largely removed by the investigation 
of Love* on the propagation of elastic waves iii a uniform layer of finite 
depth, resting on another uniform layer of infinite depth. He has shown, 
first, that the behaviour of Rayleigh waves is decidedly different from that 

* Problems of Geodynamics , Camb. Univ. Press, 1911. 
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in a uniform crust. The velocity, instead of being constant, depends on 
the period. The truth of this statement is qualitatively evident without 
analysis, for a wave of short period will have a short wave length, and 
therefore, in view of the fact that r and s in 12-3 were seen to be pro- 
portional to k, a short vertical extent. Thus if the period is sufficiently 
short the motion will be practically confined to the upper layer, and the 
velocity of Rayleigh waves will be that characteristic of that layer. On 
the other hand, if the period is long enough the wave will extend so far 
into the lower layer that the smaE thickness of the upper layer will not 
affect the motion appreciably, and the velocity of Rayleigh waves wUl 
be that characteristic of the lower layer. Hence the velocity of Rayleigh 
waves in a heterogeneous crust wifi depend on the period. The initial 
disturbance being capable of representation as a combination of waves 
with a wide range of periods, it is therefore clear that the waves of different 
periods wiE spread out at different rates and pass a given station at 
different times. The motion at a distant station wfil therefore not be of 
the nature of a sudden jerk, but wfil consist of a long series of oscillations 
of gradually varying period. This is just what is observed. 

12-52. Love Waves. Love finds that even in a heterogeneous crust 
Rayleigh waves have no transverse horizontal component. On the other 
hand, he has shown the possibfiity of a type of wave impossible in a 
homogeneous crust, in which the displacement is purely horizontal and 
at right angles to the direction of propagation. 

Suppose the lower boundary of the surface layer to be the plane 
z = 0, and the upper to be the plane z = - T. The wave is being propagated 
parallel to the axis of x. Let p and p be the rigidity and density of the 
upper layer, and let p and p refer to the lower layer. Then in both layers 
u and w are zero, while v is proportional to the real part of Ve lK[x et) , 
where V may be complex, but is a function of z alone. In both layers 
8 is zero, and the only equation of motion that is not satisfied identically is 

— p/c 2 c 2 F = p k 2 V + ••••?. ••-(!) 

for the upper layer, and 

/ 32 TA 

-/>'fC*C 8 ? = \i! 

for the lower layer. Putting, as before, pip = c 2 2 , p'/p' = c 2 ' a , we have in 

the lower layer y _ Q e -a'z (3), 

$'2 £2 

where C is a constant and -7 = 1 — r> 9 ( 4 )* 

K 

In the upper layer V = A cos sz 4- JS sin sz (5), 

where A and B are constants and 
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The boundary conditions are that the displacement and the tangential 
stress are continuous across the lower boundary, and that there is no 


stress across the free surface. These give 

C = A (7), 

- ti's'C = fxsB (8), 

A sin sT + B cos sT = 0 (9). 

Hence by elimination of A, B> C we have 

tans? 7 = ijl's'/[jls (10). 


Finally, by substituting for s and s' from (4) and (6), we have the following 
equation for the wave velocity, 


tan kT(- ~ if = Sl 

W ) P 


( 1 - c 2 /c 2 ' 2 \i 
Wjc* - l) 


( 11 ). 


The condition that the motion shall be indefinitely small at a great depth 
requires that the real part of s' shall be positive. Hence, by (4), c must 
be less than c 2 '. Again, if c were less than c 2 , s would be a pure imaginary, 
by (6), and therefore 5 tan sT would be negative. This, by (10), would 
imply that s' was negative, which is impossible. It follows that c is always 
greater than c 2 and less than c 2 '. There can therefore be no waves of this 
type if c 2 is greater than c 2 ', for it would then be impossible to find a value 
of c that would satisfy both of these inequalities. Thus these waves can 
exist only if the velocity of distortional waves in the surface layer is less 
than in the matter below. 

An optical analogy will illustrate the reason for this result. A wave 
moving in a surface layer may be compared to a light wave moving nearly 
parallel to the faces of a plate, with matter of a different refractive index 
in optical contact with the lower face and a perfect reflecting surface 
over the upper face. If the velocity of light in the plate is less than that 
in the underlying matter, light striking the boundary at angles less than 
the critical angle will be totally reflected, and will continue to be pro- 
pagated in the plate. If, however, the velocity of light is greater in the 
plate, light can pass freely from the plate to the underlying matter, 
whatever its angle of incidence may be. Thus the light will gradually be 
lost into the underlying material as it advances, and the propagation of 
a train of waves of constant form will be impossible. 

Equation (10) can be written 


a tan okT = n'o'/fj, (12), 

where a and o' have been written for (c 2 /c 2 2 - 1)£ and (1 — c 2 /c 2 ' 2 )& re- 
spectively. When c is equal to c 2 , a is zero, while a' is finite and positive. 
Thus whatever kT may be the left side of (12) will be zero and the right 
positive. As c increases, the left side will increase steadily until okT 
becomes equal to ^7r, when the left side becomes infinite. If then 
(c 2 ' 7 c 2 2 - 1)*kT is greater than |tt, the left side will become infinite and 



Velocities of Love Waves 167 

positive for some value of c between c 2 and c 2 \ It will then become negative 
and again increase steadily; if (c 2 ' 2 /c 2 2 — 1)1 kT is greater than u ■ but less 
than fir, the left side will again be positive when c is equal to c 2 '; the 
discussion can evidently be extended indefinitely. The right side mean- 
while decreases steadily from f (1 — c 2 /c 2 ' 2 )l//x to zero. Thus the left side 
will exceed the right when c is equal to c 2 ', unless it has become negative 
at some intermediate point by passing through an infinite value and has 
not become positive again by passing through zero; in either case there 
will be some intermediate value where the left side exceeds the right, 
and therefore some other value of c that makes the two sides equal. The 
condition for this is that (c 2 ' 2 /c 2 2 - 1)1 kT shall be less than ir. Similarly 
we see that there will be two possible values of c that satisfy (12) if 
(c 2 '2/c 2 2 - 1)1 kT lies between n and 2 it, three if this quantity lies between 
2 -tt and 3 tt, and so on. Again, we see readily that increasing k while keeping 
T, [a and f the same makes all the roots approach c 2 . Thus the shorter 
the wave length, the more closely will the velocity approach that of dis- 
tortional waves in the upper layer; and when it becomes indefinitely short 
these velocities tend to equality. Again, if k is indefinitely small, we see 
that the equation (12) can be satisfied only when c approximates to c 2 ' ; 
thus waves of great length will travel with velocities approximating to 
that of distortional waves in the lower layer. 

When more than one value of c corresponds to the same value of k, 
sz changes by more than tt as z changes from 0 to — T\ hence V, being 
expressed as a harmonic function of sz with real coefficients, must vanish 
for some intermediate value of z. Thus there will be no, one, two, or more 
nodal surfaces within the upper layer according as the root considered is 
the lowest, second, third or higher value of c corresponding to the actual 
wave length. 

We have seen that A., 15, and C are all real; it follows that the motion 
is in the same phase at all depths. 

12 - 53 . The type of waves just discussed will be referred to as Love 
waves. It has been seen that the displacement in them is wholly horizontal 
and at right angles to the direction of propagation, they should not affect 
the vertical component. This is in agreement with the appearance of the 
records. A seismogram of the vertical movement shows a smooth oscilla- 
tion, which is readily attributable to a single type of wave, namely the 
Rayleigh waves; but the two horizontal components show violent irregu- 
larities, indicating the passage of two sets of waves of widely different 
periods. It seems probable that the slower of the oscillations shown by 
the horizontal components are due to Rayleigh waves and to those Love 
waves that have no nodal plane, while the rapid ones are due to the Love 
waves with nodal planes. Since ah the waves passing one place at one 
instant must have started from the origin at the same instant, their 
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velocities must all be equal. Thus in equation (12) all the quantities except 
k must be the same for all, and all the values of k must differ by multiples 
of tt/vT. 

The analysis of the long wave phase from the observational data has 
hitherto received very little attention. The general agreement of its 
character with that inferred from Love’s and Rayleigh’s analyses is enough 
to indicate that the theory is substantially correct, but the observational 
results could certainly be made to yield much more information about the 
nature of the upper regions of the earth’s crust than they have yet pro- 
vided. For instance, the analysis of the periods of the waves arriving at 
a given time should, by the rule given in the last paragraph, lead to an 
estimate of the thickness of the superficial layer. 

12-54. The foregoing account of the theory of the propagation of 
earthquake waves has been developed directly from the theory of elastic 
waves in a solid, the observational data having been used only for purposes 
of qualitative comparison with the results of the theory. The main inferences 
that have so far been found necessary to harmonize theory and observation 
are that there must be a level at a moderate depth in the earth’s crust 
where the velocity of propagation of distortional waves undergoes a con- 
siderable increase, and that there must be enough heterogeneity within 
the earth to produce a considerable amount of internal reflexion. The 
former result harmonizes well with the result of the theory of the cooling 
of the earth, which suggested that the granitic layer of the continents was' 
probably underlaid by basic rocks of much greater rigidity at a depth of 
the order of 10 to 20 km. 

12-6. Determination of the Velocities of Propagation of the P and S Waves. 
We now come to consider the additional information supplied by a more 
detailed study of the data that have hitherto chiefly engaged the attention 
of seismologists, namely, the times of arrival of the P and S waves. Since 
the time of transit of a wave depends only on its path and on its velocity 
in the matter at each point of its path, it is clear that a knowledge of the 
times of transit of waves between many known points of the earth would 
furnish valuable information about the velocities of these waves along 
the paths they traverse. The actual solution of the problem is, however, 
one of considerable difficulty. The actual earthquake does not take place 
at a known place; it happens at an uncertain depth below the surface, and 
the time of the rupture is never directly observed, but has to be inferred 
from the times of the P and 8 shocks at the observing stations themselves. 
Thus the observations of every earthquake involve two unknowns in 
addition to the velocities of the waves within the earth, and these two 
unknowns are different for every earthquake. Accordingly the reduction 
of the observations for analysis is bound to be a matter of great difficulty. 
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12*61, There are two instances where the situation and depth of the 
origin are accurately known, though neither shock is an earthquake in 
the narrowest sense of the term. These are the Oppau explosion of 1921 
Sept. 21, and the Pamir landslip of 1911 Feb. 18. The former was 
recorded on seismographs at distances up to 365 km. from the origin; the 
latter at distances from 400 km. up to 11,000 km. Together they therefore 
give data for the times of propagation of earthquakes over all distances 
up to over a quadrant, while the depth of the origin in each case is known 
to be accurately zero. Thus the chief source of uncertainty is absent from 
these two shocks. 


The Oppau explosion* took place at the works of the Badische Amlin 
und Sodafabrik at Oppau, in the Bavarian Palatinate, on 1921 Sept. 21. 
Oppau is about 5 km. north-west of Mannheim, and stands on the alluvium 
of the Rhine valley. The shock was recorded at several seismographic 


stations, the results being as follows : 


Distance from P 

Station Oppau (km.) h. m. s. 

Strasbourg 110 6 32 33 

Nordlmgen 175 32 44 

Zurich 240 32 58 

Munchen 282 33 6-12 

De Bilt 365 33 19 


S 

h. m. s. 
6 32 50 
33 5 
33 28 
33 42 


The times are all Greenwich mean time. In all cases except Nordlingen 
they refer to the mean of the components available. The Nordlingen 
observation refers only to the E.W. component. This is a smoked-paper 
record, but is of remarkable clearness ; the motion is very small in extent, 
indeed almost invisible to the unaided eye, but under a magnifying glass 
all the phases are astonishingly distinct. Strasbourg obtained good records 
of all three components. The records at the more distant stations are 
naturally less in amplitude, but the times are fairly clear. The reason for 
the uncertainty in the time of P at Munchen is that it came during the 
gap on the record that records the end of the minute, the time correction 
being + 6 seconds. Be Bilt failed to record S . 

The chord from Oppau to De Bilt would penetrate only about 3 km. 
below the surface of the earth, and the influence of the curvature of the 
earth on the results will therefore be unimportant. The time of the explosion 
is not accurately known; let us suppose it to be 6h. 32m. Ps., where T 
is to be found. Let the times taken by P and 8 waves to travel 100 km. 
be f and 8 respectively. Then the times of the observed shocks give the 
conditions y + = 33j y + l- 10s = 50, 

T + l-75p = 44, T + 1-75 a = 65, 

T + 2-40p = 58, T + 2-40s = 88, 

T + 2* 82s = 102, 

T + 3-65y =79. 

* Dorothy Wrinch and Harold Jeffreys, M.N.B.A.S. Oeophys . Suppt. 1, 1923, 15-22. 
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The solution of these equations by the method of least squares gives 
T = 13 secs.; p — 18*5 secs./100 km.; s = 31*7 secs. /100 km. 

The residuals (observed time — calculated time) are as follows, in seconds : 

Strasbourg Nordlingen JZurich Munchen Do Bilt 

P 0 - 1 1 1-7 - 1 

S 2 - 3 - 1 0 — 

The agreement of all the observations with the theory within a few seconds 
must be regarded as extremely satisfactory. Our hypothesis that they 
all refer to two waves spreading out with uniform velocities in a homo- 
geneous medium is therefore in close accordance with the facts. The 
velocities indicated are 5-4 km./sec. for P and 3- 1 km./sec. for $. 

12 - 62 . On 1911 Feb. 18 a huge mass of rock fell from a mountain in 
the Pamir region and transformed a river valley into a lake. A subsequent 
survey by Lieut. Spilko, of the Russian Army, formed the basis of a de- 
termination by M. Weber, of the Russian Geological Survey, of the size 
of the mass and the height it fell through. The fallen mass weighed 
7 x 10 15 to 10 16 grams, indicating a volume of 2 or 3 cubic kilometres, 
and fell 300 to 600 metres. The coordinates of the spot where the catastrophe 
took place were 38° 16' 1ST., 72° 34' E. 

A large earthquake took place on this day, and was recorded at seismo- 
logies! stations all over the earth. Galitzin* found that the times of arrival 
of the P and S waves at Pulkovo were consistent with the origin having 
coincided with the landslip, and with a time of the earthquake within 
three minutes of that of the landslip, the time of the landslip being itself 
uncertain by quite this amount. Subsequent examination of the Ottawa 
records by 0. Klotzf, and of the Eskdalemuir records by myself, showed 
that these also were consistent with these coincidences, so that there seems 
no room for doubt that the earthquake recorded by the seismographs 
agreed so closely in Situation and time with the landslip that a dynamical 
connection was highly probable. It was possible, on the one hand, that 
the blow to the ground caused by the fall might have been the cause of 
the seismic disturbance that travelled out from the place, part of the 
kinetic energy acquired by the mass during its fall being converted into 
energy of internal vibration in the earth. On the other hand, it was 
possible that the earthquake originated at some depth, and that the rock 
mass was only loosened by the shock; if this were so, the blow to the 
ground would be only an incidental effect of a much larger disturbance. 
In the former case, the energy communicated to the earth by the impact 
should have been equal to that which spread out in the wave; while in 
the latter case the energy of the wave should much exceed that produced 
by the fall. Hence the evaluation of these two energies should enable us 

* Prince B. G-alitzm, Comptes Pendus, 160, 1915, 810-13. 
t O. Klotz, Journal of the RA.S. of Canada , 9, 1915, 428-37. 
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to decide between these two theories of the landslip. Galitzin, in the paper 
just quoted, attempted to determine these two energies, and obtained 
concordant results; he inferred that the wave was caused by the landslip, 
and not vice versa . Unfortunately he used incorrect theories in making 
both his estimates, but the evaluation has been revised by the present 
writer*. 

Only a small fraction of the energy of the falling body would go into 
the wave; the greater part would be used in fracturing the body itself. 
The fraction available for the earthquake has been evaluated, and found to 
be of the order of 0*8 x 10 21 to 2*4 x 10 21 ergs. The energy actually in 
the earthquake appears to have been about 2 x 10 21 ergs; Galitzin over- 
estimated it through assuming that the long waves were equally intense 
throughout the interior, an assumption for which there is no theoretical 
justification. The agreement between the two estimates is as close as could 
be expected. It may be pointed out that this fact is sufficient to show 
that the energy of the wave was derived from the landslip ; exact agreement 
is not necessary to the establishment of this point. For the argument is 
enough to show that the landslip must have produced a wave of magnitude 
comparable with the observed wave. If the landslip was only a consequence 
of a previous wave from a deep focus, the wave would also be recorded 
on the records at an earlier time. Hence the P and 8 shocks would be 
duplicated at intervals corresponding to the depth of the origin. This is 
not the case. Thus the hypothesis of a deep-seated focus becomes untenable 
when it is realized that the wave caused by the landslip must in any case 
have been large enough to be recorded separately. 

Accor din gly we have in the Pamir landslip an earthquake of the first 
magnitude whose origin was in the surface. Unfortunately, however, we 
have not the other datum that would be necessary to enable us to make 
the fullest use of the records, namely, the time of the shock. In the case 
of the Oppau explosion we could fix this with an error probably not 
exceeding a second, since the observing stations were all so near the origin 
that the waves in transit had been confined to a single layer of the crust. 
The nearest station that recorded the Pamir landslip was Tashkent, 
440 km. away. This is indeed not much greater than the distance of De 
Bilt from Oppau, so that the results of the Oppau explosion, applied to 
the Tashkent observations, should enable us to fix the time of the fall, 
assuming that the crust in the Pamir region is made of similar materials 
to that in the Rheinland, and that the times observed at Tashkent are 
reliable within a few seconds. Both hypotheses are open to criticism, the 
latter especially, since the international wireless time service had not in 
1911 begun to supply correct time with the accuracy it had reached in 
1921. Accordingly, it would be unsafe to adopt an estimate of the time 
of the fall based on the Oppau velocities and the times of P and S observed 
* M.N.RA.S. Geophys . SuppL 1 , 1923 , 22 - 31 . 
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at Tashkent, and to infer from this and the observed times at other stations 
the times it takes the waves from a surface shock to travel distances up 
to 11,000 km. The Pamir times can be used only as a check on, and 
su PP^ emen ^ other data, and are not in thenqLselves sufficient to serve 
as the basis of quantitative seismology. 

12-63. The other, and more usual, method of attack on the problem 
of the times of transmission of the P and S waves is by statistical treatment 
of the records of earthquakes. This method is open to the objection of 
12*6 that every earthquake involves two unknowns, special to itself and 
shared by no other earthquake, which are very difficult to eliminate from 
the results. It might be thought, however, that if a sufficiently large 
number of observations were used the variations from one earthquake to 
another would be eliminated in the process of averaging, and the average 
would at all events yield accurate results for ah ideal average earthquake, 
which would be a possible earthquake. The difficulty in the method, as 
in many other statistical investigations, arises from the fact that the 
observations do not constitute a fair sample. 

It has been seen that the strength of the earth’s crust is finite at the 
surface, increases to a maximum at a depth probably of the order of 
100 km., and then gradually decreases with depth, probably becoming 
insignificant at a depth of about 400 km. Accordingly, whatever may be 
the cause of crustal deformation within the earth, yield will occur in the 
asthenosphere for much smaller stresses than are necessary to produce it 
in the upper parts of the crust. It has also been seen to be probable that 
in most crustal movements deformation in the asthenosphere probably 
precedes that in the upper layers. The greatest earthquakes should take 
place where the greatest stress is relieved by fracture, in other words at 
the level of greatest strength, some 100 km. below the surface. Earth- 
quakes below that level should increase in frequency and decrease in 
violence with depth, while other earthquakes of moderate intensity should 
originate at depths between zero and 100 km. 

We should expect, therefore, that the foci* of the greatest earthquakes 
would be at depths of the order of 100 km., though they would have a 
considerable range about this depth. These are the earthquakes that are 
recorded over the whole surface of the earth. It seldom happens, however, 
that a great earthquake is satisfactorily recorded at many places in its 
immediate vicinity, perhaps partly because it unships sensitive instru- 
ments, and partly because less sensitive instruments are often associated 
with bad time-keeping. The earthquakes recorded at many places near their 
epicentres appear to be mostly small ones, probably of small depth of 
focus. Thus observations of the times of earthquake waves over short 

The origin of an earthquake is often called the 1 focus ’ : the point of the surface vertically 
above it, the ‘epicentre.’ 
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distances refer, on the whole, to earthquakes with smaller depths of 
focus than those used to find the times over long distances. This 
systematic diff erence in the mean depth of focus of earthquakes, according 
to the distance of the observing station from the epicentre, will correspond 
to a systematic variation in the times of arrival of the P and S waves, 
which variation we have no means of eliminating. 

The standard table of the times of transit of earthquake waves to 
various distances is that of Turner*, based on that of Zoppritz'k This 
gives the time-intervals between the arrivals of the P and S waves at the 
epicentre and at stations at distances up to 150° from the epicentre. This 
table is reproduced on p. 174. It must be remarked, however, that 
the table is so constructed as to suggest that it gives the times taken by 
two waves originating at one place on the earth’s surface to reach other 
places on the surface. This suggestion, for the reason just given, is incorrect, 
as, of course, Prof. Turner fully recognizes. The fact that the great earth- 
quakes most probably originate at depths of the order of 100 km. shows that 
the times of transit to great distances of waves originating in the surface 
must exceed the tabular times by quantities of the order of the times 
taken by a wave to travel 100 km., namely about 15 secs, for P and 25 secs, 
for S. Errors of a few per cent., but not more, are therefore to be expected 
in the times and in all inferences from them. 

The following table, from the paper on the Pamir landslip already 
quoted, summarizes the discrepancies between the times of transit of the 
Pamir waves and the time-intervals over the same distances given in 
Turner’s table. They have been grouped for ranges of 20° in epicentral 
distance. The time adopted for the landslip is that derived from the 
Tashkent observations. 


Distance 

No. of 

Mean residual 

Mean residual 

(degrees) 

observations 

of P 

of S 

10- 30 

7 

2-3 

12*2 

30- 50 

7 

41 

6*5 

50- 70 

8 

36*0 

12*7 

70- 90 

1 

— 

72-0 

90-110 

5 

— 

- 27*0 


If the single observation between 70° and 90° is combined with the next 
group, we find that the mean residual of S for distances between 70° and 
110° was — 10-5 secs. Thus such systematic variation with distance as 
exists in the residuals takes the form of an increase for P and a decrease 
for S. The standard deviation of the residuals for P is 25 secs., and that 
for S is 51 secs. Hence for means of six observations the residuals for P 
should be 11 secs., and for S 23 secs. The decrease for S is therefore well 
within the range of accidental variation, but part of the increase for P 
may be genuine, arising from the finite depth of focus of the earthquakes 
used in the tables. The absence of systematic variation for S, however, 

* Brit. Ass. Seism. Ctee. Bulletin, May 1917. f Otitt. Nach. 1907, 545. 
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shows that the mean depth of focus of these earthquakes cannot exceed 
about 120 km. 


Be- 

grees 

P 

sec. 

S 

sec. 

S-P 

sec. 

De- 

grees 

P 

sec. 

8 

sec. 

S-P 

sec. 

De- 

grees 

P 

sec. 

8 

sec. 

S-P 

sec. 

1 

15 

28 

13 

51 

553 

991 

438 

101 

855 

1565 

710 

2 

31 

55 

24 

52 

560 

1004 

444 

102 

860 

1575 

715 

3 

47 

83 

36 

53 

566 

1016 

450 

103 

865 

1584 

719 

4 

62 

110 

48 

54 

573 

1029 

456 

104 

870 

1593 

723 

5 

77 

137 

60 

55 

579 

1041 

462 

105 

874 

1602 

728 

6 

92 

164 

72 

56 

586 

1054 

468 

106 

879 

1612 

733 

7 

106 

190 

84 

57 

592 

1066 

474 

107 

884 

1621 

737 

8 

121 

217 

96 

58 

599 

1079 

480 

108 

888 

1630 

742 

9 

136 

243 

107 

59 

605 

1091 

486 

109 

893 

1639 

746 

10 

150 

269 

119 

60 

612 

1103 

491 

no 

897 

1648 

751 

11 

164 

294 

130 

61 

619 

1116 

497 

111 

902 

1657 

755 

12 

179 

319 

140 

62 

625 

1128 

503 

112 

907 

1666 

759 

13 

193 

344 

151 

63 

632 

1141 

509 

113 

911 

1674 

763 

14 

206 

368 

162 

64 

638 

1153 

515 

114 

916 

1682 

766 

15 

219 

392 

173 

65 

845 

1165 

520 

115 

920 

1690 

770 

16 

232 

415 

183 

66 

651 

1177 

526 

116 

925 

1698 

773 

17 

245 

438 

193 

67 

658 

1190 

532 

117 

929 

1706 

777 

18 

257 

460 

203 

68 

664 

1202 

538 

118 

934* 

1714 

780 

19 

269 

482 

213 

69 

671 

1214 

543 

119 

938 

1722 

784 

20 

281 

503 

222 

70 

677 

1226 

549 

120 

942 

1729 

787 

21 

293 

524 

231 

71 

683 

1238 

555 

121 

947 

1737 

790 

22 

305 

545 

240 

72 

690 

1250 

560 

122 

952 

1744 

792 

23 

317 

565 

248 

73 

696 

1262 

566 

123 

957 

1752 

705 

24 

328 

584 

256 

74 

702 

1274 

572 

124 

961 

1759 

798 

25 

338 

603 

265 

75 

709 

1286 

577 

125 

966 

1766 

800 

26 

348 

622 

274 

76 

715 

1297 

582 

126 

970 

1773 

803 

27 

358 

641 

283 

77 

721 

1309 

588 

127 

974 

1780 

806 

28 

368 

659 

291 

78 

727 

1320 

593 

128 

978 

1787 

809 

29 

378 

677 

299 

79 

733 

1332 

599 

129 

983 

1794 

811 

30 

388 

694 

306 

80 

739 

1343 

604 

130 

988 

1801 

813 

31 

398 

711 

313 

81 

745 

1355 

610 

131 

992 

.1807 

815 

32 

407 

728 

321 

82 

750 

1366 

616 

132 

996 

1814 

818 

33 

416 

744 

328 

83 

756 

1377 

621 

133 

1001 

1821 

820 

34 

425 

760 

335 

84 

762 

1388 

626 

134 

1005 

1827 

822 

35 

433 

775 

342 

85 

768 

1399 

631 

135 

1009 

1833 

824 

36 

442 

790 

348 

86 

773 

1410 

637 

136 

1014 

1840 

826 

37 

450 

804 

354 

87 

779 

1421 

642 

137 

1018 

1846 

828 

38 

458 

818 

360 

88 

785 

1432 

647 

138 

1023 

1852 

829 

39 

466 

832 

366 

89 

790 

1443 

653 

139 

1027 

1858 

831 

40 

475 

847 

372 

90 

796 

1454 

658 

140 

1031 

1864 

833 

41 

483 

861 

378 

91 

801 

1464 

663 

141 

1035 

1809 

834 

42 

491 

875 

384 

92 

807 

1475 

668 

142 

1039 

1875 

836 

43 

498 

888 

390 

93 

812 

1485 

673 

143 

1043 

1881 

838 

44 

506 

902 

396 

94 

818 

1496 

678 

144 

1047 

1886 

839 

45 

513 

915 

402 

95 

823 

1506 

683 

145 

1051 

1892 

841 

46 

520 

928 

408 

96 

829 

1516 

687 

146 

1055 

1897 

842 

47 

527 

941 

414 

97 

834 

1526 

692 

147 

1059 

1902 

843 

48 

534 

954 

420 

98 

840 

1536 

696 

148 

1063 

1907 

844 

49 

540 

966 

426 

99 

845 

1546 

701 

149 

1067 

1912 

845 

50 

547 

979 

432 

100 

851 

1556 

705 

150 

1071 

1917 

846 


12*7. Velocities in the Interior of the Earth, The times of transmission 
of seismic waves to various distances, given in this table, can be utilized 
to provide information about the velocities of earthquake waves over a 
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wide range of depth within the earth. We consider a wave spreading out 
from a point on the surface of the earth, and suppose its velocity in the 
neighbourhood of any internal point to be c , and the time taken to reach 
that point to be T. T will evidently be a function of the position of the 
point. Then the surfaces over which T is constant will mark the con- 
secutive positions of the wave front. We shall treat the earth as spherically 
symmetrical, so that c is a function of the distance from the centre alone. 
Let r denote the distance of a point from the centre, and 6 the angle between 
the lines joining the point and the focus to the centre. Thus r and 6 are 
spherical polar coordinates. The wave front will at all instants be sym- 
metrical about the line joining the centre of the earth to the focus of the 
earthquake. The time taken by the wave to reach a given point is 

*-/* 



(i). 


where ds is an element of length along the path actually taken by the 
wave in passing from the focus to the point. The actual path is the one 
that makes this time the shortest possible, since the records of earthquakes 
give the time of the commencement of each phase. Thus the actual path 
has to be such as to make the integral (1) a minimum. Putting for a 
moment V for the integrand in (1) and p for dr/dd, we know from the 
calculus of variations that the integral is stationary if r satisfies the 
differential equation 


dV__d SV 
dr dd dp 


( 2 ), 


a first integral of which is known* to be 

dV 

< 3 >’ 

where p is a constant. On substituting for V and simplifying we find 



wheace 

<•>. 


The disturbance commences by moving inwards, so that dr/dd is negative; 
thus the negative sign must be taken for the root. Again, dr/dd vanishes 
when the ray reaches its nearest point to the centre. We see by (5) that 

* Todhunter, Integral Calculus, 1883, p. 346. 
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the value of r at this 
we have 


point is pc. If x is file corresponding value of 6 , 



pdr 



(T>, 


where E is the radius of the earth. After passing this point the ray bends 
upwards, remaining symmetrical about the line joining the centre to the 
point nearest to the centre, and reaches the surface again at the point 
(E, 2y). Evidently 2^ is the angular distance between the focus and the 
point of emergence of the ray, and may be denoted by A. The tables give 
the time taken by the ray in reaching this point as a function of A. 

Now let P be the point (E, A), and T the time taken in reaching it. 
Let P' be a neighbouring point (E, A ■+- dA), and T + dT the time taken 
in reac hing it. Draw PQ perpendicular to the ray that reaches P', and 
let c 0 be the velocity of the wave near the surface. Then 

P'Q — c 0 dT; PP’^EdA ' (8), 


and therefore 


PV^CjdT 

PP' E dA 


(9). 


This ratio, however, is the cosine of the angle made with the surface by 
the emergent ray, and therefore, on account of the symmetrical form of 
the ray, is equal to the cosine of the angle made with the surface by the 
ray when it enters at the focus. The latter is equal to the value of EdO/ds 
when r is equal to E. But by (4) 


dO _ pc 
ds ~ r 2 


( 10 ). 


Hence we must have 

or 


c 0 dT _ peg 
E dA~ E’ 

dT 

V^d A 


( 11 ). 


Thus p is a calculable function of A, and therefore of Therefore % ma y 
be expressed as a function of p, f (p) say. Equation (7) therefore contains 
only one unknown, namely c. Our problem is therefore to determine c 
as a function of r from this integral equation. If we put 


r 

c 


V 


( 12 ), 


d 


rRIco ^ ( Io g y )^ 

p (rf — p 2 )^ 

which has been solved by Bateman and Herglotz*. The solution is 

2 rn/co f(p)dp 


rz 

equation (7) becomes / (p) = f\ 

j p 

>y Bateman 

log r = C - - f Mj — , 

77 ^ (p*^r)*y 


(13), 


(14), 


* H. Bateman, Phil Mag. Ser. 6, 1910, 576-87; G. Herglotz, Phys. Zs. 8, 1907, 145-47. 
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where 0 is a constant, 
therefore 


When 7] approaches R/c 0 , r approaches R, 
C = log R. 


and 


Hence finally log— = - f — {&} ^ ng\ 

r 77 J T) (p 2 — 

This equation gives r as a function of ij, and on eliminating ij between this 
and (12) we obtain c as a function of r. The calculation, which is extremely 
laborious, has been carried out by Prof. C. G. Knott*. His results are as 
follows : 


Primary 

wave 

Secondary wave 

r (km.) ( 

Cj (km./sec.) 

r (km.) 

c 2 (km./sec.) 

6378 

7*18 

6378 

3*98 

6349 

7*38 

6348 

4*10 

6307 

7*59 

6298 

4*22 

6252 

7*80 

6251 

4 37 

6194 

8*00 

6183 

4*50 

6142 

8*24 

6122 

4*65 

6075 

8*48 

6045 

4*79 

6010 

8*74 

5970 

4*97 

5940 

9*01 

5887 

5*14 

5867 

9*31 

5801f 

5*32 

5783 

9*61 

5705 

5*53 

5705 

9*96 

5618f 

5*77 

5612 

10*32 

5488 

5*98 

5501 

10*66 

5361 

6*24 

5389 

11*07 

5216 

6*50 

5263 

11*49 

5042 

6 77 

5115 

11*90 

4929 

6*88 

4968 

12*39 

4716 

6*85 

4794 

12*89 

4306 

6*84 

4724 

12*87 

3920 

6*84 

4534 

12*77 

3536 

6*85 

4405 

12*85 

3139 

6*85 

4044 

12*84 

2703 

6*74 

3676 

12*81 

2352 

6*84 

3268 

12*67 

1929 

6*72 

2888 

12*73 




These values are shown graphically in Fig. 6. It is seen that both 
velocities increase almost as linear functions of the depth, down to a depth 
of about 1600 km., and below that are practically constant. To assume 
that these two relations hold exactly would only introduce errors of a 
few per cent., comparable with those already introduced by the assumption 
that the foci of the earthquakes are in the surface. The ratio of two 
velocities, again, hardly varies from 1-8. As is well known, Poisson’s 
theory of the solid state implies that the two properties of a solid denoted 
by A and p. are equal, and therefore, since the velocities of the two waves 
are {(A + 2p)/p}l and {/x/p}i, their ratio should be 3i, or 1-73. 

Earthquake waves are not often recorded at distances greater than 
140°, and it is for this reason that Knott has been unable to extend his 
calculations to greater depths than those given in the above table. It 
* Proc. Boy. Soc. Edm. 39, 1919, 158-208. 

f Corrections to Knott’s values found by Mr R. Stoneley and acknowledged by Knott. 
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appears probable that the material of the earth at still greater depths is 
imperfectly elastic in such a way as to prevent the passage of seismic 
waves. The alternative possibility, however, that some increase in tlie 
velocity of propagation at these depths causes seismic waves to be totally 
reflected instead of penetrating them, appears to merit some consideration. 



12 - 8 . Variations of Composition of Rocks near the Surface. It will be 
noticed that the velocities of propagation of earthquake waves near the 
surface, as found by Knott, differ considerably from those found by 
Dr Wrinch and myself for the waves from the Oppau explosion. The 
discrepancy may be attributed in part to the depths of the foci of the 
earthquakes used in the tables. However, the velocity of the primary 
wave has increased only to 7-8 km. /sec., according to Knott’s results, at 
a depth of 126 km., and a wave penetrating to that depth, according to 
Table .IV of Knott’s paper, emerges at a distance of 1200 km. from the 
epicentre; but the time of transit to this distance is 164 secs., while the 
error due to depth of focus can be only a few seconds. Hence we may suppose 
that Knott’s result for this depth is unlikely to be in error by more than 
a few per cent. Thus there must be a considerable change in the velocity 
of propagation of earthquake waves within the first 126 km. from the 
surface. Such a change has already been inferred from the apparent 
existence of Love waves; and now that we have approximate estimates 
of the velocities in the respective layers, we can use the long wave phase to 
give some idea of the depth of the layer where the waves travel with the 
velocities inferred from the Oppau explosion. The velocity of the long 
waves was found by 0. Klotz*, from the mean of a large number of 
* Bull . Seis. Soc . Amer. 7 , 1907 , 67 - 71 . 
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observations, to be about 3*8 km./sec. The reliability of this estimate must 
not be over-emphasized, in view of the great range of real variation in 
the velocity of propagation of the long waves. In the absence of the 
elaborate analysis of the long wave phase that would be necessary for a 
completely satisfactory discussion, we may adopt this estimate. The 
velocity of distortional waves found from the Oppau explosion was 
3- 1 km./sec., decidedly less than the velocity of typical long waves. Neither 
Rayleigh nor Love waves of wave length short compared to the depth 
of the surface layer could have a velocity greater than that of distortional 
waves in the surface layer, and therefore the long waves must extend well 
into the layer of greater velocity. The velocity of long Rayleigh waves, 
being about 0*92 of that of distortional waves in the under layer, namely 
3-98 km./sec., and that of Love waves, being equal to that of these latter 
waves, agree well with the observed velocity of 3*8 km./sec. for the long 
waves. Now the prevailing period of the long waves is about 15 secs. This, 
combined with their velocity, implies a wave length of 57 km. Inconsequence 
of the relation s = 0*39*, given on p. 159, this shows that the amplitude of 
these waves must be inappreciable at a depth of 150 km. ; and in order 
that the velocity may be determined mainly by the lower layer, it is 
therefore necessary that the depth of the upper layer should be a small 
fraction of this, probably not exceeding 30 km. 

The Nordlingen record of the Oppau explosion affords a further datum. 
It showed a well marked long wave phase, commencing just after 8. The 
velocity of these long waves was therefore almost equal to that of dis- 
tortional waves in the upper layer, and they may be supposed to have 
been almost confined to this layer. Their period was 2 to 3 secs., implying 
a wave length of 6 to 9 km. Hence the vertical extent of the layer to 
which they were practically confined must have been at least of the order 
of 10 km. Combining this result with that of the last paragraph, we see 
that the thickness of the layer that carried the Oppau waves was probably 
more than 10 km., and probably less than 30 km. This corresponds well 
with the inference of 6*51 that the thickness of the granitic layer of 
the continents is of the order of 15 km., and suggests that the Oppau 
waves have afforded us an estimate of the velocities of earthquake waves 
in the granitic layer. If so, the estimates obtained by Knott for surface 
rocks must correspond to the basic rocks below the granitic layer. 

The long waves continued at Nordlingen until their period had fallen 
to 1-7 secs. The velocity corresponding to the time of arrival of these 
waves was only 0*76 km./sec., so that a medium only 3 km. thick, and 
with a distortional wave velocity of 0*8 km./sec., would have sufficed to 
carry them. Similar waves were recorded at Strasbourg. It is natural to 
suppose that these waves travelled in the sedimentary rocks that overlie 
the granite. 


12-2 
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12-81. The elastic constants of a number of rocks have been deter- 
mined by Adams and Coker*, and it is desirable to compare them with 
those just obtained, in order to check the suggestions made regarding the 
nature of the various layers. The following velocities are obtained from 
their work, the elastic constants having been translated into the notation 
used in this book, and from data kindly provided by Mr A. Harker 
concerning the densities of the rocks. C.G.S. units are used. 


Rock 

Baveno granite 
Peterhead granite 
Westerly granite 
Quincey granite (1) 
Quinoey granite (2) 
Stanstead granite 
New Glasgow anorthosite 
New Glasgow gabbro 
Sudbury diabase 
Ohio sandstone 


X + 2 m 

/* 


P 

Cl 

c t 

5-678 x 10 11 

1*875 x 

10 11 

2*72 

4-67 x 10 s 

2-62 x 10* 

6-420 x 10 u 

2*340 x 

10 11 

2*69 

4-88 x 10* 

2 95 x 10* 

5-792 x 10 u 

2*080 x 

10 11 

2*64 

4-68 x 10* 

2-81 x 10* 

5-305 x 10 u 

1*916 x 

10 n 

2*66 

4-46 x 10* 

2-69 x 10 s 

6-304 x 10 u 

2*373 x 

10 11 

2*66 

4-87 x 10* 

2-99 x 10 6 

4-793 x 10 11 

1*556 x 

10 11 

2 66 

4-25 x 10* 

2-42 x 10* 

10-127 x 10 11 

3*275 x 

10 11 

2*65-2*67 

6-18 x 10 s 

3-51 x 10* 

12-429 x 10 u 

4*380 x 

10 11 

— 

— 

— 

12-262 x 10 u 

3*700 x 

10 11 

3*07 

6-39 x 10* 

3-51 x 10* 

2-066 x 10 11 

0*612 x 

10 11 

2-2*2 

3 x 10 s 

1-7 x 10* 


The OppRu velocities are seen to be slightly greater than those for 
the granites, the excess being attributable to the influence of pressure in in- 
creasing the elastic constants of materials, but they are much less than those 
for the basic rocks. Similarly Knott’s surface velocities somewhat exceed 
those for the basic rocks, the difference being similarly explicable. Accord- 
ingly the identification of the layer transmitting the Oppau waves with 
the gr ani tic layer, and of the uppermost layer considered by Knott with 
the basic layer immediately below, are consistent with laboratory measure- 
ments. The velocity attributed to distortional waves in the sedimentary 
layer is less than that in Ohio sandstone, but may correspond to some 
sedimentary rock that has been less firmly consolidated. 


12-82. The transition from the basic to the granitic layer must have 
an important influence on the angles of emergence of earthquake waves. 
A wave from the interior at grazing incidence would be refracted on 
entering the granitic layer, and would emerge at an angle of about 40 
to the horizon. Thus there is a definite minimum possible angle of emer- 
gence at the surface if the base of the granitic layer is horizontal. 

In the case of a superficial shock, the P and S waves through the 
se dim entary layer would arrive after the onset of the long waves through 
the granitic layer, and would therefore be swamped by them. The S wave 
through the granitic layer, again, travels more slowly than Rayleigh waves 
of period 10—20 secs., and could be detected in the Oppau waves only 
because the superficial character of the shock and the comparative nearness 
of the observing stations prevented these long Rayleigh waves from being 
developed before arrival. In addition to the direct P and S waves through 
the sedimentary layer, and to those refracted into the granitic layer and 
spreading out in this, it is possible for these waves to penetrate into the 
* Amer . Journ . of Science , Ser. 4, 22, 1906, 95-123. 
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basic layer, spread out in it, and be refracted up again to the observing 
station, and it is possible that the greater speed of the waves in the basic 
layer may be enough to make them travel this path in a shorter time 
than the corresponding path through the granitic layer. Yet the records 
of the Oppau explosion showed no trace of these waves. The reason appears 
to be that in refraction the wave that reaches the basic layer is so much 
spread out that its amplitude becomes inappreciable. In a rough estimate 
made in the paper on the Oppau explosion already mentioned, we inferred 
that the amplitude of the wave through the basic layer, as recorded at 
Miinchen, could theoretically not have exceeded a tenth of that of the 
direct wave, and the latter was itself only just observable. 

The wave reflected at the interface would be insignificant for the same 
reason. 

It may be asked whether the spreading out of the energy would not 
equally affect the passage of the wave from the sedimentary layer to the 
granitic one, in which case the wave in the latter might be as much 
affected as that in the basic layer. But the truth of the laws of refraction 
depends on the condition that each vibrating layer shall be several wave 
lengths in thickness. The sedimentary layer does not satisfy this condition. 
Hence an impulse applied to it will produce almost the same disturbance 
inside as if it was applied directly to the granitic layer. 

12-9. It has been seen that, if the data afforded by earthquakes were 
supplemented by knowledge of the times of the shocks and the depths of 
the foci, a great improvement in our knowledge of seismology would result. 
The needful information appears to be, first, more knowledge of the 
behaviour of waves in the surface layer in other parts of the earth, and 
especially under the ocean, and second, a good means of finding the depth 
of focus. 

12-91. The velocities of waves in the surface layer could be surveyedvery 
fully by means of artificial explosions. At Oppau 4500 tons of explosive 
were destroyed*, but only a small fraction of the energy of the explosion 
can have gone into the earth. The impulses upwards on the air and down- 
wards on the ground must, by Newton’s third law, have been equal. 
Hence the energies imparted to the air and the earth must have been in 
the ratio of the initial vertical velocities, which must have been thousands 
of times greater for the air than for the ground. Thus much less than a 
thousandth of the energy of the explosion can have entered the earth; 
the rest went into the sound wave. Now if an artificial explosion were 
made in an underground chamber, tightly packed with explosive, practically 
the whole of the energy would go into the seismic wave. Records as intense 
as those of Oppau and at similar distances could therefore be obtained by 
the use of a few tons of explosive. 

* Nature, 108 , 1921 , 278 . 
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12*92. Three methods appear likely to be of service in finding the 
depths of foci. In the case of a sudden earthquake, the interval between 
P and 8 gives valuable information about the distance of the shock, and 
if such information for neighbouring stations were available for many 
earthquakes, the uncertainty arising from the possible variation of velocity 
in the upper layers could be eliminated. 

The second method, due to von Seebach*, is as follows. If c be the 
velocity of the wave, d the depth of the focus, supposed small in com- 
parison with the radius of the earth, and x the distance of the station from 
the epicentre, the time T taken in transit is given by 

cT = ( x 2 + d 2 )^ or c 2 T 2 — x 2 = d 2 . 

Thus if the values of x and cT for several observing stations are plotted 
on a graph, the resulting points will lie on a hyperbola, whose major 
semi-axis is the depth of focus. 

Prof. H. H. Turner has introduced a further methodf , which may be 
useful in comparing different earthquakes, but does not give the depth of 
focus of any single earthquake absolutely. His method is based on a 
study of the difference between the times of arrival of the waves at 
stations respectively near the epicentre and near its antipodes. This differ- 
ence should be closely correlated with the depth of focus, and if the depth 
of focus of one earthquake were known so well that it could be used as a 
standard. Turner’s method would determine all others. So far, however, 
it has suggested that the mean depth of the foci of the earthquakes used 
in the tables is about 200 km., greater than the comparison with the Pamir 
landslip would appear to allow; the disagreement remains at present 
unexplained J. 

* 0. Davison, Manual of Seismology , 1921, 127. 

t M.N.R.A.S., Geophys. Suppt. 1, 1922, 1-13; 1923, 50-55. 

X But Mr R. D. Oldham brings further evidence tending to show the Pamir earthquake 
to have been deep-seated! See Q. J . GeoL Soc., 79, 1923, 231-45. 
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The Figures of the Earth and Moon 

“There’s mair ways o’ killin’ a pig than by greasin’ 
him wi’ het butter.” Northumbrian proverb. 


13*1. W e have so far considered the earth as a stationary body under 
no external forces, evolving under the influence of the changes in its 
internal temperature, controlled by the mutual gravitation of its parts. 
Tn this chapter inequalities produced by slow rotation and small, slowly 
varying tidal disturbances will be considered. Since the departures of the 
earth and the moon from spherical symmetry are small, it is legitimate 
to discuss the two types of disturbance separately, and to regard the 
effect of the two together as the sum of the effects of the two separately; 
thus the effects of rotation and tides are simply superposed on the moun- 
tains, continents, and other inequalities already discussed. 


13*11. The Gravitational Potential of a nearly Spherical Body. We shall 
evidently need to know the gravitational forces due to the disturbed body 
itself. Let us consider first the potential due to a homogeneous mass of 
almost spherical form. Its density is to be p, supposed uniform. Take 
spherical polar coordinates (r, 6, <f>) with regard to a point near the centre. 
The radius vector to any point on the surface can be expressed in the form 

r = a (1 + F x + Y 2 + ... + F„ + •■•) (1)> 

where the F’s are spherical surface harmonic functions of 9 and <j>, the 
angular coordinates of the point on the surface. It will be supposed that 
the mass is so nearly spherical that all the Y s are small enough for their 
squares and products to be neglected. If the gravitational potential outside 
be U 0 , and that inside be TJ X , the conditions for the continuity of the 
potential and its normal derivative are easily seen to be satisfied, subject 
to the above proviso concerning the neglect of squares and products of 
the F’s, if 


IV 


r*fr a3 (; 


1 aYf 3 a*Yf 
r + r 2 + 5 r 3 i ~ 


3 a"Y n ' 


+ 


...) 


U x = ^f P a 3 


„/3 a 2 -r 2 , rY x , 3 r 3 Yf 
+ ~tf~ + 5 a 3 


2n + 1 r n+1 

j_ _|_ 3 VZr. 

v •” + 1 a n+1 


+ 


( 2 ), 

-) *..(3), 


where the Y'’ s are the same functions of 6 r and <f>' that the F’s are of 6 
and <f>, and/ is the constant of gravitation. U 1 and U 0 are therefore the 
appropriate values of the internal and external potentials. 

13*12. Passing now to the case of a heterogeneous body, let the 
equation of the stratum whose density is p be 

r = r x (1 4- Fj + F 2 -f- ...+ F„) 


(1), 
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where the Y * s may evidently be functions of r 1 . Consider the potential 
due to the shell between the layers where the densities are respectively 
p and p' + dp\ To the first degree in dp\ the contribution to U 0 due to 
this shell is the difference between the potentials due to two homogeneous 
bodies, both of density p, one filling the outer of these layers and the other 
the inner. Then the potential due to a homogeneous body filling either 
stratum can be found from 13*11 (2) and (3), and the potential due to 
the layer between the two strata considered is 

3 ^ 0a'|r + r 2 + 5 r 3 + "' + 2n + l r n + 1 + ••• [ da 

where a' is the value of r 1 corresponding to p = p\ and other accented letters 
also refer to this layer. By integrating for all layers we may therefore find 
that the potential at external points due to the whole heterogeneous body is 

TT 4 ft* , d (a' 3 a' 4 7/ , 3 a' 5 Y/ , , 3 a'»+ 3 Y n ' ( ] _ , 

U ° = 3 7rf Jo p w{t + T 2 “ + 5 -T 3 "- + - + W+\ + -\ da 

( 3 ), 

where a is the mean radius of the outer surface of the body. We may find 
the potential at an internal point similarly. If the mean radius of the 
stratum of equal density through the point is r l9 the matter within this 
contributes to the potential an amount 

4 9 ^8 a ' 4 IY , 3 a' 3 F 2 ' , , 3 a ' n+3 y ' f } , , , AX 

3 "4/ »lT + -7^ + 5^ + '-- + KTT-7^" + ---} <i “'--( 4 >' 
while the matter outside of it is found from 13*11 (3) in a similar way to 
give 

K'' ■Ml a '‘ + a ' rr ‘ + l r ‘ T ‘ + - + 5TT^ 7 "'+- 

(5). 

Thus U x is the sum of the two expressions (4) and (5). 

13*13. The mass of the heterogeneous body is evidently given by 

M = in f pa' 2 da' (1). 

We shall frequently have occasion to use the function 

S( ri ) = 3[ ri p'a'*da' (2). 

J o 

Thus S (r x ) is 3/477 times the mass within the stratum of equal density 
whose mean radius is r 1 . In particular, 

( 3 ). 

We shall also need to use the moments of inertia of the body and the 
differences between them. If A, B, G denote the moments of inertia about 
the axes of x , y, and z respectively, we have 

A = JTJ> (y 2 + z 2 ) dr 


( 4 ), 
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with two similar expressions* each triple integral being taken through the 
body By subtraction, 



C - A = flip ( x 2 - z 2 ) dr 

(5), 

with two similar expressions. Now let us put 



x = r sin d cos X 

(6), 


y = r sin 6 sin x 

(V, 


z = r cos 9 

(8). 

Then 

CR frr r 2 tt 

C=\ pr* sin 3 0drd0d x 

Jo Jo J o 

(9), 


where R denotes the distance from the centre to the surface in the direction 
given by ( 9 , x )• Suppose first that the body is homogeneous. We can write 


sin 2 0 = f + (J — cos 2 #) (10), 

and the second part of this is a spherical surface harmonic of order 2. Then 


C = iJ J 2 pR 5 {§ + (J — cos 2 #)} sin Odd dx (11), 

and on substitution for R from 13*11 (1) and neglecting squares of the Y* s, 

C = \ r r p a 5 (1 + 5Y x + 5Y 2 + ... + 5Y n ) {§+(*- cos 2 0)} sin 0d0d X 
Jo J o 

( 12 )- 

Now if S m and S n be any two surface harmonics of different orders we 

know that _ ^ 

I / S m S n sin dddd<f> = 0, 

J oJ o 

and therefore when the integrand in (12) is multiplied out and integrated, 
the only terms that do not vanish are 


C = ^ 7 rpa s + pa 5 [ f Y 2 (J — cos 2 0) sin 9ddd<f> (13). 

JQJO 

The harmonics of orders different from 0 and 2 therefore contribute nothing 
to the moments of inertia. 

Now T 2 must be of the form 

Y 2 — (ax 2 + j8 y 2 + yz 2 + 2fyz + 2 gzx + 2 Tixy)jr 2 ...(14). 

When this is substituted in (13) and integrated, the product terms contain 

factors r 2 ir rQ*- f 27 r 

sin cos <f>d<f), sin <j> cos <f>dcf> y 

Jo Jo Jo 

all of which vanish. The other terms in C therefore become 


C = T 8 g Trpa 5 + -isirpa 5 (a + /? — 2 y) (15). 

If then we retain only the largest terms, we have 

C = t 8 ^t rpa s (16), 

C-A = (« - y) (17), 


with symmetrical expressions for the other moments of inertia and their 
differences. It follows that for a homogeneous ellipsoid, if the axes are the 
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principal axes, the ratio (C - A)/ C is equal to the ellipticity of the section 
by the plane y = 0. 

The two results (16) and (17) can be generalized by the method of 


13*12. We thus get ra 

C = p'da' s (18), 

Jo 

C — A — f a p'd {a' 5 (a - r)} (19). 

J o 


Thus the ratio (C — A) jC for a heterogeneous body is a weighted mean 
of the ellipticities of the strata of equal density. 

13-2. Condition for Equilibrium of a Rotating Fluid . Consider a body 
in a state of steady rotation about a fixed axis, which will be taken to 
be the axis of z . Let the angular velocity be £5. Then the component 
accelerations of any element of the body are (— £1 2 #, — Cl 2 y, 0). If now 
any part of the body is under no shearing stress (in other words, if it is fluid, 
or if it is a solid, but has had any stress-differences removed by plastic 
adjustment) the equations of motion will be, as in ordinary hydrodynamics, 



-ate-™- i|£ 

OX p ox 

(1), 


-vy-™- 1 - !? 

(2), 


n - 0 JZ _ I d 2 

dz pdz 

(3), 

where U is the complete gravitation potential, p the pressure, 

and p the 

density. If we write 

Y = U + (x* + j/ 2 ) 

(4), 

the equations of motion 

are together equivalent to the single total differ- 

ential equation 

Q. 

11 

■s* 

(5)- 


It follows that p is a function of X F, and that p is either the same everywhere 
or another function of T. In particular, if the fluid or quasi-fluid has a 
free surface, the pressure is uniformly zero over this surface, and therefore 
T is constant over it. 

It has been seen that the whole of the interior of the earth, at depths 
greater than 400 km., is probably unable to withstand even small shearing 
stresses for long periods. The whole of the matter below this level must 
therefore be still in a hydrostatic state, while just after solidification this 
state must have held right up to the surface. Accordingly the theory 
just given was applicable to the whole of the earth just after solidification, 
and is still applicable to most of the interior. It is certain, however, that 
changes occurring in the crust at depths less than 400 km. have prevented 
the hydrostatic state from persisting at these depths, and it is possible 
that such changes may have influenced the adjustment of the form of 
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the outer layers to the earth’s actual speed of rotation. The discrepancy 
is unlikely to be large, since the thickness of these layers is only a small 
fraction of the radius of the earth, and they would probably bend in such 
a way as to adjust themselves with some accuracy to inequalities of great 
horizontal extent, such as the one produced by rotation; but it may be 
appreciable. 

On the other hand, we know that the ocean is a fluid and, apart from 
the disturbing influences of gravitational and meteorological tides, which 
are small in comparison with its ellipticity of figure, the theory must hold 
exactly. It is therefore desirable to make what progress we can from 
empirical data obtainable on the surface of the ocean, before we proceed 
to supplement them by means of a theory of the conditions in the interior 
of the earth. 


13*21. We notice that in general we can write 

(x* + y 2 ) = iOV 2 + £Q 2 r 2 (J - cos 2 0) (1), 

where 9 is the colatitude, or the difference between the true latitude and 
90°. Thus the effect of rotation can be expressed by the addition to the 
gravitation potential of two small terms, one symmetrical about the centre 
of the body, and the other a solid harmonic of order 2. 


13*3. The Form of the Ocean Surface. Let us now proceed to consider 
the effect of rotation on the form of the ocean surface. We have seen that 
it may be represented by introducing a disturbing potential involving 
terms of orders 0 and 2. If now we consider only terms of these orders, 
and use the suffix a to denote the surface value of the quantity concerned, 
we have from 13*12 (3) 


4 * [ a , d fa' 3 3 a'* A , , 

U ° ~ 3 nf J 0 P da' V r + 5 r 3 Y *J da (1) ’ 


and the form of the surface is given by 

r = a(l + T 2ttt ) (2). 

Substituting from (2) in (1), and neglecting terms of the second degree in 
r 2 , we have 

- 4 i J>' w (> - no + 1 % jV Is <»-57) <u <3), 

and on substituting in Y, and remembering 13*13 (1), we have 

f ~ (1 -7%a) + ^ /V K 6 57) da' + *Q*a* + (* - cos* 6) 

= constant (4). 


The terms /ikf /a and are constant over the surface as they stand. 

Now TV will in general be a linear function of the five different surface 
harmonics of the second order. Thus (4) gives, on equating coefficients of 
each harmonic separately, one equation satisfied by each coefficient. At 
present, however, we are concerned only with the harmonic £ — cos 2 0. 



188 The Figures of the Earth and Moon 

If its coefficient in Y 2 is e, we have on picking out coefficients of | — cos a 0 

in fM 4 jrf [ a 8 

1 / ^ ^ da ' + = 0 < 5 >- 

Now if we ignore all other inequalities, so that the surface is 

r = a{H he a (i-cos 2 0)} (6), 

we see that the ratio of the equatorial and polar radii of the surface is, to 
the first degree in e a , equal to 1 — e a . Thus e a is the ellipticity of the ocean 
surface. Similarly e is the ellipticity of any other stratum of equal density. 
Now using 13*13 (19), we have 

m . 

Let us put ClW/fM = m (8), 

so that m is a small number. Then (7) becomes 

3C -A x , Q . 

This important result shows that if the ellipticity of the ocean surface 
and the ratio of the centrifugal force at the equator to mean gravity are 
known, it is possible to infer the difference between the principal moments 
of inertia of the earth. 

Referring back to (1), we see that the relevant part of U 0 is 

U « = F~ + (* - cos20 ) U°)- 

Now the observable value of gravity is the acceleration of a freely falling 
body with regard to the crust below it. The acceleration relative to the 

centre of the earth is U 0 ; but each particle of the earth has, 

in consequence of the rotation, an acceleration (— Q?x, — 0). The 

acceleration of a falling body with regard to the earth below it is therefore 

<“>■ 

by 13*2 (4). Now Y is constant over the ocean surface, and therefore its 
gradient has no component along the surface. Thus observable gravity is 
normal to the ocean surface. If its value is g, 

-©’+Q* <“>■ 

Now d x Y jr c8 is a small quantity, and therefore we may neglect its square 
and put 

g = 


(13) 
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the negative sign indicating that it is measured inwards. Now from (9) 
and (10), and 13-21 (1), 

y + £ («• - **») (i - cos 2 9) + -J {i + \ (* - cos 2 0)}J ...(14), 


Y=fM 

and therefore 


g=fM 


+ (i- cos 2 6») 


^{i + i(i-cos 2 0)} 




r i r* a- 

and on substituting for r from (6) and neglecting squares of e a and m, 

JM 


( 15 ). 


9" 


{(1 - | to) - (f to - e„) (J - cos 2 9)} 




«o) cos 2 9} 


.(16), 


where a is a small quantity independent of 9. If now 0 denote the in- 
tensity of gravity on the equator, where 9 = \rr, we evidently must have 

JM, 

' a 2 


G ■■ 


(1 + a) 


•( 17 ), 


and on dividing (16) by (17), and again rejecting squares of small quantities, 

g — G (1 + (| to — e 0 ) cos 2 9} (18). 

Thus the increase of gravity in passing from the equator to some other 
latitude is proportional to the square of the sine of the latitude reached. 
The formula (18) is due to Clair aut. It will be seen that if we know m, 
and can find by experiment the variation of gravity over a wide range of 
latitude, it will enable us to find e independently of trigonometric de- 
terminations. 

From a comparison of gravity determinations in many widely separated 


regions Bowie* has found that 

f m — «„ = 0-005294 (19). 

Also I/to =288-4 (20). 

Thus €„ = 0-003373 = 1/296-4 (21). 

Bowie gets e„ = 1/297-4 (22), 


apparently by allowing for the second degree terms which have here been 
neglected. For the sake of internal consistency, however, the value (21) 
will be used in the following calculation. Now (9) gives 


SC- A 
2 Ma 2 


0-001640 


(23). 


The ratio (C — A)/ C can be found from the period of the precession of 
the equinoxes, and is known with a smaller probable error than the surface 
ellipticity. We have C — A 1 


305-6 


= 0-003272 


.(24). 


* U.S. Coast and Geodetic Survey, Spec. Publ. 40, 1917, 134. 
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On dividing (23) by (24) we have 

C 


Ma 2 


- 0*3341 


.( 25 ). 


If the earth were exactly homogeneous, this ratio would be 0*4000. Thus 
we have a definite indication that the earth is denser near the centre than 
outside. 

13*4. The Condition for Absence of Shearing Stress Internally . The above 
results depend only on the hypothesis that there is no shearing stress in 
the ocean. If now we introduce the further hypothesis, which we have 
seen in 13*2 is unlikely to be seriously in error, that, so far as inequalities 
of large extent are concerned, the earth is in a hydrostatic state through- 
out, we see that Y must be constant over all the surfaces of equal density 
within the earth. Hence if in it we substitute for r its value 

7*1 (1 + Tx + Y 2 + - 1 - Y n + ...) ( 1 ) 

from 13*12 ( 1 ), Y must reduce to a function of r x alone. If this is done, 
and we neglect squares and products of the Y’ s, the terms of order n give 

- T? 1> W + < g+W °i> S' * 

+ < 2 >' 

except for n = 0 , when the condition is satisfied automatically, and for 
n = 2 , when the right side has to be replaced by 

-g^GV (£ - cos 2 6 ). 

We have thus a separate linear integral equation for each Y except Y 0 . 

Let us first consider the harmonic corresponding to the polar flattening, 
so that Y 2 is equal to € (J — cos 2 0), where the ellipticity e is a small 
quantity and a function of r x alone. Then the surfaces of equal density 
are spheroids of revolution about the axis of rotation. 

On substituting this value of F 2 into the equation for Y 2 , we find 


+ A-3 Jy-A (a'V) da’+ r f 


l dJ 


_ 1 _ 

8vf 


QV] 2 


Let us multiply by r x 3 , and then differentiate with regard to r 1 . 
on simplifying 


....(3). 
We find 


+ to 


\ f* -1 ,• 

. pa 
1 Jo 


a' 2 da' + r, 4 


° ' de ' ,ln' 

P 1Z' da — — 


da' 


or, dividing by V, 
d e 

x *dr x 


8tt f 




(Air + 

' r l 




da' ~r 


,de' 

' da' 


P da' 


8tt/ 


QP 


.(4). 


Differentiating again with regard to r x , we have 

'de 


/I d 2 e 

)f 

W dr x 2 

vJ j 


2 da' H™ 2 


(| + i )< 


(5). 
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We now introduce the function S (r^, given by 13-13 ( 2 ), 

S (»i) = 3 f ri p'a' 2 da' ( 6 ). 

Jo 

We may at this stage replace r 1 by r without confusion. Then (5) can be 


written in the forms 


d* 


6 


dp 


dri {S(r) e } = - 2 S(r) e + 8T..J- 


■( 7 ), 


and 


, 6 P r 2 de f , pr 8 ^ ^ 

dr 2 + £ (r) dr \ S (r)J r* “ u w * 


13*5. Two Theorems of Glairaut. We are now in a position to prove 
that the ellipticities of the strata of equal density increase steadily from 
the centre to the surface. The density must increase steadily inwards, 
partly because the heaviest materials would sink to the centre in the fluid 
earth, and partly because the nearer the centre the greater the pressure, 
and therefore the more the material is compressed. Thus dpjdr is essentially 
negative. Now fr rr ,7 ' 

S(r) = J ^p'da' 3 = pr 3 - ja'* -£,da f ( 1 ), 

and the second term of this is always negative. Hence 8 ( r ) is always 
greater than pr B , and 1 — pr B /S (r) is always positive. When r is small, 
the latter quantity tends to zero at least as fast as r. Let the first term 
in it that does not vanish be Hr k . Then h is at least unity, and H is positive. 
Now let the expansion of e in powers of r start with r v . On substituting 
in 13-4 ( 8 ) and equating coefficients of r 3> ~ 2 we see that 


V (V + 5 ) “ 0 


( 2 ), 


whence p = 0 or — 5. The negative root is impossible, since it would make 
€ infinite at the centre. Therefore the only admissible root of ( 2 ) is zero, 
and e is finite at the centre, equal to A , say. If the next term in e that 
does not vanish is Br\ we may substitute A + Br* + % ... for e in 13-4 ( 8 ). 
The terms of lowest degree are Bs (5 + 5) r s ~ 2 — 6Hr k ~ 2 A. Since A and 
H are not zero, the term in B must cancel the term in AH, and therefore 
s = k; and since H is 4 positive, B has the same sign as A . Now when r 

is small — behaves like sBr 8 - 1 , and since s is positive this must have the 


same sign as B, and therefore as A. Thus must have the same sign as 
€ when r is small. 

Now when dejdr and € have the same sign, it follows that € increases 
numerically with r. Thus the ellipticity increases from the centre. It 
could only cease to increase if dejdr became zero. But if dejdr is zero, we 
see from 13*4 ( 8 ) that d^/dr 2 must have the same sign as <=. Thus for 
slightly greater values of r, dejdr will again have the same sign as e, and 
e will again proceed to increase numerically. Thus e must increase with r 
right up to the surface. 
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13*51. It is not, however, enough that e should satisfy the differential 
equation 13*4: ( 8 ). It must also satisfy the first and second integrals 
13*4 (3) and (4) whence this equation was derived, otherwise it will not 
be a solution of the problem. If in 13*4 ( 3 ) we put r x = a , and use 13*13 
( 1 ) and 13*3 ( 8 ), we get 


*< 
J i 


'* P'~ {a’* e')d a ' 


5a 2 M 

477 


(e a - | m) 


.( 1 ). 


This is equivalent to 13*3 (9). The left side of ( 1 ) would be increased 
numerically if <• were everywhere the same and equal to its surface 
d 


value Then 


fa ft 

J da' a ' 5 d a ' wou ^ be increased if matter was removed 

from the interior to the exterior to make the density uniform. Hence on 
both grounds fa ? 

]/' d^( a ' Se ''> da ' <l € al P aS (2), 

where p is the mean density. But 

2 M 

(3), 


r 47ra 3 

and therefore the left side is numerically less than 3 a 2 Jf€ a / 477 . Hence 
( 1 ) shows that e a has the same sign as m, and is therefore positive. But 
e never changes sign, and therefore the ellipticities of all strata below the 
surface are positive. In other words, the value of r for any stratum is 
greatest when 6 is equal to ^ 77 ; that is, all the strata of equal density are 
oblate. 


13*52. We can employ similar methods to show that the expression 
for r can contain no spherical harmonics except ^ — cos 2 6. For by a 
process similar to that used in 13*4 we can show that Y n must satisfy the 
differential equation 


d*Y n 


w ( w + 1 )5 i + - 


6 P 


dr* "* '**f " , n*" r "sy)\ 

If when r is small 7 n behaves like r*, we readily see that 


r y ) = 0 

dr ±rx ”) u ’ 


p (p + 5) — n 2 — n + 6 = 0. 

In the first place, if n= 1 , the values of p that satisfy this equation are 
— 1 and — 4. The former gives only a displacement of the earth as a whole 
as a rigid body ; the second is impossible. Therefore the only possible first 
harmonic displacement is irrelevant. 

If n is equal to or greater than 2 , there is one zero or positive value of 
p, and this, by an argument exactly like that of 13-5, makes T n increase 
steadily numerically with r. Then as in 13-51 we can show that when is 
put equal to a, the first term in 13-4 (1) is pa 2 Y n , while the third is zero 

and the second is numerically less than pa*Y n . Thus 13-4 ( 1 ) cannot 

be satisfied unless Y n is zero. It follows that the harmonic in J- cos 2 9 is 
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the only one present in the figure of the earth on the theory of hydro- 
static equilibrium. 


13-53. We can now prove that e/r 3 , which is evidently always positive, 
decreases steadily as r increases. In 13-4 (8) let us put 


Then we find 


e = A r 3 



f pr 2 1\ dX 24pr 

\S (r) + r)~dr + Sj) 


A = 0 


( 1 ). 

( 2 ). 


Now e is finite when r is zero, and therefore A behaves like r~ 3 when r 
is small. It therefore diminishes as r increases. It could cease to diminish 
only if dX/dr became zero ; but then (2) shows that d 3 Xjdr 3 would be negative, 
and therefore for slightly greater values of r, dX/dr would again be negative, 
and A would continue to diminish. Thus e/r 3 decreases steadily as r increases. 
The theorems of 13-5 and 13-53 are due to Clairaut. 


13-54. If, again, we put r equal to a in 13-4 (4), we get 


where the suffix a indicates that the corresponding quantity is to he 
evaluated at the surface. Using now 13-13 (3) and 13*3 (8) we have 



13-6. Let us now introduce a new dependent variable rj, defined by 




d log e r de 


(1)- 



^ d log r ~~ € dr 

• • 

Then 

de Tje 
dr r : 

§«i| 

II 

Sis- 

+ 

-2L) e 
r V 

(2). 

Substituting in 

13-4 (8) 


- 




V + ^) V ~ 6 { 1 ~ 

£Tl\ o 

8(r)J 0 " 

(3). 

Let us -now introduce the auxiliary function p Q , 

given by 




A>=V ff dr3 

. . 

(4), 


so that p 0 is the mean density of all the matter within distance r of the 
centre. Then (4) can be transformed to 



O'* “3 £<'-’*> 

(5), 

whence 

pr 3 lr d Po 

8 (r) 3 p 0 dr 

(6), 

and (3) becomes 

^+-! s + 5, + 2i|»(l+,),0 . 

(7). 


JE 


13 
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Now we have the identity, by logarithmic differentiation, 

frWVa + q)} _ Idpo 5 1 dr, 

po r W( 1 +'n) Po dr + r + 2(1 + r,)dr 

This may he used to eliminate ^ from (7). Then 

2 -pjr~ - i {po**V(i + v)} = io (i + iv - tV? 2 ) (9)» 

which can be written 

+ ( 10 ). 

This equation is due to Radau*. Its importance rests on the remarkable 
properties of the function 

(U) - 

Weiave fckj - 20 (I + ,’(1 + if <12)> 

so that ifj has a minimum f or 77 = 0 and a maximum f or 77 = £ ; for large 
values it steadily diminishes as 77 increases. When rj = 0, ^ = 1 exactly; 
when rj — if* = 1-00074. When 77 = 0-56, 1 /r = 0-99929, and when 77 = 3, 
0 = 0 - 8 . 

Now on referring back to the result of 13*52, we can write 

7 *(?)>° < 13 >- 

3 1 de / 1 . v 

or 3~>0 (14). 

r € dr 

Hence, by the definition of rj, 77 is essentially less than 3. 

Again, 13-53 ( 2 ) can be written 

5m 

= 0-569 (15), 

by the data of 13-3. 

When r = 0 , e is finite, and de/dr is not infinite. Hence r, is zero. It 
follows that in the earth, ip is unity at the centre, rises to 1-00074 at the 
stratum where r, = \, and sinks to 0-99929 at the surface. Except in the 
very improbable event that r, can make a wide excursion beyond the 
limits it attains at the ends of the range, it follows that tp can never differ 
from unity by more than 8 parts in 10 , 000 . Thus with an accuracy of 
this order , 

j r {p 0 rW(l+v)} = 5 Po r* (16). 


* Comptes Rendus, 100 , 1885 , 972 - 77 . 
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This result has been used by Darwin* to approximate to the moment of 
inertia of the earth. Tor fo 

C = §7rj q pr*dr (17), 

neglecting small quantities; and on replacing p by p 0 by means of (5) 

0 = #^J“( Sr* Po + r^dr 


Poa a ' 


: - 2 f 

J 0 


p» r 


l dr 


.(18), 


on integrating the second term by parts. But by integration of (16) 


[a 

I Po^dr — ipoa a5 \/( 1 + Va) 

J o 


Thus C = §7 T Poa a* {1 - §V(1 + Va)} 

But evidently p 0a is the mean density, so that 

M = §Trp 0a a 3 

Thus by division = | {1 - WO + V*)) 

Combining this with 13-3 (9) we get 

O — A e a -\m 


.(19). 

.( 20 ). 

.( 21 ). 

.( 22 ). 

.(23). 


C i-wo + vJ 
Now rj a is a known function of e 0 and m, by (15). Thus (23) is a relation 
connecting (G — A)/C, e a , and m, and involving no hypothetical part. 
Given any two of these, it should therefore be possible to calculate the 
third. Of the three, e a is the least accurately known from other sources. 
Taking then as our data C — A 


C 

m 

we may solve by putting e„ 

giving 0-9436 = - 


= 0-003272 

= 0-003467 
m (1 — S) 
*-8 


2 / 5 

5 V 2(1-8) 

which can be solved for 8 by expanding and neglecting S 3 . We find 

8 = 0-0319 (28), 

1 


•(24), 

.(25), 

.(26), 

•(27), 


whence 


e = 


297-9 


.(29), 


agreeing with 13-3 (21) within a quantity of the order of e 2 . 

In Darwin’s monumental paper quantities of the order of the squares 
of the elhpticity have been retained. He gets 

e = 296-4 ( 30 )‘ 


* Scientific Papers, 3, 78-118; or M.N.R.A.S. 60, 1900, 82-124. 


13-2 
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13-7. Observed Values of the Ellipticity. At this stage it will be well to 
collect the chief estimates of the earth’s ellipticity that have hitherto been 
made. Clarke’s famous trigonometrical determination of 1866 gave 1/294-9. 
Hayford, in 1909, from the trigonometric survey of the United States, 
obtained the value 1/297-0 ± 0-5. This value was inferred from only a 
limi ted region of the earth’s surface, and to that extent is imperfect; on 
the other hand, it is superior to all other trigonometric results in that 
isostasy was taken into account in reducing the observations. Helmert, 
from measurements of the intensity of gravity, inferred that the ellipticity 
was 1/298-3 ± 0-7. Hayford and Bowie*, from gravity measurements in 
the United States, got 1/298-4 ± 1-5. Helmertf, in 1915, revised his earlier 
estimate to 1/296-7 ± 0-6. BowieJ, from a comparison of gravity observa- 
tions all over the earth, has obtained what is probably the best observational 
result extant, namely 1/297-4. It is seen that Darwin’s theoretical deter- 
mination from the precessional constant, namely 1/296-4, is a trifle larger 
than the best modem observational results ; but the discrepancy is of the 
order of magnitude both of the square of the ellipticity and of the probable 
errors of the experimental determinations. If the difference is real, it must 
be attributed to the earth’s not being in a hydrostatic state, and therefore 
gives an estimate of the extent of the departure from that state. We may 
say accor dingly that the second harmonic inequality in the figure of 
the earth is isostatically compensated to within something of the order 
of 70 metres. 

13-8. Possible Distributions of Internal Density. We have seen that a 
knowledge of the values of the precessional constant and m, the ratio of 
the centrifugal force to gravity at the equator, is enough to fix the surface 
ellipticity, by 13-6 (23), and that then the surface ellipticity, the pre- 
cessional constant, and m are together enough to fix the moment of inertia 
of the earth about its axis, by 13-6 (22). The only opportunity of con- 
fronting the theory with fact is provided by the surface ellipticity, and 
the agreement is satisfactory. It appears, therefore, that the form of the 
law of density in the interior of the earth is not a matter of importance 
to the theory of the figure of the earth; it cannot affect the surface 
ellipticity by more than a few parts in 10,000, when the precessional 
constant and m are known, as they are. Conversely, if we have a hypo- 
thetical distribution of density within the earth that gives the correct 
moment of inertia, 0- 33411a, 2 , then 13-6 (22) determines p a , and from this 
13-6 (15) determines m/e a and hence e a when m is known. Finally 13-6 (23) 
determines the precessional constant. Every determination in unique, and 
therefore so long as a hypothetical law of density gives the correct moment 
of inertia, it is bound to give the correct ellipticity of the surface, the 

* U.S. Coast and Geodetic Survey Special Publication , No. 10, 1912. 

f Sitzber . d. k. Preuss. Akad. d. Wiss. 41, 1915, 676-85. J Cf. p. 189. 
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correct preeessional constant, and the correct variation of gravity over the 
surface. These are all the data we have relevant to the second harmonic 
inequality in the figure of the earth. 

13-81. The above theory was developed independently by Darwin and 
Callandreau, second degree terms being included. It has very much 
reduced the interest of special hypotheses concerning the distribution 
of density within the earth. Several such hypotheses have been framed, 
but now that it is realized that any law of density that gives the moment 
of inertia correctly will satisfy all the data equally well, and as nearly as 
observation can test, there is no longer much reason for elaborate dis- 
cussion of particular laws. In this section, therefore, the chief suggested 
laws will be merely outlined. Full accounts of those of Laplace and Roche 
may be found in Tisserand’s Mecanique Celeste ; Wiechert’s law is of special 
interest, and will be treated at somewhat greater length. The first require- 
ment in framing any of these laws was that it should make the ellipticity 
of a stratum of equal density expressible in finite terms as a function of 
its mean radius; in other words, that it should make 13*4 (8) integrable 
in finite terms. 


13-82, Laplace’s hypothesis was that 

3 r *fr~- q * S{r) (1) ’ 

where q is a constant. Then 13-4 (7) becomes 

§i{S(r)€}+(q*-£)S(r)c = 0 (2). 

The solution of (1) that remains finite at the centre is 

P = “Singr (3), 

where Q is a further constant. Then 

S (r) = Q (sin qr — qr cos qr ) (4), 

S (r) * (l - ^r 2 ) sin qr + ^ cos qr (5). 

When q and Q are chosen so as to make the mass and the moment of 
inertia correct, the law is found to make the surface density about 2-8 
and the density at the centre about 11. 


13-83. Roche’s law is p = a (1 — kr 2 ) (1). 

It makes the equation for the ellipticity soluble in terms of hypergeometric 
functions. It gives a central density of 10-10. 


13-84. Laplace’s and Roche’s distributions of density are not physical 
laws in any sense. They rest on no known data about the constitution 
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and properties of the matter within the earth. Indeed the little knowledge 
we have suggests that the interior is so dense as to he probably metallic, 
while the outside is rocky. Such materials cannot mix freely, and therefore 
we should expect a fairly sharp boundary between them, with a sudden 
discontinuity in density. Laplace’s and Roche’s formulae, however, make 
the density distribution continuous at all levels. It is necessary to em- 
phasize this point, for each of these formulae, especially Laplace’s, is often 
mentioned as if it corresponded to a true physical law describing the 
compressibility of the interior of the earth, which is not the case; the only 
reason for any interest in either formula is that it makes equation 13-4 (8) 
integrable in finite terms. 


13 - 85 . A distribution of density of greater physical interest is that of 
Wiechert*. In this the earth is supposed composed of two strata of uniform 
density, the inner and denser material extending from the centre most 
of the way to the surface, and the fighter occupying the outer regions. 
There is a marked difference between the densities of the two layers. 

Evidently the hypothesis of complete homogeneity in either layer is 
too extreme. The inner parts of either layer are under greater pressure 
than the outer parts of the same layer, and therefore must have been 
compressed more. But if that is so, the inner parts must have been less 
dense than the outer parts when under no pressure ; in other words, the 
lightest materials of each layer are supposed to have sunk to the bottom. 
Thus the assumption of even local homogeneity of density on the earth 
is unjustified. It appears probable, however, that this hypothesis is more 
accurate than any involving a continuously varying density yet advanced. 
It possesses the further advantage that it makes the equations of elastic 
strain in the earth as a whole integrable. 

In discussing this hypothesis a slight change of notation will be con- 
venient. Let a and oq be the outer radius and the radius of the denser core 
respectively, and put cq = etc (1). 

Let the densities of the shell and the core be p 0 and p lt and put 


Pi = Po (1 + m ) ( 2 ). 

Then the mass is given by 

M = |7r/) 0 a 3 (1 + /xa 3 ) (3), 

and the moment of inertia by 

c = tWo^ 5 (1 + p-a ®) (4). 

Thus our equation 13-3 (25) gives 


2 1 + pa 5 

5 1+ pa s 


0-334 


( 5 ), 


and, by what has been said in 13-8, if we can find values of a and p that 


* Gott. Nach. 1897 , 221 - 43 . 
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■will satisfy this equation, all the other data will he satisfied automatically. 
Now (5) can be transformed into 

— = 5a 3 — 6a 5 (6). 

y 

By our physical conditions p must be positive and finite. Hence in order 
that there may be any solution 6a 2 must be less than 5. Thus a must be 
less than 0’913. The corresponding value of p 1} which is the least possible 
for a given mean density, is 1*31 times that density. 

In Wiechert’s actual solution, a was equal to 0-779. This, with the 
above data, makes p equal to 1-63. If now we take the mean density of 
the earth equal to 5-53, following Boys and Braun, we find 

po — 3 * 12 , Px — 8 - 22 . 

Wiechert’s results were p 0 = 3-200, p t = 8-206, calculated on the supposition 
of a mean density of 5-58. If a factor is applied to correct the mean density, 
his results become p 0 = 3-17, p L = 8-15. The discrepancies are probably 
attributable partly to differences in the numerical data used and partly 
to the fact that Wiechert included terms of the second degree in the 
ellipticity in his analysis. The total number of possible solutions is evidently 
infinite. 

The value adopted for p Q , the density of the outer shell, corresponds 
roughly with those of rather dense rocks, and that for the core with those 
of many common metals, notably iron, copper, and nickel. It is therefore 
reasonable to suppose that the outer crust is rocky down to some depth 
of the order of 1300 to 1900 km., and that the materials of the earth below 
that level are mainly composed of a metallic alloy, probably a nickel-iron 
alloy. It is interesting to observe that the transition indicated by Wiechert 
occurs at a depth nearly equal to that where the velocity curves of seismic 
waves, as determined by Knott, show sudden bends. If this identification 
is correct, it would imply that in the outer layer the velocities increase 
with depth, but that in the metallic core they are practically independent 
of depth. The absence of any discontinuity in velocity at the layer of 
contact is curious, for it indicates an agreement that could hardly have 
been predicted between the velocities of waves in different substances. 
At or dinar y pressures the velocity of distortional waves in iron is readily 
found, from the data in Kaye and Laby’s Tables, to be about 3-2 km. /sec., 
which is in good agreement with the velocity in the granitic layer inferred 
from the Oppau explosion ; but it is surprising that a still closer agreement 
should be found at a great depth. 

13 - 9 . Figure of the Moon. Let us now proceed to consider the second 
harmonic inequalities in the figure of the moon. The moon’s rotation about 
its axis must produce an oblateness of its figure; but in addition the 
attraction of the earth tends to raise two tidal protuberances, one just 
under the earth, and the other just opposite to it. Both phenomena need 
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to be considered in any account of the figure of the moon. It will be 
sufficient in this discussion to treat the moon as homogeneous. 

Let axes of x, y, and z be taken at the centre of the moon and moving 
with it. The x axis points away from the earth, the z axis is perpendicular 
to the plane of the orbit, and the y axis is perpendicular to both of these. 
If M be the mass of the earth, m that of the moon, and n the mean 
angular velocity of the moon about the earth, the chief part of the potential 


due to the earth’s attraction is 

U-fM/R (1), 

where R is the distance from the point considered to the centre of the 
earth. If c be the moon’s mean distance from the earth, we have 

R 2 — (c + %) 2 + y 2 + z 2 (2), 

and therefore U + {2x 2 — y 2 — z 2 ) (3), 


to the second order in the radius of the moon. Now we are supposing the 
motion to be one of steady revolution, the moon always keeping the same 
face towards the earth, so that the motion of each part of the moon is 
one of revolution with angular velocity n about an axis perpendicular to 
the plane of the orbit through the centre of gravity of the earth and moon 
together. The distance of the latter point from the centre of the moon 
is ifc/(Jf + m), or c/(l + /x), where 

fj, = m/if (4). 


The perpendicular distance of a point from the axis of the general rotation 

Hence by 13*2 the effect of the steady 


is therefore 


(t 


+ f 1 


+ x) -\-y 2 


rotation and revolution in distorting the moon is equivalent to that of a 


potential 




.(5). 


Combining this with (3), we find that the total effective disturbing poten- 
tial is 


/if /if 


fM 
2c® ‘ 


* + ( 2 * 2 


• y 2 -z 2 ) + \n 2 


+ 


nx 


(1 + ^) 2 1 + fi 


and then, since 


2/»3 




: /(if + m) 


x + ( x 2 + y 2 ) 

(«), 


the two terms in x cancel, and we have altogether a disturbing potential 
^ ( 2 « 2 -V*- z 2 ) + W (x* + y 2 ) 


due to the earth and rotation together. We require to know what effect 
this will have on the figure of the moon. 

In the first place, it is clear that the superposition of a small disturbing 
potential, symmetrical about the centre of the moon, will not affect its 
ellipticities to the first order of small quantities. Let us include, therefore, a 
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potential A (x 2 + y 2 + z 2 ), A being afterwards determined so as to make the 
whole potential a solid harmonic. The requisite condition for this is that 

n 2 + 3A = 0 . 

The disturbing potential is therefore equivalent to 

1 ( 2 r 2 -y 2 - z 2 ) + in 2 (x 2 + y 2 - 2 z 2 ). 

2 1 +/* 

If we now omit y, which is about 1/82, this reduces to 

‘ ^n 2 {'lx 2 — 2 y 2 — 5 z 2 ) (7), 

which we may write simply Kr 2 S % . 

Now suppose the surface of the moon to become deformed until its 

equation is r = a (1 + eS 2 ) ( 8 ). 

We see from 13-11 ( 2 ) that its external potential becomes 

K i+ r-^) <9) - 

The condition that the moon should be in hydrostatic equilibrium is that 
the sum of its own external potential and the disturbing potential shall 

be constant over its surface. Hence fm | + Br 2 S 2 must reduce 

to a constant when ( 8 ) is satisfied. This gives 

e = ( 10 ), 

2 fin 

and the equation of the moon’s surface is 

r ■ “ {' + n ”‘./k <7 *’ - - s ’* ) ] 

( 11 ). 

{ 12 mc 3 a 2 ) 

Thus the semiaxes of x, y, z on the moon are respectively 

/ 35 M a s \ f. 10 M a 3 \ ( 25 Ma?\ ( 2) 

a ( 1 + 12 mc 3 )’ a \ 12 me 3 /’ V* 12 m c 3 J 
If then A, B, G be the principal moments of inertia of the moon about its 

centre, we have q-A _ g M* _ 0 . 000037 5 (13), 

G me 3 

QjlJ* =5 -- = 0-0000094 (14), 

C 4 m c 3 

where the numerical evaluations are based on current knowledge of the 

. B — A 3 

moon’s mass and size. In addition we have identically ^ ~Z~A = 4 * 


13 * 91 . Now the two ratios ( G — A)/C and (B — A)jC for the moon 
are capable of being found from observation. The former is proportional 
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to the mean inclination of the moon’s equator to the ecliptic, and ( B — A)/C 
to the amplitude of the moon’s true libration in longitude. Both these 
propositions rest on purely dynamical considerations*. The inclination 
can be determined with much certainty; there seems little room for doubt 
that the corresponding value of ( C — A)jG is close to 0*0006289. The 
amplitude of the libration in longitude, however, has been the subject of 
much discussion. The balance of opinion at present seems to follow Haynf 
in making the ratio (B — A)/(0 — A) nearly equal to its theoretical value 
0*75; but several investigators have obtained values in the neighbourhood 
of 0*5, and the difference appears to be attributable only to observational 
errors J. In either case both (C — A) jC and ( C — B)jC very much exceed their 
theoretical values. 

The discrepancy was first noticed by Laplace, who was content to 
attribute the high values of these quantities to distortions developed during 
solidification. There is no reason on this theory why they should have 
attained any particular magnitudes ; the actual values must be regarded 
as accidental. Let us see whether it is possible to reconcile the data on 
the basis of known laws. 

In the first place, the numerical coefficients depend on the hypothesis 
that the moon is homogeneous. If we suppose the moon to be composed 
of two constituents of the same densities as Wiechert’s two layers in the 
earth, the value of the radius of the inner sphere being determined to fit 
the actual mean density of the moon, it is found that little change is 
made. The coefficients are multiplied by 0*9; there is no other change, and 
the discrepancy is slightly increased. 

The present determinations of the masses of the earth and moon, and 
of the mean radius of the moon, are incapable of serious error, and their 
values in the past cannot have varied much, at least since the moon 
solidified. 

There remains the mean distance of the moon from the earth. Let us 
suppose, then, that the moon last adjusted itself to the hydrostatic form 
when considerably nearer the earth than it is now, at a distance c ly say, 
and consider the moon’s subsequent development as it receded from the 
earth and the disturbing influences correspondingly diminished. Since by 
hypothesis, no further adjustment by plasticity is taking place, the only 
change of form is that due to pure elastic deformation, and is much less 
than the change that would take place in a fluid body. Let /3 0 denote the 
value that ( G — A)/C would sink to if the moon receded to an infinite 
distance from the earth without any hydrostatic adjustment taking place. 
At any time later than the last adjustment, (C — A)jC is composed of 

* Routt, Advanced Rigid Dynamics , 1905, Chap. 12; Tisserand, M&anique C&este, t. 2, 
Chap. 28. 

t Abhand. d. Tc. Sachs. Gesell. d. zu Leipzig , 30, 1907, 1-103. 

t Stratton, Memoirs of R.A.S. 59, 1909, 257-90. 
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two parts, j8 0 and the part due to elastic strain. Suppose the latter to 
be k times the value of (C — A)jG for a fluid moon at the same distance. 
Then the conditions at the last hydrostatic adjustment were such that /3 0 , 
and the elastic value of {G - A)/C appropriate to distance c l5 together 
made up the hydrostatic value for the same distance. Now, allowing for 
the influence of heterogeneity, we have for the hydrostatic value. 


C -A . _ M a 3 

— _ — = 4-5 o 

C me 6 


and our condition is 


A, + 4-5k 


Ma s 

m Cj 3 


, M a 3 

4*5 . 

m Cj* 


( 2 ). 


We see next that the elastic deformation is produced by the contemporary 
influence of the earth’s gravity and the moon’s rotation together, and there- 
fore the protuberance always points exactly to the earth. Thus the attraction 
of the earth on this protuberance passes exactly through the centre of the 
moon, cannot affect the moon’s rotation, and thus does not take part in 
determining the inclination of the moon’s axis of rotation. The latter is 
determined by /3 0 alone, and therefore the value of ( G A)/C determined 
from observations is simply /3 0 . Thus (2) can be written 

4-5 (1 — k) = 0-0006289 (3). 

x ' m c x 3 

Now k is small, and can be shown theoretically to be about 0-013 Also 


a _ 1 

Cq ~ 220 ’ 

where c 0 is the moon’s present distance. Hence 


C A = 0-376. 

c 0 

The data can therefore be reconciled by supposing that the moon last 
adjusted itself to the hydrostatic state when its distance from the earth 
was about 140,000 km., and its period of revolution 27-3 (0-376)* = 6-3 
of our present days. 

It will be seen that the arguments about the variation in {G — A)jG 
since the last hydrostatic adjustment apply equally well to ( B — A)jC; 
therefore the inference that the ratio of these quantities should be 0-76 
remains unaltered. If, however, the moon during solidification was exe- 
cuting a libration in longitude of amplitude 40°, this would no longer hold, 
and the ratio would be reduced to 0-50*. 

13 - 92 . The theory just developed requires that the matter within the 
moon should now depart appreciably from the hydrostatic state, and should 
have maintained this departure for a long time geologically. It must there- 
* Jeffreys, Mem. R.A.S. 60, 1915, 187—217. 
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fore have a finite strength. The amount of this strength can be evaluated 
roughly, by using a result of Sir G. H. Darwin*. The greatest stress- 
difference in a homogeneous spheroid due to a second order zonal inequality 
over the surface is at the centre, and its magnitude is I \\gpo,e, where g 
is surface gravity, p the density, a the radius of the spheroid, and e its 
ellipticity. For the moon, with our adopted value of /3 0 , which would be 
equal to e if the moon were symmetrical, this would make the stress- 
difference equal to 2 x 10 7 dynes/cm. 2 Since the difference between the 
moments B and C of the moon is only a quarter of C — A, a theory re- 
garding the moon as affected only by a zonal harmonic about its x a.™ 
will not be far wrong. 

Now the moon, like the earth, was probably once fluid, and has been 
cooling from the surface for about the same time. We should therefore 
expect that cooling, and with it strength, would have developed to much the 
same depth in both. Now it was seen in our discussion of isostasy that 
there is in the earth, between 100 km. and 400 km. in depth, an extensive 
region where the strength lies between 3 x 10 7 and 10 8 dynes/cm. 2 Such 
a region in the moon, whose radius is only 1700 km., would extend a 
considerable fraction of the way to the centre, occupying more than half the 
volume. Its strength, again, is decidedly more than has just been seen to be 
necessary to enable a homogeneous body to maintain the lunar inequalities 
of figure. It is therefore probable that the strength would be sufficient to 
prevent hydrostatic adjustment, even if the matter near the centre has, as 
is probable, no appreciable permanent strength. If, however, there is a weak 
region at the centre of the moon, it will have the effect of increasing the 
elastic strain under a given field of force, and the estimate already made 
of k will have to be somewhat increased. It is unlikely, however, that the 
increase will be great enough to affect the inferred value of Cj by more 
than a few per cent. 


* Scientific Papers, 2 , 474 - 81 . 
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Tidal Friction 


H Ye fyul, sez a chep, it’s a bonny myun, 

They’ve ketched and myed it a clock fyece.” 

Tyneside song, ‘The Fiery Clock Fyece.’ 

14*1. Nature of Tidal Friction . In our discussion of the resonance 
theory of the origin of the moon, it was seen that this theory implies that 
the moon was initially within a few thousand kilometres of the earth’s 
surface, and that the earth at that time rotated in a few hours. In these 
circumstances the angular momentum of the earth’s rotation much ex- 
ceeded that attributable to the moon’s revolution. On the other hand, the 
angular momentum of the moon’s revolution is now about five times that 
of the earth’s rotation, and it was assumed as essential to the resonance 
theory that some physical process exists that has been competent to 
produce the requisite reduction in the speed of rotation of the earth and 
the associated increase in the mean distance of the moon. 

Tidal friction is qualitatively, and probably quantitatively, capable of 
producing such an effect. The nature of the action of the tides in slowing 
up the earth’s rotation and driving the moon further away may be 
illustrated as follows. Let m in Tigs. 7 and 8 denote the moon, while the 
circle enclosed by the thick line represents the equatorial section of the 
solid earth. The arrows indicate the directions of rotation and revolution. 



If the solid earth were a perfect sphere, devoid of friction, the tides raised 
by the moon in a deep ocean would be at A and B, vertically below the moon 
and straight opposite to it, as shown by the continuous ellipse. Moderate 
rotation would affect the height of the tides, but not their position with 
reference to the moon. During the revolution of a particular point P on the 
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earth’s surface, the water level above it will still rise and fall when rotation 
is taken into account, the maximum tide height occurring when the point 
is just below or just opposite to the moon, and the minima at the two 
positions of quadrature. If, however, friction is present, it will delay the 
times of maximum and minimum elevation at a particular station, in 
accordance with the well-known effect of friction in making small oscilla- 
tions lag in phase. Thus the highest tide at P will not occur till some time 
after it has passed A or B, and the form of the section of the water level 
by the equator will resemble the ellipse in Fig. 8, the high tides being 
at C and D. 

Now let us consider the attraction of the tides on the moon. For 
simplicity the two high tides may be replaced by two heavy particles at 
the opposite points C and I). The attraction of G on the moon is along mC, 
and that of D is along mD. That of C is the greater, for it is nearer to m. 
Neither force acts accurately along the radius joining the centre of the 
earth to the moon, and therefore both have components at right angles 
to it. That arising from C is evidently the greater, both because the 
resultant force due to G is the greater, and because the angle GmO is 
greater than DmO. Thus there will be on the whole a force on the moon 
with a component in the direction of its revolution. 

Similarly we may consider the attraction of the moon on the two tidal 
protuberances. We see that the force on C is greater than that on D, and 
further, on account of the fact that the angle GmO is greater than DmO, 
its line of action passes further from the centre of the earth. On both 
grounds it has a greater moment about the centre of the earth. Therefore 
an effect of the moon’s attraction on the tides is to produce a couple 
tending to turn the earth in the direction opposite to its rotation, and thus 
to slow up its rotation. 

Similar results will evidently hold even if there is no ocean, but the 
interior of the earth is imperfectly elastic. On account of its elasticity, 
the form of the solid earth will be somewhat distorted by the moon’s tidal 
action; and imperfect elasticity will cause the greatest elevations to be, 
not at A and B, but at places like C and D. Thus bodily tides, like oceanic 
tides, will tend to accelerate the moon and retard the earth. 

14-2. Effects of Tidal Friction. The above simple discussion does not 
consider the complications introduced by the irregular form of the oceans. 
It is not to be expected, however, that such a complication will prevent 
the existence of the couples. The solar tides, further, behave similarly to 
those raised by the moon, and therefore have to be taken into account 
in a quantitative discussion of the effects of tidal friction. 

Let the masses of the earth, moon and sun be respectively M, m, and m t . 
Let the mean angular velocities of the moon and sun about the earth be 
n and «!, and their distances from the earth c and c t . Let the retarding 
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couples acting on the earth due to the lunar and solar tides he respectively 
— N and — N x . Let the earth’s angular velocity of rotation be ii, and its 
principal moment of inertia about its polar axis G. Then 

n 2 c z = j f (If + m ) ; % 2 c x 3 = f (m 1 + M) (1), 

where / is the constant of gravitation. Put 

c = c 0 | 2 , n = n 0 g~*; c x = c 1( 0 £l 2 , % = %)£r 3 (2), 

where the zero suffixes indicate the present values of the quantities they 
are attached to. 

The moon revolves about the centre of gravity of the earth and moon 
together, the distance of which from the moon is Mcj(M + m). The angular 
velocity of the moon being n, the linear velocity is Mcnj(M 4- m), and 
therefore the angular momentum of the moon about the centre of the 
earth is McHj(M + m ). That of the earth’s rotation is <7£1. By Newton’s 
Third Law, to the couple — N acting on the earth must correspond a force 
acting on the moon, whose moment about the centre of the earth is 4- N. 
The solar tides will have no secular effect on the moon, for their period is 
different, and therefore in the course of a lunar synodic month they are 
presented to the moon in all aspects. Thus they will accelerate the moon 
in one half of the month as much as they retard it in the other half. Thus 
the solar tides will not affect the moon; similarly the lunar tides, in the 
long run, will not affect the sun. Now noticing that c 2 n = c 0 2 n 0 £, we see 
by taking moments about the centre of the earth for the moon, sun, and 
earth respectively that 

Mm c H-jr o\ 

M + m C ° n °dt (3) ’ 

mi + M Cl ° ni ° dt _iVl 

G W = ~N ~ N i ( 5 )- 

If j E be the total mechanical energy in the system, it decreases at a rate 
equal to the sum of the rates of performance of work by the angular 
motions in overcoming the operating couples. This gives 

-^^(N + N^a-Nn-N^ ( 6 ). 

Consider the effects of the lunar tides separately. These give 

-§-*(£!-») ( 7 ). 

Since the couples arise from dissipation of energy, the left side is essentially 
positive. Thus N has the same sign as Q, — n. In the earth-moon system 
this is positive, and therefore N is positive. This argument is independent 
of any assumption about the form of the ocean or the nature of the elas- 
ticity of the earth. Similarly we can see that N x must be positive. It 
follows from (3) and (4) that the mean distances of the moon and sun must 



208 


Tidal Friction 


be incre asing , and accordingly their mean motions, in comparison with 
an inertial system, must be decreasing. It follows again from (5) that the 
rate of rotation of the earth must be decreasing. 

14-21. Consider now what the ratio of N to is likely to be. The 
potential at the surface of a body due to a mass m at distance c can be 
put in the form f m f m / x 2x 2 — y 2 — z 2 \ . 

H = F\ c + 2c 2 J (L} ’ 

where the axis of x joins the centres of the two bodies, that of z is the 
polar axis, and that of y is perpendicular to both. The acceleration of the 
body as a whole has components 

( f™. o o) - - (-- - -Y— (2) 

V c 2 ’ ! ) Va*’ 3 y’ a z) c 2 [ 

The distortion of the body is due to the difference between the actual 
potential and the potential that would displace it without changing its 
form. Apart from a constant term, this difference is equal to 

(2* 2 — y 2 — z 2 ) (3). 

We may now introduce spherical polar coordinates at the centre of the 
earth, so that x — r sin 6 cos <j> \ 

y = rsin0sin </>L (4). 

z = r cos 6 J 

Then 9 is the colatitude of the point considered, and cf> is the difference 
between its longitude and that of the moon. (3) becomes 

- f cos 2 0) + f sin 2 0cos2<£} (5). 

The two terms of this are spherical harmonics. The first is independent 
of the longitude of the point considered, and therefore can produce only 
a permanent tide not moving with the moon. The second term generates 
the se mi diurnal tide, for we see that it has maxima where </> *= 0 and 
(j) = tt; that is, just below and just opposite to the moon. Thus the tide- 

generating potential is 3/mr 2 . ... 

U = j * 7 -— — sm 2 0 cos 2 <56 (6). 

The tide raised by the moon will be expressible as the resultant of a 
number of surface harmonic displacements. The couple due to the attraction 

d U 

of the moon on an element of the earth's mass is p ^ dr, where dr is an 
element of volume and p the local density. The total couple is therefore 
— N=— JJ j ■ sin 2 (9 sin 2<f>r 2 drda} ( 7 ), 

where day is an elementary solid angle, so that 

dr = r 2 drdco ( 8 ). « 
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The integral is to be taken throughout the earth. If vre consider only 
the oceanic tide, p is a function of r and 6 only -within the solid earth, and 
therefore the integral up to the mean position of the ocean surface con- 
tributes not hin g to the couple. If the height of the oceanic tide is A, and the 
radius of the earth is A, the integral up to the actual ocean surface becomes 

— N = — sin 2 # sin 2(f>dao (9), 


where p now refers to the ocean alone. We see that none of the harmonics 
involved in h, save that in sin 2 6 sin 2<f>, can contribute anything to the 
couple. Let this one be expressible in the form H sin 2 0 cos 2 (<f> — e). 
Evidently 2e is the phase lag introduced by tidal friction, corresponding 
to double the angle GOA in Eig. 8. The portion of this harmonic involving 
cos 2<f> cos 2e vanishes on integration with regard to <f>, and we are left with 

— 1 V = — pH J j" sin 5 # sin 2 2 (f> sin 2e ddd<f> 


8 fmA* 


pH sin 2e 


( 10 ). 


A similar discussion is applicable to the solar tides. 

If s uffix 1 indicates that the quantity it is attached to refers to the 
sun or to the solar tide, we evidently have from (10) 


mH . n /TOjZL 
N/N, = Sin 2e j -Jv 1 


sin 2e~, 


,(ii). 


We notice that the ratio is the ratio of the amplitudes of the two 

tide-generating potentials due to the moon and sun. If then the periods 
of the two tides were equal, and if the laws determining the tides were 
linear in the displacements, we could calculate the two tides separately; 
their phase lags would then be equal, and their amplitudes would be in 
the ratio of those of the disturbing potentials. Thus we should have 


This ratio is about 5-1. 



( 12 ). 


14-22. We readily see that the above argument can be generalized so 
as to be applicable to the bodily tide. The displacements at all points of 
the interior will be nearly in proportion in the lunar and solar tides, 
provided only that the periods are far from resonance. This hypothesis 
is justified by the fact that the period of free vibration of a fluid earth 
would be less than two hours, and this would be shortened by elasticity; 
while the periods of both tides are about 12 hours. Thus internal motion 
will introduce into (9) and (10) only such factors as will be the same for 
both moon and sun, and therefore (11) will hold. But the conditions for 
inferring (12) from (11) are also satisfied, for we cannot suppose that the 

JE 


14 
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small strains involved in bodily tides produce friction proportional to 
any power but tbe first. Thus in this case 

N/N x = 5*1. 

14*23. Lags in the ocean tides produced by viscosity give the same 
ratio. Much tidal friction, however, takes the form of skin friction in 
regions of strong tidal currents-; it will indeed be seen later that this is 
probably the most important type operative at the present time. Skin 
friction is proportional to the square of the velocity of the tidal current, 
and therefore it is no longer justifiable to treat the lunar and solar tides 
separately and add the results. If, however, friction is too small to alter 
seriously the character of the tides, we may estimate the ratio in another 
way. The effect of friction is to introduce a reaction from the sea where it 
occurs upon the water of the ocean as a whole. Friction changes sign with 
the tidal current, and the reaction will therefore contain a portion with a 
period equal to that of the tide ; this portion will produce a small tide in the 
ocean, out of phase with the tide unaffected by friction. The tide unaffected 
by friction gives by hypothesis no dissipation of energy and therefore no 
tidal couples; these arise from the attraction of the moon and sun on the 
small tides produced by the reaction caused by friction. 

In a region where friction is considered, let u be the velocity of the 
lunar current, and v that of the solar current. Suppose the origin of time 


so chosen that we can write 

u = asm.pt] v = b sin qt (1). 

Evidently b is considerably less than a , and their ratio is approximately 
the same all over the earth. Further, 

p = 2 (£1 — n) ] q = 2 (O — wj (2). 


To a first approximation only we may suppose the whole velocity to 
be a sin pt 4- b sin qt. We require to use this so as to proceed to an 
approximation to the form of the frictional forces. The frictional force is 
F = h (u 4- y) 2 , directed against the resultant velocity; or, writing it so as 
to put in evidence the fact that it changes sign with the velocity, 

F = k\ u + v\(u + v) (3), 

where | u + v | denotes the absolute value of u + v. 

Let the two parts of F whose periods are equal to those of the semi- 
diurnal tides be P sin pt and Q sin qt. Other parts can give only tides 
whose periods are different from those of fhe disturbing potentials, and 
will therefore give only periodic effects on the moon and sun. We need 
therefore consider only these two terms. Now 

1 ft*" 

ttP = Lim - F sin ptdpt (4), 

n-*-oo nJo 

\ r2nir 

ttQ = Lim - F sin qtdqt 
a 1 f 2mr 

= ~ Lim - F sin qtdpt (5). 

Pn^oo nj o v ' 



Dissipation by Turbulence 

ft = 9, q/p = r 


| r2mr 

7rP = Ldm-Jo Tc | asm 6 + b sinrO | (asm# + 6sinr0) sin 9d6 

q r2mr 

7rQ = Lim^J k | a sin# -f&sinr# | (asin# + 6sinr#)sinr#<i#...(8). 
Neglecting b in (7) we find 

7 tP — 2 ha 2 f si n z ddd = §ka 2 (9). 


Let 6 m be the mth zero of (a sin # + b sin r8), not counting the origin. 
If we neglect 6 2 , we see easily that 


# m = mrr — (— l) m - sin rmn 

Qj 


7tQ = Lim — S (— l) m (a sin # -f b si nr#) 2 sinrddd (11). 

pU m =0 J 


The general term in the sum in (11) is 

i(-l)™- 1 a 2 cos r9 - 2 “(2 + r) cos (2 + r)9 + ^ZTf ) 008 ( 2 “ r ) 9 


■2 ab \cos6 


t COS " - 2(2FTlf ° B V + «« ' + 2(2?— T) 


cos(2r — 1)# 


-+ terms in 6 2 


i)m-i a 2 _ { cos r (m + 1) 7r — cos rrmr) 


— - — r {cos (2 + r) (m + 1) tt — cos (2 -f r) wtt} 

2 + r) 

+ — ^ r {cos (2 — r) {m + 1) 7T — cos (2 — r) mrr} 

2(2— r) 

+ ^ab {cos 2r (m + 1) rr — cos 2rmrr} 

— \ab {cos 2 (1 + r) (m + 1) rr — cos 2 (1 -f r) mrr } 

— \ab {cos 2 (1 — r) (m + 1) tt — cos 2 (1 — r) ran} 

r (— l )" 1 ’ 1 

I Oyv 7i 1 V L ir*r\c\ f O/v _L 1 \ ( nnn _1_ 1 \ /rr r*r\ a / 


4- 2ab j^l — ^j2r+T ) ^ C0S + 1) ( m + 1 ) 77 cos ( 2r + 1 ) mrr ) 

/ 1 \m-l i 

+ {cos ( 2r — 1) (m + 1) it — cos (2 r — 1) mrr} (12). 

These terms are to be added for all values of m from zero to 2^ — 1. 
Evidently the terms with m in the argument form several series of cosines 
of angles in arithmetical progression, and therefore their sum never exceeds 
a definite finite amount. Thus the integral gives 

ttQ = Lim — 2ab (2 n + A), 
n-^oo pn 

where A does not tend to infinity with n 

= 4 kqab/p ( 13 ). 


1 4 — 2 
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Thus 


Q 

P 


Sqb 
2 pa 


.( 14 ). 


.(15). 


This gives us the required approximation to the ratio of the reactions. 
Now since by hypothesis the ocean is far from resonance, and r is not 
far from unity, the amplitudes of the tides introduced by friction will be 
in proportion to the corresponding terms in the force that produces them, 
and the phase lags will be equal. Thus in 14*21 (11) we have 

= P = 2pa 
H 1 Q 3 qb 

The factor qjp is nearly unity, and may be omitted. The ratio 6/a arises 
from the theory before friction was taken into account ; hence in calculating 
it the assumption that the laws involved are linear in the displacements 
is correct, and therefore 


Thus (15) gives 


a mjc z 
b ~ mjc^ 

(16). 

H 2 m/c 3 

H 1 ~ 3 mjcj 3 

(17), 

14*21 (11) we have 


N 2 / m/c 3 \ 2 

JVj — 3 \m 1 /c 1 3 J 

(18) 

= 3-4. 



Thus the solar tidal friction is a larger fraction of the lunar in this case 
than when the friction follows a linear law. 


14*3. The Secular Accelerations of the Sun and Moon. Let us now 
consider the effect of the variations in the angular motions on observations 
of astronomical phenomena. Suppose that n, n x and £1 are known from 
observations over a short interval near time zero, and that from the values 
found we infer that a known fixed star would cross the meridian of Green- 
wich at time T if all these quantities were constant. Then the effect of 
the variation in the speed of the rotation of the earth is to put the earth 

ahead in time T by an angle if we neglect variations in 

The earth’s angular velocity being £1, the meridian of Greenwich will 

therefore reach a given star in time T instead of in time T\ 

in other words, the time of transit of a given star across the meridian is 
jP 2 d£l 

hastened by The moon moves among the stars with angular velocity 


n 9 and therefore the alteration of the time of the observation makes the 
moon an angle behind its calculated position when the star transits. 


On the other hand, the change in its own angular velocity puts it ahead 
by an angle ~ in time T. Altogether, then, it is \T 2 ^ 
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in front of its calculated position when the star transits. Thus, in com- 
parison with the positions inferred for time T, the moon is subject to an 

~dt “ Q ~db)' * s e< l l ^ va ^ ei1 ^ 
to saying that the moon appears to have, relative to the stars, a steady 

secular acceleration ^ us denote this by v. The sun similarly 

will have a secular acceleration, which we shall denote by v x . Then 

dn n d£l m 

v ~dt~Q~dt 

dn x n x dQ. 

Vl ~ dt~U~dt (2) ' 

But from 14-2(2) -3n 0 ^^; = - 3w 10 ^- 4 -j| (3). 

Let us now substitute in (1) and (2) the values of the differential coefficients 
found in 14-2 (3), (4) and (5). Then 

M + mN(-+ N+J^i (4) 

v ~ 3 Mm c 0 2 + CO. ^ W ’ 

Mi + JfffiJi 4 N-\-N x t _ 3 ^ 

v ' = “ 3 m x M ' + ~CQT (5) - 

So long as intervals of only a few thousand years are considered, | and 
may be taken equal to unity without sensible error. Let us put 

Mm c 0 2 n 0 _ 

M + mCh 0 ~ K yh 

so that k is the present value of the ratio of the orbital angular momentum 
to the rotational angular momentum of the earth. Taking 

C = 0-33 ±MA* (7), 

we have k = 4-82 (8). 

7L/" _J_ rffi 

Then (4) reduces to v = ■ j^. a - {(k — B)N + kN x } (9), 

where the zero suffixes have now been dropped, since the quantities are 
nearly equal to their present values. 

The ratio of the first term of (5) to the second is 

3 N x c z n m 1 
N -f W x c x z n x M + m k ' 

The first factor is of order unity, the second 10~ 4 , the third 10~ 2 , the 
last This ratio is therefore very small, and the first term in (5) may be 
neglected. Then (5) becomes 

M + mn x N + N x 

v-i ~ k — =-= « — 

1 Mm n c 2 

14-31 . Now v and v x are capable of being found from a comparison of 
present-day astronomical observations with ancient ones. In particular. 
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it is evident that a determination of the time of the occupation of a star 
by the moon, or of the conjunction of the moon with a star, will give 
v directly. Again, the moon in time T will gain on the sun in longitude 
b y J (v - v 2 ) T 2 in comparison with the calculated motion, and therefore 

all lunar eclipses will occur earlier by an interval - - — — T 2 . Thus obser- 

71 — 7b x 

vations of the times of eclipses make it possible to find v — v x . 

The magnitude of a lunar eclipse is determined by the distance of the 
moon from the node at the time of conjunction or opposition to the sun. 
The motion of the node has no part arising from tidal friction, and is 
therefore known from the purely gravitational theory of the moon’s motion. 
The longitude of the moon at the time of eclipse is increased by an amount 

1 71 

— (y — v ± ) T 2 on account of the earlier time of the eclipse, but 

Jj 7b — 

also by \vT 2 on account of its own secular acceleration. Thus the effect of 
the two accelerations jointly is to increase the moon’s longitude at the 

time of eclipse by ^ — — T 2 . The magnitudes of the eclipses therefore 

Jj 7b — 7b-y 

give nv x — 7b x v. The times and magnitudes together give v and v x separately. 

The same arguments would apply to a solar eclipse as seen from the 
centre of the earth; but owing to the secular change in the rate of the 
earth’s rotation the spot on the surface where the magnitude of the eclipse 
is greatest will be altered. Thus the discussion of solar eclipses is more com- 
plicated than that of lunar ones. 

It may be noticed, incidentally, that 


TbV i — = 7b 


dn x 

dt 




dn 

dt’ 


and therefore the magnitudes of the eclipses do not involve the change 
in the rotation of the earth. This result is evident ab initio , since they 
involve only the positions of the sun and moon and the centre of the 
earth. Again, dnjdt has been seen to be very small, so that practically the 
magnitudes of the eclipses give a direct determination of dn/dt . 

Observations of the time of passage of the sun across the equator, when 
the precession of the equinoxes is known, give the secular acceleration 
of the sun directly. 

Many ancient observations by Greek, Babylonian, Chinese, and 
Egyptian astronomers have been discussed with a view to the determina- 
tion of the secular accelerations. The most recent and the most thorough 
of these discussions is that of Dr J. K. Fotheringham. The following table 
is taken from his summary* of the information obtainable directly from 
observations of several different types. His L is equivalent to of this 
chapter. The unit is a second of arc per century per century. 


* M.N.RA.S. 80 , 1920 , 578 - 81 . 



Values of Secular Accelerations 215 


Lunar eclipses 

A 

Solar 

eclipses 

Occultations and 
Conjunctions 


f 

Times Magnitudes 

Equinoxes 

— 

21-0 

21*60 ± 1-40 

— 

— 3-56 ± 0-90 

2-0 

— 

3-66 ± 0-54 

17-8 ± 2*6 — 

19-0 

— 

— 


Fotheringham has discussed the solar eclipses afresh*, and it is shown 
by the diagram on p. 123 of his paper that a secular acceleration of the 
sun of 2"- 1 / (century) 2 , and one of the moon of 20"*7/(century) 2 would 
satisfy them all, but no smaller value of the solar secular acceleration is 
permissible. It might, however, be as large as 3"*3/(century) 2 , combined 
with one of the moon of 22"*0/(century) 2 . He decides that on the whole, 
judging purely on the observational evidence, the most probable values 
of the secular accelerations are 21 "*6/ (century) 2 and 3 "-0/ (century) 2 ; but 
they satisfy the observations more accurately than the probable errors 
would lead one to expect, and consequently some latitude of interpretation 
is permissible. 

The lunar theory, however, indicates a secular acceleration of the 
moon of 1 2"* 2/ (century) 2 . The portion attributable to tidal friction is 
therefore only the unexplained excess, namely about 9''*0/(century) 2 . 


14-32. With these values of v and v 1 it should be possible to solve 14-3 
(9) and (10) for N and N t and to find their ratio, and also to substitute 
in 14*2 (6) and find the rate of dissipation of energy directly, without any 
hypothesis as to the nature of the tidal friction. It appears, however, that 
the solar acceleration is uncertain by a larger fraction of its amount than 
the lunar, and it may be preferable to determine theoretically the ratio 
of the two accelerations, and thus to infer the solar acceleration from the 
lunar. Even this cannot, however, be done with much accuracy if the 
friction varies as the square of the velocity, for squares of the height of 
the solar tide had to be neglected in 14-23 in inferring the ratio of the 
frictional couples, and an error of the order of 10 per cent, in the result 
is therefore to be anticipated. 

Now 14*3 (9) and (10) give 


-3 


N + N x 


n 

% 


.( 1 ). 


iq ” N + N ± 

When N/N t tends to zero, this tends to n/n x = 13-3. This is obvious without 
analysis, for it corresponds to the case where all friction is in the solar 
tides; and then dn/dt is zero, and dnjdt insignificant. Thus the whole of 
the secular accelerations arise from errors in the time introduced by 
variations in the rate of rotation, and are therefore in the ratio of the 
mean motions. Then to a secular acceleration of the moon of 9"-0/ (century) 2 
corresponds one of the sun of 0"*7/(century) 2 . 


* M.N.R.A.JS. 81, 1920, 104-26. 
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When N/N-l tends to infinity, so that all the friction is in the lunar 


tides, vj tends to 


3 n_ 
~ % 


= 5-0. This gives 


Vi = l"-8/(century) 2 , 

which must be the maximum value possible of the solar secular acceleration. 
With NjN t equal to 5-1, we get 

v l v i = 6-3, = l"-44/(century) 2 . 

With N I equal to 3-4, we have 

v/vj. = 7-2, Vj = l"-26/(century) 2 . 

We notice that the largest possible value of the solar secular acceleration 
is somewhat less tKan the lowest permitted by Fotheringham’s investiga- 
tions. This suggests that either an unknown cause is producing a secular 
acceleration of the sun, or that part of the observed value is error. 

We have from 14-3 (9) 


and from 14-2 (6) 
Taking 


we have 


N 


M + m 
Mm c 2 


(k - 3) -(- K ~j = v 


dJE 

dt 


• N (£) — n) ^ 1 + 


N x O — n x 
N Q, — n 


v = 9"*0/ (century) 2 = 4-5 x lO-^/sec. 2 , 
N/N t = 5*1, 

? = = 2-2 x 10- 22 /sec. 2 

1 + 3 2V 
dlfi , „ 

— = 1*5 x 10 19 ergs per second 


( 2 ), 

(3). 


( 4 ) , 

(5) . 


With the same value of v, but 

N/N t = 3'4, 

we find ^ = 1-9 x 10~ 22 /sec. 2 (6), 

dE 

~~dt = * X er ^ s P er secon< ^ (7). 


14-4. Tidal Friction in the Sea: Quantitative Estimates. Let us now 
consider where the dissipation of energy takes place. In the open ocean 
the two components of horizontal velocity u and v, except near the bottom, 
satisfy differential equations of the form 

du 3 - 

( 1 ), 

Tl +2 ( 2 ), 

where x and y are elements of arc in two perpendicular horizontal directions. 
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£ is the elevation of the sea-level above its mean position and f the height 
of the equilibrium tide. Also w _ q cos q ( 3 ). 

We shall expect that in the absence of close resonance £ and £ will be of 
the same order. Thus u and v will be of order gg/ajA, where A is the radius 
of the earth. Now gp is equal to the tidal disturbing potential, and there- 

3 /^ 4 2 


fore, by 14*21 (6), its maximum value is 


4 c 3 


- , making £ of order 26 cm. 


Thus u and v are of order 1 cm. /sec. The frictional force is Jcp ( u 2 H- v 2 ), 
directed against the resultant velocity, and therefore the rate of dissipation 
of energy is hp (u 2 + v 2 )% per unit area, where h = 0*002 and p is the density 
of water. Thus the dissipation per square centimetre is of order 0*004 erg/sec. 
The area of the whole ocean being about 3*67 x 10 18 cm. 2 , the dissipation 
as a whole must be of the order of 10 16 ergs/sec., which is a small fraction 
of that seen to be required to account for the secular accelerations. Thus 
the chief part of the tidal dissipation cannot arise from friction in the 
open ocean. 

The validity of the above estimate depends on whether the Osborne 
Reynolds criterion for turbulent motion is satisfied. If the motion were 
purely viscous, the viscosity being v , and if the influence of the boundary 
were considerable up to a distance h from it, the criterion for purely viscous 
motion is that uhjv shall be less than 1000. Tor semidiurnal motions in 
a viscous medium, ^ 2 v f a y 9 

so that uhjv = u/(vco)& 

= 800. 


Thus the criterion is on the verge of being satisfied, and it is known that 
the dissipation by pure viscosity cannot in any case exceed that by 
turbulence when the velocity is just great enough to satisfy the Reynolds 
criterion. The order of magnitude of the above estimate is therefore not 
too low in any case. 


14*41. It was, however, assumed explicitly in the last section that the 
conditions are such that £ is not great compared with f. If the form of 
the bottom is such that the tides are highly magnified by resonance or by 
the shallow water effect, the argument will not hold. Such circumstances 
cannot exist in the ocean as a whole, but they may well hold locally. Indeed 
places where tidal currents have velocities very much greater than the 
1 cm. /sec. inferred for the open ocean in the last section are known to 
everybody. In such places the dissipation per unit area must much exceed 
that in the open ocean, especially since the rate of dissipation per unit 
area is proportional to the cube of the velocity. The question is, whether 
the increase in the rate of dissipation per unit area is enough to com- 
pensate for the limited area of the regions concerned and make the total 
dissipation in them exceed that in the open ocean. 
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The question was answered in the affirmative by G. I. Taylor*, who 
determined the rate of dissipation of energy in the tides in the Irish Sea 
in two independent ways. One method is the natural one of estimating 
the velocities all over the area considered, and hence inferring the dissipa- 
tion per unit area. On integrating this over the whole region we find the 
total dissipation. 

The alternative method is to find the rate of performance of work on 
the sea by the ocean and the moon together. This is found to be, on the 
average, positive. The energy in the sea is, however, not increasing steadily, 
and therefore the energy supplied from outside must be dissipated as fast 
as it is received. Thus the rate of dissipation can be found. If we consider 
a straight line across the sea as the boundary, and take the axis of y along 
this line, the velocity across it is u. Let D be the depth of the water at any 
point. The pressure at any depth z below the mean position of the surface 
is gp (z + £), since the depth below the actual free surface is z + £. Thus 
the entering water does work at a rate gp (z + Qu per unit area of the 
section. Integrating this with regard to z from z = - £ to z = D, supposing 
u independent of z, we see that the rate of performance of work by the water 
entering vertically below an element of the boundary of unit length is 
t D 

9p{z + £) wdz = \g P (D + £) 2 u (1). 

In addition the entering water brings in its own energy. Taking the mean 
sea-level as the zero of potential, we see that the mean potential within 
a column of unit cross section extending to height £ and depth D is 
— \g [T> — £). The mass of such a column is p (D + £). The potential 
energy is therefore - \gp (Z> 2 - £ 2 ). Now the horizontal cross section of 
the column of water that crosses in unit time unit length of the boundary 
is u. Thus the potential energy of the entering water enters at a rate 


- \gp (D 2 - £ 2 ) u 


( 2 ) 


per unit length of the boundary. 


The kinetic energy of the entering water evidently contributes energy 
to the sea at a rate y {D + ?) (ft , + tfl) u (3) 


per unit length. 

Combining these three sources of energy, we find for the whole rate 
of inflow of energy 

gpu (D£ + £ 2 ) •+ ip (D + £) u (u 2 + v 2 ) (4) 

per unit length of the boundary. 

Now in general J is small compared with D. Also u and v are in general 
of the order of c£/D, where c is the velocity of a tidal wave in water of 
depth D. But c 2 


so that D (- u 2 + v 2 ) is of order gt?. Thus much the largest part of the 


* PM. Trans. 220 a, 1919 , 1 - 33 . 
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entering energy is contributed by the term gpuD £. On integration along 
the boundary the whole rate of transfer of energy across the boundary 
is seen to be lgpDul,dy (5) 

taken along the boundary from end to end. If this again is integrated 
with regard to the time through a whole period of the motion, we shall 
obtain the total inflow of energy across the boundary during a period; 
and if these results are added for all the boundaries of the sea, the total 
rate of inflow of energy into the sea may be found. 

We req uir e in addition the work done by the moon. The disturbing 
potential due to the moon being U, the work done by the moon when an 
element of the ocean surface of area dS is raised through a height is 
Upd^dS. Putting jj — gg (6), 

so that f is the height of the equilibrium tide, we see that the work done 
by the moon on the sea in a period is 

fjgp^dtdS ( 7 ), 

where the integral with regard to t is to he taken over a period, and that 
with regard to S over the whole area of the sea. This added to the result 
of the integration of (5) through a period gives the whole supply of energy 
to the sea ; and this must be equal to the dissipation of energy in the sea 
during a period. 

14 - 411 . Taylor found the rate of dissipation of energy in the Irish Sea 
by these two methods. He found that energy enters through St George’s 
Channel and the North Channel at a mean rate of 6-4 x 10 17 ergs per 
second. The rate of performance of work on the sea by the moon is, on 
an average, about - 4-3 x 10 16 ergs per second. The remainder, about 
6 x 10 17 ergs per second, is absorbed by tidal dissipation. The alternative 
method, in which the dissipation all over the area is estimated simply 
from the velocity distribution, gave 5-2 x 10 17 ergs per second, agreeing 
with the other within the limits of error of the determinations of velocity 
used. 

The dissipation in the Irish Sea alone is therefore about sixty times 
what was found for the open ocean as a whole. The conjecture that the 
greater velocity of the currents may more than make up for the smaller 
area therefore proves to be correct. The rate of dissipation is indeed 1/20 
of that req uir ed to account for the whole of the secular acceleration of 
the moon, and it was therefore suggested by Taylor that the dissipation 
of energy in the whole of the shallow seas of the earth may be enough to 
explain the whole of the secular acceleration. 

14 - 412 . It may be noticed, however, that the above estimate for the 
Irish Sea refers definitely to spring tides, when the tidal currents are at 
a maximum . To find the mean dissipation throughout the lunar month 
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a correcting factor must therefore be applied. Let us then proceed to 
estimate this factor. Let 9 be the phase of the lunar tide, and r0 that of 
the solar tide. Put r = 1 — s, so that s is Let A be the amplitude of 
the lunar current and Av that of the solar current. Then the total current is 

A {cos 9 + J'cos (1 — 5 ) 6} — A (1 + 2vcos 6 + v 2 )% cos (d — tan" 1 .. V . s ^ n ^ , 

v * \ 1 + v cos sOJ 

which is now expressed as a simple harmonic motion with a slowly varying 

amplitude and period. The amplitude at springs is A (1 + v). The rate of 

dissipation is proportional to the cube of the current, and therefore that 

over a lunar day is proportional to the cube of the amplitude during that 

day. Thus the ratio of the mean dissipation to the dissipation at springs 

is the average of (l + 2v cos s6 + v*)*/(l + „)*. 

If v 6 be neglected, the numerator of this is 1 + f v 2 + Assuming 

that the velocities vary in proportion to the vertical ranges, we have 

1 -f- v 

- = 2-3, 

1 — v 

V = 0-39, 

l+-fv a + &y* 

(1 + v) 3 -05L 

Thus the correcting factor is about 0-5, and the number of Irish Seas 
required to account for the secular acceleration of the moon is between 
40 and 50. 

14-413. Taylor’s methods have been extended by the present writer* 
to include most of the shallow seas of the globe. The results are as follows. 
All refer to spring tides. The unit is 10 18 ergs per second. 


European waters: 


Asiatic waters: 


North American waters: 

Irish Sea 

0*6 

South China Sea 

Small 

Hudson Strait 

0*2 

English Channel 

M 

Yellow Sea 

1*1 

Hudson Bay 

Small 

North Sea 

0-7 

Sea of Okhotsk 

0*4 

Pox Strait 

1*4 



Bering Sea 

15*0 

Bay of Pundy 

0*4 



Malacca Strait 

1*1 




The other seas of the globe appear unlikely to contribute much to the 
dissipation. In Europe, the Mediterranean, Baltic, and White Sea are so 
narrow at their entrances that little tide can enter, and consequently the 
tidal currents within them are unable to contribute much to the dissipation. 
The Bay of Biscay is too deep to magnify the currents much. In Asia, 
the South China Sea contributes little because the tide in it is almost 
wholly diurnal; the disturbing potential that produces the diurnal tide 
is small, arising from the inclination of the moon’s orbit to the equator, 
and dissipation in it contributes nothing to the secular acceleration. 

* Phil. Trans. 221 a, 1920, 239-64. 
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Australian waters contribute little, for similar reasons ; while the Gulf of 
Mexico resembles the Mediterranean. 

In the cases of the Yellow Sea and Malacca Strait it has been possible 
to apply both of Taylor’s methods of calculating the dissipation, and. 
concordant results have been obtained. In the Bay of Fundy the currents 
vary so much from point to point that only the method based on the 
inflow of energy is useful. In the others it has been necessary to rely wholly 
on the estimates based on the velocity. The results, especially those for 
the Bering Sea, the most important region of all, are therefore subject to 
revision as more accurate knowledge of the tides and tidal streams becomes 
available. 

The total dissipation is found to be 22 x 10 18 ergs per second at spring 
tides. Applying the correcting factor 051 to obtain the average dissipation, 
we find 1-1 x 10 19 ergs per second, 80 per cent, of what is required to 
account for the whole of the secular acceleration of the moon. It would 
by itself give a secular acceleration of 7" per century per century. 

14414 . The agreement between the dissipation in shallow seas and 
that necessary to account for the lunar secular acceleration is much closer 
than the data would entitle us to expect. Two-thirds of that found takes 
place in the Bering Sea ; this determinationmay be in error by half its amount 
if the estimates of the currents there are systematically wrong by 25 per 
cent., a possible contingency. What we are entitled to assert, however, on 
the evidence before us, is that the dissipation is certainly enough to account 
for a large fraction of the secular acceleration, and that there is nothing 
to prove that it is incapable of accounting for the whole of it*. In par- 
ticular, any portion of the secular acceleration can be attributed to bodily 
tidal friction only as a result of independent proof that bodily friction 
must produce such an amount; there is no insufficiency in the theory of 
tidal friction in shallow seas that can justify such a course. 

It is uncertain whether the dissipation in any other coastal regions is 
notable in comparison with those already considered. The only partially 
enclosed seas not treated so far are some of those in the North-West 
Passage. There is an extensive shallow region off the coast of Patagonia, 
but it is in no way enclosed, being perfectly open to the Atlantic. Thus it 
is difficult to make any reliable inference about the currents in it. Many 
records of tidal currents along the coast are given in the Admiralty Pilots, 
but all of them seem to refer to currents up rivers or near their mouths, 
or to currents over bars and shoals; in either case the general currents 
must be magnified. There seem to be no data about currents more than 
a few miles out to sea. 

The dissipation over local shallows like shoals and bars, and in narrow 
bays and straits, has been systematically ignored in this discussion, except 

* A discussion based on substantially the same data, and giving comparable results, 
is given by W. Heiskanen in Ann. Acad. Scient. Fennicae, 18 a, 1921, 1-84. 
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where it has been automatically taken into account in the determination 
of the excess of the entering over the issuing energy. The chief reason is 
the utter impossibility of finding it from our present data. It can be 
proved that variations of depth across a channel do not affect the longi- 
tudinal currents much, so that shallows long compared with their width 
will not affect the result ; but roughly circular shoals, and shallow regions 
extending right across a channel, may contribute an appreciable amount. 
The agreement found in the cases of the Irish Sea, the Yellow Sea, and 
the Strait of Malacca between the results of the two methods of computing 
the dissipation shows that at any rate the shoals do not contribute an 
amount comparable with that in the regions as a whole; for one method 
systematically includes the effect of shoals, and the other systematically 
omits it. 

The fjords of the west coasts of Norway, Greenland, and North and 
South America, and the Scottish lochs, are innumerable. They are, how- 
ever, mostly very deep, and strong tidal currents are therefore not to be 
expected over much of their area. Strong currents do, however, occur 
locally in them. No attempt has yet been made to compute the dissipation 
in these regions, but it is probably small. 

Along the open shore, again, there must be some dissipation; the strong 
currents usually do not extend more than a few miles out to sea, but they 
exist along a very long stretch of coast, and the aggregate dissipation in 
them may be appreciable. 

14-42. Bodily Tidal Friction. Let us proceed now to consider the 
possible effects of bodily imperfection of elasticity. We saw in Chapter IX 
that imperfection of elasticity in a solid may be manifested in two ways, 
either by a slowness of elastic recovery after strain, called elastic after- 
working, or by steady deformation under stress, called plasticity. It was 
seen to be possible for plasticity to appear only when the stress exceeded a 
certain value, which was called the ‘ strength 5 ; but it was realised that the 
strength might be zero. It is possible for elastic afterworking and plasticity 
to be present in the same substance. 

No attempt was made to state quantitative laws of these properties, 
and it appears probable that in actual substances the laws are very 
complex. In the case of bodily tides in the earth, however, we can make 
some progress. The amplitude of the bodily tide is, like that of the ocean 
tide, of the order of a metre. Thus each part of the earth is stretched during 
the lunar day by amounts comparable with 10 -7 of its linear dimensions. 
It is incredible that if any terms in the friction depend on second and 
higher powers of the displacements, they can be appreciable when the 
displacements are as small as this. On the other hand, if imperfection of 
elasticity arises only when the stresses exceed a certain amount, and the 
frictional stresses thereafter remain constant, as in solid friction and some 
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forms of plasticity, we cannot expect the strength to be so small as this 
would indicate, and therefore the substance would be perfectly elastic 
for the small stresses involved in bodily tides. 

14*421. If then any imperfection of elasticity is present, we must 
expect it to depend on the first power of the displacements and their 
rates of change. It is easy to obtain two plausible forms of imperfection 
of elasticity that show the characteristic features of plasticity and elastic 
afterworking respectively. We have seen that if P represents a tangential 
stress, and E the corresponding distortional strain, the relation between 
them in a perfectly elastic solid is 

P-tiE ( 1 ), 

where j u is the coefficient of rigidity. Now it may happen that the dis- 
tortion is changing, and if so, the stress is not only maintaining the dis- 
tortion at its temporary value, but also is producing new distortion. There 
may be a further resistance to the latter process; it vanishes with the rate 
of distortion, by definition, and, since it must be linear in the distortion 
and its rates of change, must therefore be proportional to the rate of 
increase of distortion. Thus we must have 

p -'*(* +, <S) (2) ' 

•where t 2 is a constant with the dimensions of a time. We see that if the 
stress is removed the strains diminish exponentially to zero, falling to 
e -1 of their original values in time t 2 . If the system is in a state of steady 
strain, we shall have p =, 

as before; thus for motions periodic in times long compared with t 2 the 
substance will behave as if perfectly elastic. For motions with periods 

dE 

short compared with t 2 , on the other hand, the term in t 2 will much 

exceed that in E. If then p is finite, any finite value of E would make 
the right side of (2) greater than the left. E must therefore be zero. Thus 
when the motions have short periods, and p is finite, the substance behaves 
as if perfectly rigid. Thus this type of imperfection of elasticity implies 
not weakness, but additional stiffness. For this reason it will be referred to 
as ‘ firmoviscosity.’ It is evidently a particular case of elastic afterworking. 

On the other hand, if pt 2 is finite but p zero, the relation takes the form 



which is the characteristic form of the stress-strain relation in a viscous 
fluid. If finally pt 2 is also zero, P is necessarily zero, and we have a perfect 
fluid. 

14422. On the other hand, it is possible that the imperfection of 
elasticity may be of plastic type ; that is, if the stress is kept constant, the 
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strain will increase steadily. Then E will contain two parts. The first, P//r, 
arises from simple elastic strain. The second must he supposed to increase 
at a rate proportional to P. Thus we must have 


fiE = P + ±Jpdt ( 1 ). 

In this case a sudden stress gives an immediate strain P//x as in a perfectly 
elastic solid, but the strain then proceeds to increase at a uniform rate 
PjlM-t so long as the stress is kept constant. When the stress is removed, 
the solid does not return to its original configuration, however long it 
may be left; it retains a permanent set measured by PP/^h, where T is 
the time of application of the stress. 

This type of imperfection of elasticity is called ‘elasticoviscosity.’ The 
behaviour of elasticoviscous solids under periodic stress is fundamentally 
different from that of firmoviscous ones. If the period is long compared 
with t a , the second term in (1) will much exceed the first, and the stress- 
strain relation may be rewritten 


. dE 


p, 


which is the form appropriate to a viscous liquid. Thus the elasticoviscous 
solid approximates to a viscous liquid for any long period forces, whatever 
its rigidity may be. The firmoviscous solid never approximates to a liquid 
when the rigidity is finite, and behaves as if perfectly elastic for long-period 
stresses. 

If, on the other hand, the period is short compared with , the second 
term in (1) is small, and the elasticoviscous solid behaves as if perfectly 
elastic. In the corresponding case a firmoviscous solid behaves as if 
perfectly rigid. 


14423. It is possible to combine both types of imperfection of elas- 
ticity in one substance. For, if we have 


)-■? + ,*/» <*>■ 

the substance will follow the firmoviscous law if q is infinite, and the 
elasticoviscous one if t a is zero. Such a substance will flow indefinitely 
with long-continued stresses, but the partial recovery on release will be 
gradual, whereas in a purely elasticoviscous substance it is instantaneous. 
Under quickly changing stresses the material will behave as if perfectly 
rigid, like a firmoviscous substance. 


We see that if any problem of elastic strain has been solved for a 
perfectly elastic solid, the behaviour of an imperfectly elastic one, so long 
as squares of the displacements can be neglected, can be inferred by 
simply writing . d\ //. . 1 


K 1 + ta d<)/( 1 + u ( dldt )) for ** 


.( 2 ). 
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In particular, the behaviour of a firmoviscous solid can be found by re- 
placing p, by p ^1 + t 2 j , and that of an elasticoviscous one by replacing 

A*i>y#*/(i +jjdJW))- 

The elasticoviscous law was formulated by J. Clerk Maxwell*, while the 
firmoviscous one j was suggested to me privately by Sir J. Larmor. 

14 . 424 .. Let us now proceed to an estimate of the values of f x and t 2 
necessary to account for the secular acceleration of the moon on the 
hypotheses of elasticoviscosity and firmoviscosity respectively. Suppose 
that in a system with one degree of freedom a periodic force E cos pt 
produces a displacement A cos {pt — a). Then the rate of dissipation of 
energy is pEA cos pt sin {pt — a), and the total dissipation over a period 
is ttEA sin a. On the other hand the potential energy due to the external 
force at the time of greatest displacement is EA cos a. Thus the fraction 
7 r tan a of the maximum energy is dissipated in every period. 

In the case of the bodily tides in the earth, the external potential is 
the disturbing potential due to the moon, and the maximum work done 
by it on unit area of the earth’s surface is gptf, where p is the mean density, 
£ is the height of the equilibrium tide and £ the vertical displacement at 
the surface. Taking £ and £ on the equator equal to 25 cm and p equal to 3, 
as we need only consider orders of magnitude, we find that the maximum 
potential energy per sq. cm. at any point of the surface is 1*9 x 10 6 sin 4 6 ergs, 
whose mean value over the surface is 1-0 x 10 6 ergs. The rate of dissipation of 
energy in the earth, if it were enough to account for the whole of the secular 
acceleration, would be 1-5 x 10 18 ergs per second. Hence the dissipation in 
12 hours in a cone whose vertex is at the centre of the earth and whose base 
is a square centimetre of the surface is 1-3 x 10 5 ergs. We have therefore 


n tan a = 0-13 (1), 

giving a = 0-04 (2). 


Thus the bodily tides should lag by about 3° in phase; but since the 
phase of the disturbing potential is twice the difference in longitude 
between the moon and the point considered, it appears from 14-1 that the 
point of maximum elevation is If degrees of longitude, or six minutes of 
time, in front of the moon. 

Now c onsi der a system acted upon by a restoring force which would 
make the free period 2m jn. Then the motion under a disturbing acceleration 
E cos pt is given by a + n *x = E cos pt (3), 

and if the free period is short compared with the period of the disturbing 
force, as is true in the case of the bodily tide, we can omit the first term 
and write simply n z x = E cos pt (4). 

* Phtl. Mag. 35, 1868, 134. t M.N.R.A.S. 77, 1917, 449-56. 

J 1 
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Now in this case the tendency of the earth to readj ust itself to a symmetrical 
form is due partly to elasticity and partly to gravity; thus n 2 will be the 
sum of two positive parts arising from these two properties of matter. 
In our discussion, however, it will not be necessary to include the effect 
of gravity, for it can be seen from the work of Kelvin, Darwin, Love and 
others that it does not affect the order of magnitude of the result. Then 
n 2 will be proportional to fx, the rigidity. 

If now imperfection of elasticity is taken into account, fx must be 
replaced by the operator given in 14-423 (2). The solution is then to be 
obtained by replacing E cos ft on the right by Ee LPt , djdt on the left by 
if , solving, and taking for the displacement the real part of the result. 
Thus we can write l + t 2 tp 

r 


n 6 


- x = Eev* 


.(5). 


1 + 


tiif 


Now x will be of the form Xe t{33 *~ a) , where X is real. On taking logarithms 
of both sides, and equating imaginary parts, we have 

1 7 r + tan" 1 pt 2 — tan -1 ^ = a (6). 

If elasticoviscosity is absent, so that t x is infinite, we have 


pt 2 = tan a, 

and for a semidiurnal tide, with a = 0-04, this gives 

t 2 = 270 secs. 

If firmoviscosity is absent, so that t 2 is zero, we have 

pt x = cot a, 

and q = 2 days. 

If both are present, t 2 will evidently have to be less than 270 secs., and t x 
will have to be greater than 2 days*. 


14*425. It is possible to use these results to obtain further information 
about the physical properties of the interior of the earth. Consider the 
motion of a distortional earthquake wave in an imperfectly elastic homo- 
geneous medium. The displacement at a point remote from the focus is 

proportional to i cos k (c 2 t - r), where 2tt/ac is the wave length. If p be 
the period of the wave, we can write this 


~ cqs fit or R (- e t3> *e~ t3) r/c «^, 

where R (X) denotes the real part of X. But we have 

C2 2 = nip, 

where [x is the rigidity and p the density. Hence the motion in an imper- 
fectly rigid body is to be found by writing instead of c 2 



* The complete theory, given in M.N.R.A.S . 75, 1915, 648-658, and 77, 1917, 449- 
456, makes t x > 3 days, t 2 < 250 secs. 
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Now in an earthquake wave the period is of the order of 20 seconds. If 
then the tidal dissipation is to be attributed to firmoviseosity pt 2 will be 
of order 100, and pt x infinite, and an approximation to c 2 ' will be 7c 2 (1 + i). 
Again, we have 




exp 


ipr 1 

C 2 7 (1 + 0 


exp 


1 pr 

HZ 




Thus the displacement will contain a factor erf tprfa. If c 2 = 4 km./sec., 
p = 27t/ 20 secs., this factor would be 1/e if r = 170 km. Thus distortional 
waves could not penetrate to more than a few hundred kilometres from 
their origin, whereas we know that actually they can penetrate most of 
the earth and produce observable disturbances on the other side. It follows 
that the firmoviseosity of the earth in the region where earthquake waves 
travel must be a small fraction of that required to account for the secular 
acceleration; only a tiny fraction of the dissipation can be explained by 
firmoviseosity in this region. 

Elastieoviscosity of the amount required to account for the secular 
acceleration would give no appreciable damping of earthquake waves. On 
the other hand, we have seen that if a motion has a period long compared 
with t l5 the substance considered will behave like a perfect fluid. Now 
we have seen that if any considerable fraction of the tidal dissipation is 
to be attributed to elastieoviscosity, t x cannot much exceed 2 days. Thus 
in any motion with a period much longer than 2 days the earth would 
behave like a perfect fluid. Now we shall see in the next chapter that the 
earth has a motion called the Eulerian nutation, or the 14-monthly varia- 
tion of latitude, whose existence depends wholly on the earth’s not be- 
having as a fluid. The existence of elastieoviscosity to an important extent 
therefore appears improbable. 

We therefore infer that imperfection of elasticity within the solid earth 
can probably contribute nothing appreciable to the secular acceleration. 
The failure of the centre of the earth to transmit earthquake waves may 
perhaps be attributable to firmoviseosity there, but it is quite certain that 
firmoviseosity in the outer regions can make no important contribution. 
The regions of the crust down to the asthenosphere certainly do not show 
plastic yield to small forces in a few days, but elastieoviscosity near the 
centre may be appreciable; how important it can be may possibly be 
estimated from the theory of the variation of latitude. 


14 - 5 . Tidal Friction in the Past . If we adopt the results of 14-32, we 
have dQ, _ __ N + A x 

dt ~ C 

= - 2-5 x 10“ 22 /sec. 2 

The present value of £1 is 7-3 x lO^/sec. Thus Q changes by 10“ 5 of its 
amount in 3 x 10 12 secs., or 10 5 years. The day has therefore probably 


15-2 
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lengthened by a second in the last 120,000 years. Thus tidal friction, 
historically speaking, is a slow process. On the other hand, if we consider 
the change since the oldest known rocks were formed, and suppose tidal 
friction to have operated ever since at its present rate, we find that the 
period of rotation 1-6 x 10 9 years ago must have been only about 0-84 
of our present day. The ellipticity of the earth’s surface corresponding 
to such a rate of rotation is about 

Now we saw in Chapter XIII that the earth is probably adjusted to 
the hydrostatic state so accurately that the ellipticities of the strata of 
equal density within it do not deviate from their hydrostatic values by more 
tha.n one part in 150. Yet here we have reason for believing that a change 
of about one part in four has taken place in geological time; for though 
the distribution of shallow seas has certainly changed, their effect must 
always have been in the same direction, and we may provisionally suppose 
that the hypothesis of uniformity gives the correct order of magnitude. 
It appears, therefore, that the earth has probably adjusted itself to the 
hydrostatic form at several epochs during geological time. The earth, 
originally highly elliptical, became too elliptical for its rotation when this 
slackened owing to tidal friction, and when the stress-differences in the 
interior reached the strength the interior adjusted itself to the hydrostatic 
state, the ellipticity being thereby reduced. The adjustment of the interior 
might be almost or quite a continuous process, on account of the weakness 
of the material. The strong outer layers, on the other hand, would not 
give way until the stresses had accumulated to a certain finite amount, 
and when they ultimately gave way mountain ranges would probably be 
formed. The compression available from this source is appreciable, but 
not so great as that attributable to thermal contraction. The excess 
of the equatorial radius over the mean is $Ae, where A is the radius 
and e the ellipticity. When the ellipticity changes from 1/210 to 1/295, 
the circumference is accordingly found to decrease by about 14 km. This 
is not of much geological importance ; but if it should appear that tidal 
dissipation is at present unusually small, the change in the rotation of 
the earth will have to be regarded as an important factor in mountain 
formation*. 

14 - 51 . If we attempt to take the extrapolation further back still, we 
must have recourse to equations 14-2 (3), (4), and (5). The couple N has 
been seen to be proportional to (m/c 3 ) H sin 2e, and if we suppose e to 
remain constant and H to be proportional to (m/c 3 ), as is not unreasonable, 
N will be proportional to c -8 or | -12 . It therefore increases very rapidly 
as the moon’s distance from the earth diminishes. We shall denote its 
present value by N 0 . The solar tidal friction is at present a small fraction 
of the lunar, and cannot have changed much, since the sun’s distance 

* Compare also a forthcoming paper by R. Stoneley in M.N.B.A.S., Geophys. Suppt. 
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has hardly varied. Thus it must have been unimportant in the past in 
comparison with lunar tidal friction. Hence we can omit equation 14-2 (4) 
and drop N t in 14-2 (5). Then 


Mm C 2 n AT £—12 

W+^ c ° °dt 
G~ = 


( 1 ). 

( 2 ), 


or if we introduce k as in 14*3 (6), (1) becomes 

K(7O 0 g = ^0^- 12 (3). 

whence (1 - P) = - ( 4 )- 

Substituting our adopted values of N 0 [C, k, and Cl, we find for the time 
when £ was 0-8, and therefore the distance of the moon 240,000 km., 

t = — 4 x 10 9 years (5). 

The time taken by the moon to recede from its closest approach to the 
earth to 240,000 km. from it would not exceed 1/20 of this. Thus the theory 
of tidal friction suggests an age of the moon of the order of 4 x 10 9 years. 
This is about three times the age of the oldest rocks found from radio- 
activity, but evidently cannot be used to do more than suggest the order 
of magnitude of the age of the moon. 

Equations (2) and (3) together give 

|(kQ 0 £ + Q) = 0 (6). 

This is a form of the equation of angular momentum of the system. 

Q 

Evidently if £1 was once K £ mus ^ have been 4*82 + 1 — ;q~ == 

making f equal to 0-93, the distance of the moon only about 27,000 km. 
less than at present, and the length of the month 22 of our present days. 
Thus the distance and period of the moon have, on the hypothesis of 
uniformity, not changed by large fractions of themselves during geological 
time. 


14 52. The Future of the Earth-Moon System. We saw in 14-1 that a 
necessary condition for the existence of tidal friction is that the earth’s 
•surface shall revolve in such a way that the moon’s apparent altitude, as 
seen from each point of the earth’s surface, is continually varying. If the 
■earth always kept the same face turned towards the moon, the tides would 
settle down exactly under the moon and opposite to it, and would produce 
no tidal frictional couple. Thus N vanishes with Q — n. In no other cir- 
cumstances can N vanish. In the primitive state of the system the length 
of the month was probably slightly greater than that of the day, and 
therefore tidal friction made the moon recede; the moon will continue 
to recede until Q — n vanishes, when tidal friction will vanish again. 
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Now when this happens Q will be equal to n, and therefore to n 0 g~ s . By 

14-51 (6), k£ + £- must still have its present value 5-82. Hence 
£2 0 

K| + g^- 3 = 5-82 (1). 

The smaller root of this equation is £=1/5*1, corresponding to the primitive 
state of the system ; the larger is £ = 1-20. The former makes the common 
period of rotation and revolution 4-8 hours; the latter makes it 47 days. 
Since 1-2 13 — 1 = 10 nearly, the time needed to approach this latter state 
will be of order 5 x 10 10 years. 

The matter will not he closed when this state is reached, however. The 
solar tides will continue t'o operate on the earth and lengthen its period 
of rotation. Thus the period of rotation of the earth will come to be 
longer than the period of revolution of the moon. A reference to 14-1 
will show that when this happens the further course of the evolution is 
considerably altered. The fixed point P on the earth’s surface will move 
round more slowly than the point where the moon is in the zenith, and 
therefore the high tides, while still occurring after the moon has passed 
the zenith or nadir, will be on the opposite sides of AB from G and D. 
Thus their effect on the moon will be to retard its revolution and make 
it return to the earth, and the earth’s rotation will at the same time be 
accelerated. Thus the moon will gradually return towards the earth, the 
earth’s rotation meanwhile being retarded by the solar tides and accelerated 
by the lunar ones. This process will continue till the moon is at last dragged 
down to within Roche’s limit, when it will be broken up by the action 
of the tides raised in it by the earth; it will then ultimately form a system 
like Saturn’s ring, but much more massive. 


14-6. The History of the Moon’s Rotation. Let us now return to equa- 
tion 14-21 (10). The height of the equilibrium tide is Ujg, and its amplitude 


• it. i 3 fmA 2 
is therefore -r 


or 


3 mA l 


4 c 3 g ’ ” 4 Me 3 ' 

equilibrium height, we shall have 

dQ. N 18 , . . 
= 7T= -£• rfp sm 2e 


If then the tide has approximately its 


(?)* 


.( 1 ). 


my 

dt~G~ 5 \MJ 

We shall have recourse to this expression again in considering the tides 
in the planets. 

If oj denotes the moon’s angular velocity of rotation, it appears from (1) 


that 


dofdt 

d£l/dt 


0 


lf \ 4 

Km 


•( 2 ), 


provided elasticity is not so great as to affect the order of magnitude of 
the height of the tide, that the densities are of the same order, and the 
phase lags of the tides also. With 

Mjm = 81, a[A = fj, 
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we have = 17,000. 

ail I at 

The hypothesis that the elasticity of the moon, may he neglected is valid 
so long as the moon was largely fluid. The densities are actually of the same 
order, and the phase lags will he comparable if the departures of the angular 
velocities of rotation from that of revolution are comparable. Thus if 
initially the earth and moon rotated at the same rate, this being somewhat 
different from the mean motion of the system, the rotation of the moon 
would approach the mean motion 17,000 times as fast as that of the 
earth would. The moon would thus be brought to present the same face 
always towards the earth before the rotation of the earth had been appre- 
ciably affected by tidal friction. 

The moon would be unable to retain any atmosphere or water vapour, 
on account of its low gravitative power. The absence of the blanketing 
effect of the atmosphere would enable it to solidify somewhat earlier than 
the earth. Henceforth any tidal friction in the moon must have arisen 
from imperfection of elasticity, for there can have been no seas upon it. 
The thermal history of the moon must have been very similar to that of 
the earth, and we should therefore expect the departure of its interior 
from perfect elasticity to be quantitatively comparable with that of the 
earth. Again, the elastic tide in the moon must be much smaller than the 
hydrostatic equilibrium tide so far considered, having about -fa of the 
amplitude. On both grounds the value of dojjd£l after the solidification 
of the moon must have become very much smaller ; it may well, however, 
still be as great as 100 for equal lags. 

This therefore supplies us with the required explanation of the fact 
that the moon always keeps the same face towards the earth. The tides 
raised in the moon by the earth produced such friction that they made 
the moon’s periods of rotation and revolution equal at a very early stage 
in its history. It is possible that ever since then, if the recession of the 
moon from the earth, or any internal change in the moon, made either 
of these periods vary, bodily tidal friction in the solid moon would com- 
mence afresh and restore the equality. 

14*61 . We have, however, seen that there is no reason to suppose bodily 
tidal friction in the earth to be perceptible, and accordingly there is no 
great prior probability for a hypothesis that requires it to be continually 
available in the moon to adjust the moon’s rotation to any changes that 
may have occurred. Let us consider, then, what would happen if the 
moon was actually free from internal friction. Take an axis OA in the 
ecliptic, fixed in direction. Let the longest axis of the moon, which points 
nearly to the earth, make an angle </> with OA , and let the line joining the 
centres of the earth and moon make an angle 6 with OA . Neglect the 
inclination of the moon’s orbit and equator to the ecliptic. Put 

cf> — 9 + i/j 


(i). 
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so that ?/r is small. Now ^ is a Lagrangian coordinate of position of the 
moon. If A, B, and G be the permanent parts of the principal moments of 
inertia of the moon about its centre, the rate of change of angular 
momentum of the moon about an axis through its centre perpendicular 
to the ecliptic is C<j>. 

The couple due to the earth’s attraction on the moon’s permanent 
3fM (B — A) 

ellipticity of figure is — - — ^ cos i/j sin */f, where M is the mass of 

c 

the earth and c its mean distance. In addition there may be a couple due 
to internal tidal friction. Let us, however, examine the consequences if 
this is absent. The equation of motion is 

C4>=- @ cos if* sin 4, (2), 

or, if we use (2) and neglect ft 2 , 

>p + 3m. 2 —g-— <A = — 0 (3). 

But 0 is the rate of increase of the moon’s longitude, and is therefore 
equal to n . Thus • dn 

e= Tt < 4 >’ 

1 • n n - i ^ 1 ( dn\ 2 a nr* • , • 


which is very small. 6 is of order - . A sufficient approximation to 

a solution of (3) is therefore to be got by supposing that ijs also varies 
very slowly, so that \jj can be neglected. Then 

i _ O dn 

(5) ' 

III • /l^WA 2 -t , „ . . . .. 


( 1 dfflA 2 

- , and therefore our assumption that it 

is negligible leads to self-consistent results. Now at present 

- _ Zn <11 
dt~ 6n °dt’ 

K&0 = 0 ^ rora 14-51 (6), 

and therefore , JL^- = _L 

3?i 2 dt ku£ 1 dt 

- - 4 x 10” 13 . 

Again, (B - A)/C is 0-00047. Thus 

i/r = 10 -9 nearly 
= 2" x 10- 4 . . 


and therefore 


Thus even in the absence of any friction in the moon at present, the 
recession of the moon from the earth would produce a perfectly im- 
perceptible deviation of the moon’s longest axis from the line of centres. 

It may be pointed out that, small though this deviation is, it has an 
important dynamical effect. The moon’s longest axis pointing systematic- 
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ally to one side of the earth causes the couple on the moon produced by 
the earth’s attraction on the moon’s equatorial protuberance to be on an 
average negative. It is this couple that reduces the moon’s rate of rotation 
and makes it remain equal to the rate of revolution. 


14-62. It may be thought, however, that even though the moon’s 

permanent ellipticity keeps the particular integral of 14-61 (3) small, the 

complementary functions may increase considerably ; in other words, the 

amplitude of the moon’s free libration in longitude may become great. 

This, however, is not the case. The period of the free libration is seen from (3) 

j. v 2 TT ( C 

to be — Urn- — T\ 
n \3 (B — A) 

proportional to the moon’s period of revolution. Thus the change in the 
period of oscillation during a complete oscillation is only a small fraction 
of the period itself. In these circumstances it is known* that a first approxi- 
mation to the solution, valid for all time, of an equation 


j , or 27 months, and clearly remains for all time 


dhj 

dx* 


+ xy = °> 


is y = Ax * cos j dx + B\ * sin f X s dx, 

where A andl? are arbitrary constants. Thus the amplitude is proportional to 
the square root of the period. If it was small at the moon’s last adjustment 
to the hydrostatic state, which we have seen probably took place when the 
period of revolution was about 6- 3 of our present days, it would by now have 
been multiplied by (27-3/6-3)1 or 2-1. It would therefore still be small. 

To explain the facts that the moon keeps the same face always towards 
the earth, and that its free libration in longitude is imperceptible, it is 
therefore unnecessary for tidal friction to be still operating in its interior. 
It is enough that tidal friction should have been sufficient to produce 
these conditions before, or soon after, solidification, which is highly pro- 
bable; once produced, they would be permanently maintained by the 
earth’s attraction on the moon’s equatorial protuberance. 


14-7. Tidal Friction on other Planets and Satellites. In other systems 
than our own, tidal friction may be expected to operate in four ways: 

1. Tides raised in the satellites by their primaries will tend to make 
them keep the same face towards their primaries. 

2. Tides raised in the primaries by the satellites will alter the rates 
of rotation of the primaries. 

3. Tides raised in the primaries by the satellites will alter the distances 
of the satellites from the primaries. 

4. Solar tides will affect the rates of rotation of the planets. 

These four effects may be considered separately. 

* Cf. a forthco min g paper by the writer in Proc. Lond . Math . Soc, 
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14*71. We notice that in 14*6 ( 1 ) m is the mass of the tide-raising 
body, and M and A refer to the deformed body. Thus /m/c 3 , when we are 
considering tides raised in a satellite, is practically n z , and M/A z is pro- 
portional to the density of the satellite. With the usual assumptions as 
to uniformity of physical constitution among satellites, it follows that 
the rate of change of velocity of rotation in a satellite is proportional to 
the fourth power of its mean motion. We should therefore expect that all 
satellites whose periods are less than that of the moon would turn the 
same faces permanently towards their primaries; satellites of longer 
periods may not yet have reached this state. All satellites whose rotation 
periods are known do actually keep the same faces towards their primaries; 
they include the great satellites of Jupiter, and also Iapetus. The period 
of the latter is nearly three months. 


14*72. It can be definitely asserted that no satellite other than the 
moon has produced a considerable effect on the rotation of its primary. 
Tor the effect of tidal friction is to transfer angular momentum from the 
rotation of the primary to the revolution of the satellite, and if the rotation 
of any planet had been much affected in this way the angular momentum 
of the satellite’s revolution would be comparable with that of the planet’s 
rotation. This is true of no satellite except the moon; the orbital angular 
momenta of all other satellites are insignificant in comparison with the 
rotational angular momenta of their primaries. 

This fact is consistent with the tidal lags on the great planets being 
comparable with that on the earth. Tor if a satellite have radius a and the 
same density as -its primary, 


m /A\* 
M\a) 


= 1 , 


and therefore (5)"(f)' " (“)'■ 

and thus, for the same tidal lag, the rate of change of angular velocity 
should be proportional to the product of sin 2e into the six th power of 
the apparent diameter of the satellite as seen from its primary. No other 
satellite subtends at the centre of its primary a greater angle than the 
moon, though the moon’s apparent size is approached by Phobos and J I. 
It is therefore possible that the satellites have not affected the rotations 
of their primaries considerably, even if the primaries show as great tidal 
lags as the earth. 


14*73. The argument is readily extended to the effect of the tides 
raised by the sun. The sun subtends at Jupiter an angle of only 6', which 
is less than that subtended by J I, whose density is very similar. The 
lags of the tides in J upiter raised by the sun and J I ca nn ot be very 
different. Thus the effect of solar tidal friction on Jupiter must be less 
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than that of J I , which we already know to be insignificant. The effects 
on Saturn, Uranus, and Neptune must be still smaller. 

Mars is probably more nearly comparable with the earth, and tidal 
dissipation on it may occur in shallow seas. The apparent diameter of 
the sun as seen from it is 21', and that of Phobos, inferred from the bright- 
ness, is about 20'. Phobos, however, probably has a greater density than 
the sun, and thus the solar tides are probably less important to Mars 
than those raised by Phobos. They therefore can hardly have affected the 
rotation of the planet much. 

Venus and Mercury are in a different position. Supposing the tidal 
lags in these planets to be equal to that in the earth, we see that the rate 
of change of Venus’s speed of rotation must be (0-72)”* 6 , or 7*2 times the 
effect of the sun on the earth. The corresponding ratio for Mercury is 
about 300. Venus has an atmosphere and may have shallow seas; Mercury, 
on the other hand, has none, and friction in it, if any, must be bodily. 
It appears probable, then, that if Venus were now rotating in the same 
time as the earth, its rate of angular retardation would be rather more 
than twice that of the earth on account of the sun and moon together; 
but this rate is not nearly so fast as the former rate of angular retardation 
of the earth when the moon was nearer. If then Venus once had a short 
period of rotation, of a few hours only, it is probable that it would not 
yet have been made to rotate in so long a period as the earth; if, how- 
ever, it had a period such as the earth has now, it would have been 
very much lengthened by solar tidal friction. It is now known from 
spectroscopic observations that the rotation of Venus cannot be nearly 
so fast as that of the earth, so that we may infer that its original period 
of rotation was probably not very fast. 

Mercury has probably had a history similar to that of the moon. Its 
periods of rotation and revolution were made equal by solar tidal friction, 
probably before it was thoroughly solid, and this condition has been 
maintained ever since by bodily friction ; the distance of this planet from 
the sun cannot have changed much, but an ellipsoidal inequality of the 
planet’s figure may have been produced in solidification in the way suggested 
for the moon, and have been afterwards maintained by the strength of the 
material. This may have since kept the same face of Mercury turned 
towards the sun, in the manner suggested for the moon in 14*61. 


14 * 74 . The rate of increase of a satellite’s distance through tidal 
friction is given by 14*2 (3) 

7i/T.^ sJ r. 

•(!)• 


Mm 


-c 2 n— = N 
W+m dt 


From 14-6 (1) f = W/» sin 2«= ( (|)‘ (2), 

and we know C = \MA 2 (3). 



236 


Tidal Friction 


On eliminating N and G we find 

I 8 


, . (M + m)m [A\ B 

S’* m 2e W t 


7 rfp sin 2e 


if we treat (M + m)/M as equal to unity. 

For JI, mjM is 1/20,000, as against 1/80 for the moon; n has about 
20 times its value for the moon; Ajc has about 10 times its value for the 
earth and moon. Thus dtjjdt has about 2 x 10 4 times the value corre- 
sponding to the moon at present. If then the constitution of Jupiter 
resembled that of the earth, the mean distance of J I would be doubled 
in about 6 x 10 5 years. 

For Titan, again, dg/dt should be about 60 times what it is for the 
moon: and for the satellite of Neptune it should be about 2000 times as 
great. 

It appears then that unless the great planets approximate very closely 
to perfect elasticity, giving much smaller tidal lags than the average in 
our ocean, the evolution of their nearer large satellites must have been 
dominated by tidal friction. This will not be true of the more remote 
satellites, since the factor (A/c) 8 diminishes very rapidly as c increases. 

Phobos presents a further difficulty. It is readily seen that, on the 
same physical hypotheses, d^/dt for it should be 8000 times as great as 
for the moon. This result is even more embarrassing than that for JI; 
for Phobos revolves more rapidly than Mars rotates, and therefore tidal 
friction, in accordance with the argument of 14*52, will make Phobos ap- 
proach the planet instead of receding from it. Thus Phobos would have 
been precipitated on the surface of the planet if it was as old as the moon. 

It is possible, however, that our estimate will have to be much reduced, 
for two reasons. Mars may have little fluid on its surface, and therefore 
no dissipation in its shallow seas.. If so, tidal friction within it must be 
bodily; A reduction of d£/dt to a small fraction of the value just found 
may therefore have to be made. A further reduction will be needed on 
account of the small size of Mars. In a small planet the elastic tide is a 
small fraction of the hydrostatic tide; thus, in Mars the height of the tide 
may well be reduced to -fo of its hydrostatic value by rigidity. For these 
reasons it is quite possible that the evolution of the orbit of Phobos may 
proceed no faster than that of the moon. 

We notice, however, that the arguments just used for Mars are appli- 
cable with greater force to Mercury. Thus if the solar tides are supposed to 
have made the latter planet keep the same face turned to the sun, we seem to 
be driven to adopt the theory of 14*61 for Mercury as well as the moon. 


14*8. Summary. Friction, either in oceanic or in bodily tides, must 
produce a continual diminution in the rate of rotation of the earth, and 
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continual increases in the mean distances of the moon and sun from the 
earth. These changes together make the moon and sun appear to have, 
relative to the stars, slow secular accelerations which can be found by- 
comparison of modem observations with ancient ones of eclipses and 
occultations. The secular acceleration of the sun found in this way is a 
somewhat larger fraction of that of the moon than would theoretically 
have been expected. The rate of dissipation of energy required to explain 
these accelerations is about Hx 10 19 ergs per second on an average. 

It is found that tidal friction in the open ocean cannot account for 
more than about a thousandth of this, but that the greater part of it can 
be explained quantitatively by tidal friction in shallow seas. 'There is no 
reason to believe these seas unable to account for the whole of it, and 
therefore tidal friction in the body of the earth may be inappreciable. 
It appears, indeed, that if a considerable fraction of the secular accelera- 
tions were due to elastic afterworking, earthquake waves could not be 
transmitted ; and that if it were due to plasticity in a homogeneous earth, 
the 14-monthly variation of latitude could not exist. 

By extrapolation it is found that the period of the earth’s rotation 
may have changed by about 4 hours during geological time, and that the 
geological effects of a change of rotation may possibly he appreciable. 
Tidal friction is capable of explaining how the moon came to recede from 
close proximity to the earth to its present distance ; the time required 
does not appear likely to be prohibitive. The moon will ultimately recede 
till its period of revolution and the period of the earth’s rotation are both 
equal to about 47 of our present days. When this takes place the moon 
will gradually approach the earth again, ultimately passing within Roche s 
limit and being broken up. (It may be remarked that on the resonance 
theory, on account of the great extension of the earth at the time, the 
moon was outside Roche’s limit when it was first formed.) 

Tidal friction readily accounts for the fact that the moon always keeps 
the same face towards the earth ; it is sufficient that this condition should 
have been brought about before the moon solidified, for afterwards it 
could have been maintained by purely gravitational causes. In the same 
way, Mercury has probably been made to keep the same face towards the 
sun. This result is probably applicable to all satellites whose periods are 
less than that of the moon. No planet except the earth has had its rotation 
much affected by tides raised by a satellite. It is difficult to make any 
inference about Venus, except that its rotation period has not been length- 
ened to such an extent as that of the earth. The orbits of some satellites 
may have been appreciably affected by tidal friction, notably J I and 
Phobos, but further inferences cannot be made without more knowledge 
about the physical conditions on their primaries. 



CHAPTER XV 

The Ft mat ion of Latitude 

“ What is the use of the axis of the earth?” School exa mina tion paper. 

“Parturiunt montes, nascetur ridiculus mus ” Horace, Ars Poetica. 

15*1. The latitude of a given observatory was found by Chandler in 
1891 to be subject to a small variation, consisting apparently of two parts, 
one with a period of a year, and the other about 14 months. Both had 
amplitudes of the order of a tenth of a second of arc. 

Now the latitude of a station is by definition the mean of the altitudes 
of a circumpolar star when it crosses the meridian above and below the 
pole, refraction being supposed absent*. The altitude is the complement of 
the zenith distance, and the zenith is in the direction exactly opposite to 
gravity; and the mean of the altitudes of the star at its two passages is 
evidently the altitude of the celestial pole, which is itself in the direction of 
the earth’s axis of rotation. Thus the colatitude of a station is the angle 
between local gravity and the earth’s instantaneous axis of rotation. 
A change in it must therefore be attributed to a change in the direction 
either of local gravity or of the earth’s instantaneous axis of rotation. The 
latter explanation is the one generally adopted. One reason for this is 
that a periodic motion of the earth’s instantaneous axis is to be expected 
on theoretical grounds, having been predicted by Euler. Again, the dis- 
placement of the pole can be specified by using only two coordinates, and 
when these are given all the changes of latitude produced by it can be 
inferred. The change will evidently be the same for all stations with the same 
longitude. Thus observations of the changes of latitude of every station 
(after the first two) give an independent test of the hypothesis that all the 
changes are due to displacements of the axis of rotation. It is actually found 
that observations at different stations are consistent with the hypothesis 
that the changes are produced in this way; the hypothesis therefore has 
a high probability. 

The polar motion required to account for several years’ observations 
at different stations was found to be composed of two parts. The part with 
a period of a year is elliptical The remainder is very irregular, but its 
major features can be represented by a circular motion in a period of 
14 months, the amplitude and epoch being subject to slow but continual 
variation. The whole motion of the pole over the earth’s surface is usually 
referred to as the c variation of latitude,’ though this term is better reserved 

* Refraction is great at the lower passage, and makes this method of finding the latitude 
inaccurate in practice; the practical method is that of Talcott, depending on observations 
of different stars near the zenith, and is discussed in Publications of P. Observatory , Greenwich , 

‘Observations with the Cookson floating telescope, 1911 - 18 .’ 
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for the actual changes of latitude at the observing stations, rather than 
the polar motion inferred from them. 

15 * 2 . The theories of the annual and 14-monthly motions may be 
treated together up to a certain point. Let a system of axes at the centre 
of the earth be defined as follows : 

The axis of x is in the plane of the equator, and intersects the meridian 
of Greenwich. 

The axis of y is in the plane of the equator, and is 90° east of Greenwich. 

The axis of z points to the mean position of the north pole. 

Let the instantaneous angular velocities of these axes, referred to 
inertial axes instantaneously occupying the same positions, be 0 l9 d 2 , 9 3 . 
Let n be the resultant angular velocity of the earth. Then the direction 
cosines of the instantaneous axis are (djn, 9 2 \n 9 9 3 /n). 

It was seen in our discussion of the figure of the earth that the material 
of the interior of the earth probably behaves almost as a fluid to stresses 
of long duration, but the behaviour of earthquake waves shows that most 
of it behaves as an elastic solid when the period of the stress is a few 
seconds. It remains to be seen how it behaves when the period of the 
disturbance is 14 months or a year. We may expect that when the axis of 
rotation shifts, the shift will produce an elastic deformation of the earth. 
The actual ellipticity of the earth may be considered as composed of two 
parts, one of which is unaffected by small disturbances of short period, 
while the other is due to the elastic strain produced by rotation, and 
would disappear if the rotation were removed and no permanent set took 
place. Provided that during the phenomenon of the variation of latitude 
no appreciable permanent set occurs, it will be legitimate to treat these 
two parts separately, the first keeping throughout the motion fixed with 
regard to the axes of reference, and the second remaining symmetrical 
about the instantaneous axis. 

Let I be the portion of the difference between the moments of inertia 
of the earth about the polar axis and an axis perpendicular to it that is 
due to elastic strain. Let the products of inertia be F, G, H. Suppose that 
if the axis of rotation coincided with the axis of z the moments of inertia 
would be A', B', C' + I. Then the angular momentum of the earth is 
composed of three parts : 

(1) The part due to the motion as if the earth were a rigid body, rigidly 
attached to the axes of reference, and having moments and products of 
inertia (A'B'C'FGH). This has components 

A'6 1 -He z -Q0 z , B r 6 2 — F9 Z — H6 l9 G f 9 z - 09 1 - F0 2 . 

(2) The part due to rotational strain. This gives an angular momentum 
In about the instantaneous axis, and therefore has components Id l9 I0 2 , 
I9 Z about the axes of reference. 

(3) There is a further part due to any motion relative to the axes not 
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produced by rotation. In simple deformation produced by vertical move- 
ment the velocities involved in these displacements would necessarily have 
no moment about the centre of the earth. If matter was collecting at a 
point, the velocities of approach to the point being symmetrical about it, 
the moments would likewise be zero. In all ordinary displacements it 
appears* that this part is either zero or very small in comparison with 
If it should subsequently be found that there are large periodic 
motions relative to the earth as a whole that do produce a considerable 
angular momentum, then these will have to be included in a more detailed 
treatment. They are not considered here. 

If, then, the total angular momenta are (7q, h 2 , h z ), we have 


h x ={A f + i)6 l -H9 2L - oe s 

h 2 = (jB' + 1) dt-FOt-HOi- 
h~(C' +/) 0 3 - G6 1 - F9 2j 


( 1 ). 


The equations of rotational motion, in the absence of external forces, are 
therefore 

| {(A' + 1)6,- H6, - G6 Z ) - {(B r + 1)6,- F6 Z - H6,} 6 3 

+ {(O' + 1) 6 Z — G6, - F6,} 6, = 0 

+ 1)9,- F6 3 - H6,} - {(O' + 1)6 s - G6 \ - F6,} 6, [ (2)> 

+ {{A' + I) 6i — H9 2 — C?0 3 } 6$ = 0 

J t {( C + 1)6,- G6 , - F6,} - W + 1)6,- H6, - G6 z ) 6, 

+ {(B’ + 1)6,- F6 Z - 116,} 6, = 0j 

In the undisturbed state the earth may be regarded as dynamically 
symmetrical about the polar axis. Let the undisturbed values of A', B', 
C, be A, A, C 0 . Put 

A’ = A + A,\ B’ = A + B,; O’ = C 0 + C, (3). 


Then A„ B„ G„ F, G, H, 6,, 6, are all small quantities of the first order. 
If we neglect their squares and products, the third equation of motion 
reduces to ( l 


dt 


{(C' + I)6 Z } = 0 


•(4), 


and therefore (C + 1) 6 Z is a constant, equal to (G 0 + 1) n, the angular 
momentum due to rotation. 

The first two equations reduce to 

(^ + 7) § - (O 0 + I) » * (gAj) - ( A -0 .) nt>, + - 0. 

(A + I)*§-{C,+ I)n± (jr^j) -If!,- A ) - 0, 


* This point has been considered in greater detail by Sir G. H. Darwin, Scientific Papers, 
3 , 40 . 
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which may he written 

de i C 0 -A n dO Fn 2 'j 

dt + A + I 2 A + Idt A+l[ (5) 

dO* C 0 — A Q _ n dF Gn 2 ( 1 

dt A+I 1 A + 1 dt A + 1) 

These equations determine the polar motion. Evidently the terms on the 
right involving d/dt are smaller than the others in a ratio of the order of 
1/400 for annual or 14-monthly motions, and may be neglected. The 
direction cosines of the instantaneous axis being denoted by (l, m, 1), we 
can write (5) in the form 

dl n Fn \ 

dt + r m ~~ ATI I (6)j 

dm n . _ On 

It ATI / 

where t ~uTl 


15-3. Let us now consider the complementary functions. Multiplying 
the second of (6) by i, where i 2 = — 1, adding it to the first, and writing 

l + im = w ( 1 ), 


we see that the complementary functions satisfy 

dw m 

whence w = ae Ln ~ /«* 


( 2 ), 

( 3 ), 


where a and t 0 are real arbitrary constants. Then 


l = a cos n ( t — t 0 )jr\ m = a sin^ (t — t 0 )/r (4). 

This represents a motion in which the instantaneous axis remains at a 
constant angle a to the axis of 2 , moving about it with constant angular 
velocity n/r from west to east. Thus the period of the motion is r sidereal 
days. 

It is natural to identify this free motion with the 14-monthly period. 
Its period then provides a determination of the important constant r. 
We see that this is practically equal to A/(C 0 — A), since C 0 — A and I 
are both small fractions of C 0 . It is therefore nearly the reciprocal of the 
part of the precessional constant that arises from the permanent oblate- 
ness. A physical reason for this is readily seen. In a perfectly rigid body 
whose total moments of inertia were A and C 0 , r would be A/(C 0 — A). 
Thus our result expresses the obvious fact that the part of the ellipticity 
that keeps perfectly symmetrical about the axis of rotation can have no 
effect in displacing that axis. 

If now 0 is the total moment of inertia of the earth about its polar 
axis, so that q = c o + /, • (5), 
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the processional constant is ( C - A)jC. The part of the precessional con- 

* C — A 1 

stant arising from purely elastic strain is therefore — ^ • This affords 

an important datum about the elasticity of the earth as a whole. 

We notice that if the earth were perfectly rigid and had its actual 
moments of inertia, r and A l(C — A) would be equal. Thus the period of 
the vibration would be 305 days. This result was found by Euler, and the 
motion is therefore often called the * Eulerian nutation.’ If on the other 
hand the earth had no rigidity, the whole of the actual oblateness would 
be due to strain; the oblateness would always be exactly symmetrical 
about the axis of rotation, C — A would be zero, and the period would 
be infinite. This may be interpreted by returning to 15-2 (6). This gives now 

dl dm . 
dt~ dt = ’ 

so that the direction of the axis is constant. In other words, a fluid earth 
would settle down into a motion with the axis of rotation in a fixed 
direction and the whole mass symmetrical about it; no Eulerian nutation 
would be possible. Actually r is about 430, subject to an uncertainty of 
a few units. 

Historically, Euler’s prediction caused astronomers to look for an 
oscillation with a period of ten months, and it was only after repeated 
failures to find such a periodicity that the 14-monthly period was dis- 
covered. After its discovery, Newcomb pointed out that the lengthening 
of the period could be attributed to elasticity; further developments of 
the theory are due to Hough, Love, and Larmor. 


154. We can now proceed to consider the forced motion. It will be 
convenient to introduce an auxiliary axis called the ‘axis of inertia,’ whose 
extremity is the ‘pole of inertia.’ If A, /x, v be the direction cosines of any 
diameter whatever of the earth, the moment of inertia about it arising 
from the system of moments and products A'B'C'FGH is 

J = A' A 2 + B'n? + C'v 2 - 2 Fpv - 2Gv\ - 2H\[i (1), 

where A 2 + p. 2 + v 2 = 1 (2). 

The function J will be stationary, subject to (2), if A, /x and v are such that 


3 / 3J , . 3d , 

— dX + ^d/i+^dv, 


and XdX + /xd/x + vdv 

vanish, simultaneously for all values of the ratios of dX, d[x, dv. Then there 
will be a quantity o such that 

3 J x dJ d J 


0A _ctA; 3 / x - ^’ dv 


• GV 


.(3). 


(A' — <j) A — Hfx — Gv = O'! 

-HA + (H'-a) M -Ev = o[ (4). 

— GX - Ffi + (C' — a) v = OJ 


These give 
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There must evidently be an axis of maximum moment of inertia near the 
undisturbed one, and therefore near the z axis. Hence for this axis A and 
lx will be small, and v will differ from 1 only by small quantities of the 
second order. Then (4) become 


(A—a)X — 0 =0’ 
(A - a) [x - F = 0 ■ 
(00 - <r) =0 


(5), 


and therefore 


A ~ C 0 - A ~ A 
F Ft 

IJ '~ C 0 -A A 


( 6 ). 


This axis of maximum moment of inertia may be called the axis of inertia. 
Its utility is that it makes it possible to reduce 15-2 (6) to the simple form 


rdl 1 

- T, + m= H 

n at n 

r dm i ___ ^ 

n dt ~~ 


(7). 


We notice that the effect of any accumulation of matter on the earth’s 
surface is to displace the axis of inertia away from the added matter. 

Now l and m may be found from the polar motion, being indeed the 
component angular displacements of the pole. If then some explanation 
of the annual variation of latitude is suggested, and we can find the 
corresponding annual variation of F and G, we can compare the two sides 
of equations (7) and obtain a quantitative test of the hypothesis. 


15*5. We have now to express F and G, and hence A and /z, in terms 
of the mass-transference that occurs during the year. Suppose the annual 
component of the mass per unit area on an element of the earth’s surface 
to be cos ® + \ cr' sin ®, where ® is the sun’s longitude. Then 




IJJ pyzdxdydz through 


the volume 


'//<! 


o-cos ® + sin ©) yzdS over the surface 


= a* 
<? = u 4 


/"Vr r%ir 

J J (Ja cos ® -fic/sin ®) sin 2 9 go&Q sin^dddfi 

*7T /*27T 

(|cr cos ® + Jo-' sin ®) sin 2 # cos d cos </>ddd<f) 

o J o 



where a is the radius of the earth, 6 the colatitude, and cj> the longitude 
east of Greenwich, a and a' are functions of 6 and </>. 

These values of F and G, however, require to be corrected for the effect 
of elastic yielding in the earth under the pressure of the superficial matter. 
If the variable part of the mass per unit area is m, let m be supposed 

1 6-2 
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expanded in spherical harmonics. Let one term in this expansion be 
a sin 0 cos 9 sin <f>, = a£ 2 , say. Then F has exactly the same value as if 
m were actually equal to aS 2 . Now the strain due to any harmonic in m 
can he treated separately, and the radial displacement will be proportional 
to the gg-Tnft harmonic as the surface density. Hence no harmonic other 
than S 2 can contribute anything to F. All we need to find, then, is the 
strain in the earth due to a surface layer of density aS 2 . Unfortunately 
our knowledge of the elastic properties of the earth is not adequate to 
find this ; all we can say is that the strain will reduce F and 0 in a constant 
ratio, which we shall call k. If the elastic constants had the values inferred 
from earthquakes, k would he about §; but the elastic constants appro- 
priate to forces with periods such as we are here considering appear to be 
much less than those appropriate to earthquake waves. 

Using A = \Ma?, where M is the mass of the earth, we have 

A=/cA 0 ; = (3), 

where 

} _ _ 9".i x 10 — 3 [ [ * (a cos ® + a' sin ®) sin 2 0 cos 9 cos <f>d9d<f> 

' oJo l...(4), 

r-ixio -»n; (a cos 0 + or' sin 0) sin 2 0 cos 9 sin c/>dddct> j 

where a and o' must now he expressed in grams per square centimetre. 

We are now in a position to treat various putative causes separately. 
There are several obvious annual changes in the distribution of mass over 
the surface that could affect the products of inertia. Evidently, if the 
whole of the surface of the earth were of similar character, either land 
or sea, or even if the distribution of land and sea were symmetrical about 
the polar axis, F and 0 would necessarily be zero, and there could be no 
displacement of the axis of rotation. The chief methods of redistribution 
of matter over the surface in the course of a year are apparently 

(1) the seasonal variation in the distribution of air over the surface, 
shown by the variation of atmospheric pressure observed at the surface ; 

(2) precipitation of snow, which accumulates in places throughout the 
winter; 

(3) periodical changes in vegetation, such as the formation of deciduous 
parts of trees, the rise of sap in trees, and the formation of annual parts 
of herbs. 

15*51. The numerical data for the estimation of the effects of the 
annual redistribution of air have been found from the annual variation of 
pressure over the earth, given in Bartholomew’s Meteorological Atlas ; 
though a recalculation with more modem data may be desirable. Allow- 
ance must be made for the effect of the pressure on the sea surface in 
redistributing the water of the ocean. If m be taken to refer to the mass 
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of air and water together per unit surface, we have from the law of in- 
destructibility of matter jjmtfs = 0 (1) 

taken over the whole surface of the earth, both land and water. 

But for an annual motion the elevation of the ocean surface must have 
practically its equilibrium value. In other words, the water will adjust 
itself so that the pressure is uniform over any level surface and therefore 
has no tendency to produce horizontal movement. In these circumstances 
the mass per unit area of the surface above a given level must be uniform 
over the ocean; and the periodical variation of the mass per unit area is 


therefore the same all over the ocean. Bet its value be m . Then 

m! $$dS + $$mdS = 0 (2) 

by (1); where the first integral extends over the sea and the second over 
the land. If, then, be the mean value of m over the land, 
m! — — fn x (area of land)/(area of sea) 

= — •40 (3). 

Next, F = HmyzdS over the whole surface 

= tfm'yzdS over the ocean 
-1- tfmyzdS over the land 

= JT (*» + 0*40m 1 ) yzdS over the land (4). 

Use has here been made of the fact that tfyzdS, taken over the whole 
surface, is zero. Similarly 

Q = jj(m + 0-40^) zxdS over the land (5). 


On carrying out the numerical integrations, we find 

\ = 0" , 0040 cos ® + 0"-0051 sin ® j . g . 

= — 0"-0134cos ® + 0'-0659sin ®) ^ ‘ 

A correction is, however, required; or rather, a correction already applied 
needs to be removed. The pressures given in the meteorological charts 
are not the true atmospheric pressures at the places concerned, but these 
pressures reduced to sea-level according to a formula given by Laplace* 
which depends in part upon the temperature. To find the mass of air 
over a given area, however, we need, not these modified values, but the 
true local pressures; the correction included in the charts therefore needs 
to be taken out again. This requires that to the values of Aq and /x 0 just 

found we must addf 

A„ = 0"-0000 cos ® - 0"-0014 sin ®) 

^ = 0"-0128cos ® - 0"-0315 sin ®) 

The atmosphere and ocean together therefore contribute an amount 


Ao = 0"-0040 cos ® + O'-Oim sin ®| 

^ - 0"-0006 cos ® + 0"-0344 sin ® j 


* M&anique Celeste, edition of 1880, 4, 294. 

•j- The n um erical data for this computation and that of (6) are m M.N.M.A.b. 76, tyiOj 
499-525. 
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The greater part of the contribution comes from the seasonal change in 
Central Asia, whose chief meteorological correlate is the monsoons. For 
this reason the greatest part of the displacement of the pole of inertia is 
towards Central Asia in summer, when the amount of air there is a mini- 
mum, and away from it in winter. 

It may be remarked that it would be incorrect to say that the part of 
the annual variation of latitude derived from (8) is due to the annual 
variation of pressure. It has been seen that the annual variation of latitude 
depends simply on the products of inertia of the earth as a whole, the 
atmosphere being included, and the atmospheric pressure is used only as 
an observable quantity that enables us to infer the mass per unit surface ; 
that it does not affect the motion directly is seen from the facts that it is 
equal to the product of gravity into the mass per unit area, and that 
gravity nowhere occurs in the results. 

15-52. The Effect of Precipitation . In this investigation we are con- 
cerned only with those modes of transport of matter that cause a variation 
in the mass per unit area over the surface. For instance, if rain falls upon 
a particular spot, and at once runs away to the sea, it contributes nothing 
to the elements of the products of inertia corresponding to that point. 
Similarly, if it evaporates at once, it contributes nothing to the elements 
derived from the solid and liquid parts of the earth; the presence of the 
water vapour in the atmosphere, however, will affect the mass of the 
atmosphere locally, and consequently its mass will be included in the 
variations already inferred from the distribution of atmospheric pressure. 
Thus the effect of water vapour in the atmosphere has already been con- 
sidered. This section is concerned only with those parts of the precipitation 
that remain on the ground for a considerable time. These are, first, the 
water that is absorbed by the soil; second, the snow that lies on the 
ground in winter. Data for the first part are almost entirely lacking. In 
this country the soil is wetter in winter than in summer, principally owing 
to the reduced evaporation; the annual variation of rainfall is not nearly 
so great as that of soil-moisture. In countries, however, where most 
of the rain falls in summer, this state of affairs may be reversed. On the 
whole it seems probable that the effect of soil-moisture is small in com- 
parison with that of snowfall. 

A rough estimate of the effect of snowfall can be made easily. Snow 
accumulates in winter to a considerable depth over a great part of Canada 
and the United States, and over the greater part of Asia down to about 
the latitude of the Tian Shan. In South America the amount of snowfall 
is small, and in Australia it is negligible. On the assumption that in the 
areas of Asia and North Ainerica where snow accumulates, it does so at 
a uniform rate until the spring thaw, I estimate* that the contributions 


* Loc. tit. p. 520. 



247 


Accumulation of Snow and Ice 


to Ao and ^ are - 0"-0238 cos © + 0"-0175 sin ®, 

H 0 = - 0"-0126 cos ® + 0"-0093 sin ®. 


15-53. The effect of vegetation is small compared with that of the 
annual displacements of air. In woodland and natural grassland the mass 
of vegetation per unit area in summer exceeds that in winter by one or 
two gr ams per square centimetre, whereas the corresponding difference 
for atmospheric motions in Central Asia is about 10 grams per sq. cm. 
Thus the effect of vegetation is much less than that of atmospheric dis- 
placements; but it is sufficiently great to be observable, were it not asso- 
ciated with other larger displacements of the same period. The contribu- 
tions from this source are roughly 

Ao = 0"-0017 cos ® - 0"-0038 sin ®, 

Ho = 0"-0024 cos ® - 0"-0055 sin ®. 

15-54. Accumulation of ice and snow round the poles may be summed 
up under two types. 

The first includes the deposition of snow during the winter, with its 
removal partly by evaporation and partly by glacier flow during the 
summer. This part would correctly be included under snowfall. On account, 
however, of the symmetry of the permanently frozen areas about the 
poles, it seems very unlikely that this portion can contribute anything 
appreciable to the iiLOveinent of the instantaneous axis. 

The second type is due to the freezing of the oceans. Freezing in mid- 
ocean would necessarily lead to no change in the mass per unit area; for 
the ice must float in such a way that its mass is equal to that of the water 
displaced, and it is also necessarily equal to that of the water it was 
formed from. Thus the water displaced has the same volume as the 
frozen water, and the freezing produces no vertical movements of water 
such as are necessary to start horizontal motion. Ice attached to the 
margin of a continent may behave differently, but even in this case, on 
account of sy mm etry about the polar axis, the contribution to the motion 
of the axis must be small. 


15-55. Summing up our results, we have the following: 


*0 

Atmosphere and ocean (T-0037 sin ® + (T-0040 cos © 
Snowfall (T-0175 sin ® - 0'-0238 cos ® 

Vegetation - 0^0038 sin © + (T-0017 cos ® 

Total 0"-0174 sin ® - 0"-0181 cos ® 


Mo 

0" 0344 sin ® - 0"-0006 cos ® 
0"'0093 sin ® - 0"-0126 cos ® 
- 0"-0055 sin ® + 0"-0024 cos ® 

0"0382 sin ® - (T-0108 cos ® 


The actual motion of the pole of rotation was found by Kimura* to be 
given by 

l = 0"-011 sin ® - 0"-096 cos ® 1 frQm 1893 . 8 to 1899 . 8j 

m = - 0"-051 sin ® - 0"-004 cos ®) 

* Ast. Bach. 181, 4344. His x is l, and his y is — m. 
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l = 0"-008 sin ® — 0"-064 cos ®) 

m = — 0"-056 sin ® + 0"-006 cos ® j 
and by the present writer* to be 

l = 0"-038 sin ® — 0"-055 cos ®) 

m—— 0"-061 sin ® — 0"-017 cos ©J 


from 1900-0 to 1907-0, 


from 1907-1 to 1914-0. 


Taking r = 430, and using 15*4 (7), we derive from these 

A = 0"-006 sin ® - 0"-036 cos ®) . 

a" c\an • ^ , a » aaa r from 1893-8 to 1899- 
H = 0 -062 sm ® + 0 -009 cos ® j 

A = 0"-015 sin ® + 0"-002 cos ® ] . 

a, a ,„ - ^ . a// r from 1900-0 to 1907- 

/j. = 0 -019 sin ® + 0 -015 cos ® J 


8 , 

0 , 


A = 0"-018 sin ® — 0"-017 cos ®1 
fi = 0"-004 sin ® + 0"-028 cos ® j 


from 1907-1 to 1914-0. 


The most striking feature of these motions of the pole of inertia inferred 
from the motion of the pole of rotation is their variability among them- 
selves. They resemble one another and the calculated motion in that all 
are of the same order of magnitude and retrograde (i.e. from east to west), 
and the largest term in the motion inferred from meteorological data, that 
in fj, 0 involving sin ®, is twice represented by the largest term in the values 
inferred from astronomy; but that is all that can be said. The variation 
is probably too great to be attributed to observational error, and certainly 
too great to be attributed to real variations in meteorological conditions 
from year to year. It is more probably due to variations in the amplitude 
of the 14-monthly motion: for if this changed during a 7-year interval, 
the 14-monthly motion could not be properly eliminated. 


15-6. Returning to the question of the bodily viscosity of the earth, 
discussed in the last chapter, we can examine the effects of such viscosity, 
if it exists, on the Eulerian nutation. We saw in 14-424 that if the whole 
secular acceleration of the moon were to be attributed to elasticoviscosity, 
h would have to be about 2 days, and if it were all to be attributed to 
fixmoviscosity , t, would be about 27 0 secs. Theformer value would imply that 
the earth must behave as a fluid in any motion with a period of 14 months ; 
thus the Eulerian nutation could not exist. The discovery of the im- 
portance of tidal friction in shallow seas in producing the secular accelera- 
tion has however shown that b must be much more than 2 days. The fact 
that the earth’s effective rigidity, determined from the observed period 
of latitude variation, is decidedly smaller than that inferred from seis- 
mological data, strongly suggests that considerable regions within the 
earth do behave as if fluid to forces of such periods. If such regions were 
surrounded by perfectly elastic material, without much intervening 
matter of intermediate viscosity, they might reduce the effective rigidity 
of the earth as a whole under stresses of such periods without producing 
much damping. 


^ LoCm ci/tt 9 pp. 523~5. 
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Firmoviscosity would evidently have no appreciable effect on motions 
with such periods. The same applies to turbulence in the ocean. The 
variability of the amplitude of the 14-monthly motion is, however, 
consistent with the existence of sufficient internal plasticity to damp it 
down in a few years, the motion being regenerated from other sources. 

From what has been said, it will be evident that the problem of the 
variation of latitude remains only half solved; the explanations of the 
annual portion account only roughly for its character and amplitude, 
and there is so far no explanation of the source of the energy that maintains 
the 14-monthly period in spite of the damping that must exist. 



APPENDIX A 

The Planetesimal Hypothesis 

“The man who makes no mistakes does not usually make anything.” 

Edward J. Phelps. 

A-l. The Planetesimal Hypothesis was historically the parent of the 
Tidal Theory of the Origin of the Solar System, elaborated in Chapter II. 
It was invented by T. C. Chamberlin and F. R. Moulton in the early years 
of the present century, and detailed accounts of it may be found in Cham- 
berlin and Salisbury’s Textbook of Geology , Moulton’s Introduction to 
Astronomy , and Chamberlin’s The Origin of the Earth. Like the theory 
here adopted, it supposes the sun to have been broken up by a passing 
star, and there is a general resemblance between the modes of formation 
and rupture of the filament on the two theories. The authors of the 
Planetesimal Theory suppose that two filaments were formed, projecting 
from the sun at diametrically opposite points. Jeans has shown that it 
is possible that only one filament was formed; the theory here developed 
works just as well with only one, and it has been suggested that it is 
possible that the shorter was wholly reabsorbed into the sun, even if it 
was ever formed. At this stage, however, the differences between the 
theories begin to become serious. The authors of the Planetesimal Theory 
believe that the planets would cool principally by adiabatic expansion, 
whereas it is shown here that at any rate the larger ones would cool 
principally by radiation from the surface. They assert further that all 
the planets, large and small, would form liquid drops at once, that these 
would quickly solidify, and that the planets formed by the aggregation 
of the solid particles would be themselves solid from the start. It has 
been shown here that, in whatever way the planets cooled, they would 
always pass through a liquid stage. 

A-ll. Impossibility of Great Accretion. Perhaps the most serious diver- 
gence between the two theories is, however, in the nature of the postulated 
resisting medium. In the present work it is supposed to be a gas, probably 
chiefly hydrogen; in the Planetesimal Hypothesis it is supposed to be 
composed of particles that solidified during the condensation of the planets, 
but acquired velocities so great that gravity could not retain them. 
These would then revolve around the sun as independent bodies ; they are 
the ‘planetesimals’ that give the theory its name. It is supposed that 
they were afterwards largely swept up by the planets, and that their 
effect was to reduce the eccentricities of the planetary orbits to their 
present values. Now it is possible, and indeed almost certain, that many 
such small solid particles were actually set in motion during the cooling 
of the primitive planets, but there is a grave objection to supposing that 
they can have had any important effect on the orbits of the planets. Their 
orbits, like those of the planets, must have been initially highly eccentric. 
The gravitation of the planets would make their apsidal lines rotate in at 
most some thousands of years, and thus, even though they might be 
moving without collisions initially, they would, in a short time cosmo- 
gonically , reach a state where any region large enough to contain a moderate 
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number of them would contain nearly equal numbers moving inwards 
and outwards with velocities comparable with the velocity of a planet 
moving in a circular orbit in the same neighbourhood. Now if two solid 
bodies moving with such velocities collided, they would certainly be 
volatilized. Meteors, for instance, are volatilized when they enter the 
earth’s atmosphere with such velocities, even in spite of the opportunity 
for loss of heat by convection and radiation during the several seconds 
the flight lasts. In the absence of air, the impacts of the bare surfaces 
would ensure that the whole of the energy lost on account of the imper- 
fection of restitution would be liberated instantly, and thus, still more 
than in the case of meteors in the atmosphere, volatilization would ensue. 

If now we suppose the planetesimals to be spheres, of radius c, the 
probability of any particular planetesimal striking another body, of radius 
a, is, for the same relative velocity, proportional to the square of the sum 
of the radii. Thus the probability of a planetesimal hitting any other 
particular planetesimal is to the probability of its hitting a planet of 
radius a in the ratio 4c 2 / (a 4-c) 2 or practically 4c 2 /a 2 ; and if we add up 
the probabilities for all planetesimals, the probability of a particular 
planetesimal hitting any other planetesimal in general is to that of its 
hitting a planet in the ratio of four times the surface of all the planetesimals 
to the surface of the planet. It can easily be seen that this result is still correct 
as regards order of magnitude when the planetesimals are no longer sup- 
posed spherical. The condition that more planetesimals were swept up by 
the planets than were volatilized is therefore that the total surface of the 
planetesimals was much less than that of the planets. 

Now let us consider the effect of accretion on a planet moving in an 
eccentric orbit. When such a planet is near aphelion its velocity is less 
than that corresponding to a circular orbit at the same distance, while 
when it is near perihelion its velocity is greater than that for a circular 
orbit. If we suppose for the moment that the planetesimals were moving 
in circular orbits, the planet would therefore overtake them when near 
perihelion, and be overtaken by them when near aphelion. Now we know 
from the theory of impact that whenever two bodies unite into one the 
velocity of the combined body is between those of the original ones. Thus 
the difference between the velocities of the body and of the planetesimals 
in its neighbourhood would be diminished by every impact, and therefore 
its orbit would gradually become more nearly circular, just as in the case 
of a gaseous resisting medium. If we allow for the fact that the plane- 
tesimals were moving in highly eccentric orbits like those of the planets, 
the effect would be more marked, for a planet would pick up more particles 
It met than it overtook. We can therefore agree that the eccentricity 
would decrease. In this way the authors of the Planetesimal Hypothesis 
say that the eccentricities would be reduced to a fraction of their original 
values, and that the nearly circular orbits of the planets are explained. 
The explanation is, however, insufficient. If a planet picked up a plane- 
tesimal of its own mass, moving in a circular orbit, the difference between 
its velocity and that of a body describing a circular orbit would only be 
halved, and it is not difficult to show that the finely divided condition of 
the matter picked up does not alter this conclusion. Hence to produce a 
considerable reduction in the eccentricities of the planetary orbits the 
total mass of the planetesimals picked up must have been comparable with 
the masses of the planets themselves. But the more finely divided the 
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matter the greater -would its surface be, and therefore the total surface of 
the planetesimals must have exceeded many times that of the planets. 
This result, by the last paragraph, shows that collisions between plane- 
tesimals must have been enormously more frequent than those between 
planets, and therefore the planetesimals must have been volatilized by 
collisions among themselves before they had time to affect the eccentricities 
of the planetary orbits appreciably. Thus the reduction of the eccentricities 
of the orbits of the planets by accretion is impossible. 

A-12. This discussion has constructive value, in that it shows that 
the masses of the planets cannot have increased by any considerable 
fractions of themselves since they were formed. Thus all the meteors 
picked up cannot have had much effect on the earth’s size or on its orbit. 
The solid particles that left the planets in their early history may have 
collided and volatilized each other; in that case they would have been 
added to the gaseous resisting medium, and may in that form have had 
some cosmogonical importance. 

A-2. Possible Compression. Though the impact of solid planetesimals 
on the surfaces of the planets cannot have had much effect on the masses 
and motions of the planets, it is as well to examine other arguments that 
have been advanced against the theory of the former fluidity of the earth 
and in favour of the view of Chamberlin that the earth has always been 
solid. In the first place, Chamberlin has accepted the opinion of Osmond 
Fisher that thermal contraction is insufficient to account for mountain- 
building, and in place of it has suggested that accretion would give the 
requisite compression. Matter deposited on the surface of the earth would 
compress the interior, and in consequence of this contraction the interior 
would be too small for the exterior and would produce crumpling. In this 
way a linear crumpling comparable to the radius of the earth itself could, 
according to Chamberlin, be produced. It will be seen, however, that this 
could be true only if the earth’s radius had been increased by accretion 
by a large fraction of itself, which has just been seen to be impossible. 
Further, the compression would be a slow process. The matter deposited 
on the surface would necessarily be in a fragmentary condition. It could 
only begin to be consolidated by pressure when it had been buried to such 
a depth that the pressure was sufficient to cause plastic deformation. Then 
gradual flow would commence, accompanied by reduction of volume. 
Meanwhile the matter above it, being under less pressure, has not begun 
to be consolidated.) Contraction below therefore produces no crumpling ; the 
fragments merely roll and slide over each other. Thus on the planetesimal 
theory there could at no stage be crumpling at the surface till accretion had 
ceased. Afterwards crumpling could arise only through internal cooling, 
which would necessarily be less than was possible in a fluid earth, and 
through the continuance of the consolidation of the interior. Now plastic 
flow once started in any region would continue until adjustment was com- 
plete, and would for ordinary substances be rapid in comparison with 
the slow process of accretion. Thus at most a few kilometres in depth 
would be capable of flow under the actual pressures existing, without 
having already adjusted themselves completely before the end of accretion. 
Consolidation could therefore contribute at most only a few kilometres 
to the available compression at the surface. The Planetesimal theory 
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is therefore able to explain less mountain-building than the fluid earth 
theory. 

A-3. The History of the Atmosphere. It has also been argued that a fluid 
earth could not have retained any atmosphere, and especially water vapour. 
This argument is capable of two independent refutations: first, that the 
earth could have retained its water vapour, and second, that even if it had 
lost its whole atmosphere it could have produced a new one. It is seen 
that Chamberlin’s argument supposes that if the earth’s surface reached a 
temperature of 1500° A. most of the gases of the atmosphere would depart 
from the influence of its gravitation. If G is the mean square velocity in 
a gas, Jeans has shown that half the gas would be lost in 2 x 10 6 years if 
G was as high as 2*5 km./sec. For hydrogen (H 2 ) at 280° A., G is 1*9 km./sec. 
Thus hydrogen could certainly be retained at ordinary temperatures for 
a longer time than has been considered could have elapsed between the 
formation of the earth and the cooling of its surface. Now C is proportional 
to where m is the molecular weight and V the absolute temperature. 

For water vapour at 1500°, C would therefore be only 1*47 km./sec. ; thus 
water vapour could be easily retained for the time required. Still more so 
oxygen and nitrogen would be retained. If the earth was primitively dis- 
tended, water vapour could still be retained when the radius was three 
times as great as at present, since the critical velocity is proportional to 
the reciprocal of the square root of the radius. There is therefore no 
insuperable obstacle to the retention of water vapour and all heavier 
constituents of the atmosphere when the earth was fluid. 

A* 31. It is possible, however, that very little of the atmosphere is 
primitive. We know that hydrogen, water vapour, carbon dioxide, and 
nitrogen are being continually evolved from volcanoes, and it is possible 
that most of the atmosphere has been produced from this source since 
solidification. This requires all our water to have been within the earth 
initially. A few years ago the idea of water at 1500° mixed with siliceous 
constituents would have seemed ridiculous, but it is now known that at 
high temperatures and pressures water and rocks actually mix freely in 
all proportions. Thus it is probable that all the water in the primitive 
atmosphere was absorbed by the rocks and has only been given off again 
since solidification*. It was for a long time considered difficult to explain 
how igneous rocks came to contain water of crystallization, but this problem 
may now be regarded as solved. 

Oxygen is not produced to any appreciable extent by volcanoes, but 
carbon dioxide is, and it is possible that all the oxygen in the atmosphere 
has been formed from carbon dioxide by the action of plants. There is a 
difficulty in this suggestion, though perhaps not an insuperable one. The 
capacity to assimilate carbon is confined to the plants that contain chloro- 
phyll, which are in general the higher plants. The lower plants absorb 
oxygen and expire carbon dioxide like animals; so do even the green 
plants when in the dark. Thus it is not easy to see how the conversion of 
carbon dioxide into oxygen could have commenced until plant life had 
reached a f a irly advanced stage in evolution, and until that stage was 
reached the plants must have lacked the oxygen they needed. If this 
objection is valid the oxygen in the atmosphere, or at any rate some of 
it, must be primitive. 

* J. W. Evans, Observatory , 42, 1919, 165—7. 
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Hydrogen is produced in quite sufficient quantities to account for the 
trace of it present in the atmosphere; most of it combines soon with 
oxygen. Helium is produced by radioactivity. The difficulty in this case 
is to understand why so little of it is present in the atmosphere. With 
the data of Chapter VI we can show that average acid rock produces 
helium at the rate of 1-7 x 10- 12 c.c. of helium per gram of rock per year. 
The helium at the earth’s surface is responsible for about a millionth of 
the atmospheric pressure; thus if all the helium in the atmosphere were 
under ordinary atmospheric pressure it would make a layer over the 
surface 0*8 cm. thick. If now 1000 c.c. of acid rock were denuded from 
each square centimetre of the earth’s surface, and all their helium trans- 
ferred to the atmosphere, they would give 5 x 10 -9 c.c. helium per cm. 2 
of the surface for each year of the interval between the formation of the 
rock and its denudation. If then the average age of igneous rocks when 
denuded was 160 million years, all the helium of the atmosphere would 
be explained if the average thickness of igneous rocks denuded from the 
earth’s surface was 10 metres. This is an impossibly small amount. It 
could be increased if a large fraction of the helium in rocks is retained in 
the sedimentary rocks formed from them, but it appears unlikely that 
this fraction exceeds and thus the depth can only be doubled. No 
satisfactory explanation of why the atmosphere contains so little helium 
has yet been offered. 

On the theory of the former fluidity of the earth it is therefore possible 
to account for the gases of the atmosphere. On Chamberlin’s theory, 
however, it is not possible to account for the existence of the atmosphere. 
The small gravitative power of his small earth nucleus would have made 
it unable to retain permanent gases during its aggregation, and any gases 
or water absorbed in it could never have got out again, since it was by 
hypothesis buried below some thousands of kilometres of planetesimals. 
The atmosphere must then have been brought by the planetesimals. But 
the planetesimals, like modem meteorites, must have been completely 
arid and atmosphereless. Thus, as in the previous case, Chamberlin’s 
arguments are more injurious to his own theory than to the one he is 
attacking. 

A-4. The Primitive Crust. It has been suggested that the primitive 
crust of a formerly solid earth should be in a characteristic condition, and 
might be geologically recognizable. No trace of the primitive crust has 
been found, and some geologists have made this fact the basis of an attack 
on the theory of the former fluidity of the earth. In view, however, of 
the extent of denudation and redeposition that we know to have occurred, 
there would be no cause for surprise if the whole of the primitive crust should 
have been removed or buried. The argument, so far as it has any validity, 
is, of course, equally applicable against the planetesimal theory, for 
planetesimal matter unaltered since deposition would also be in an easily 
recognizable condition, and has not been identified. 

A*5. The Land and Water Hemispheres. A further argument has been 
based on the existence of the land and water hemispheres. One of the 
outstanding problems of geophysics is the mechanism that produced the 
marked asymmetry of the distribution of land and sea. No asymmetry 
about the axis of rotation could exist in a fluid earth, though it would be 
premature to say that no such asymmetry could be developed under the 
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stresses acquired at solidification. It has been suggested, however, that 
the phenomenon is explicable on the planetesimal theory. More plane- 
tesimals might have fallen on one side of the earth than on the other, and 
thus have produced the observed inequality. The probability of such a 
hypothesis is, however, inappreciable. 

Let the radius of the earth be a, and consider the probability of any 
planetesimal falling in a range of longitude 2 na of the surface. This pro- 
bability is evidently a; for on account of the rotation of the earth, all 
meridians are equally frequently presented to the planetesimals, in what- 
ever direction they may approach. Suppose then that n planetesimals 
fall altogether. The prior probability that m of them fall within the 
sector 2-rra, the fall of each being unaffected by those that have fallen 
already, is n Cm (i _ «)*-•» ( a ) m (1), 

where n G m denotes the number of combinations of n things taken m at 
a time. Let us denote this by P. This is a maximum if mjn = a. Thus a 
uniform distribution in longitude is the most probable. Let us now in- 
vestigate the probability of a departure from the uniform distribution 
by a given amount. Put m/n = a + £ (2), 

where £ is small and n£ 2 moderate. Then we may approximate by Stirling’s 
formula 

log n ! = — 7i + log u \ log 2 tt (3), 

and obtain, when n is large and neither a nor 1 — a very small, 

log P ~ l log 2 t rrna (!-«)- 2 ~ ( T Z T ^ ) ( 4 ) 


-)- terms of order £ and £ 2 . 

Now if we consider the range between n (a + £) and n (a + £ + d£), where 
d£ is small compared with n~i, the number of possible values of m in this 
range is clearly nd£. Thus the probability that m lies in this range is 


n p 
27 ra (1 — a)J 


g-n£ 2 /2a (1-a) ££ 


(5). 


The probability that m exceeds n (a + £) is therefore 


Q 


n 


p e -n?/2a(l-a)^ 


2ira (1 — a). 


.(«). 


Now when the 
the formula 


argument is great, an approximation to Erf x is given by 


1 


Erf x = 





so that 


' g (1 a) \i 1 e _ nf i /2a (1 — a) 

„ 2nn ) £ 


..( 8 ). 


In our problem n is the total number of planetesimals picked up by the 
earth. If t h en b be the radius of a planetesimal, and if the radius of the 
earth have increased by accretion by \ of its original value, we have 

n — o? {1 - (|) 3 }/6 3 = 0’5a 3 /b 3 nearly (9). 
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The Pacific Ocean is, on an average, about a kilometre deep, and covers 
about half the earth. Thus if we consider the probability of getting such 
a depth by accident, as has been suggested, we take a = | and £ — 

Thus / h 3 Ni 

e "(iiy <io) - 

Evidently the smaller the planetesimals the smaller is the probability of 
the hypothesis. We can hardly suppose the planetesimal to have a larger 
radius than a kilometre, in which case a/b = 6000. Then 


Q = 


Z (5-2x10' 

1500 


( 11 ), 


which is utterly insignificant. Thus the formation of the land and water 
hemispheres in the process of accretion is practically impossible. 

Chamberlin suggests in The Origin of the Earth that denudation during 
growth would increase the asymmetry, even though this might be originally 
insignificant. This does not, however, appear likely. If an ocean formed 
early on a nearly spherical nucleus, as he suggests, it would submerge any 
small inequality that might arise, and the only denudation possible would 
be the insignificant amount that goes on at the ocean bottom. This hypo- 
thesis does not therefore appear to solve any difficulty presented by the 
fluid earth theory. 

A-6. I believe, therefore, that the Planetesimal Hypothesis does not 
offer a solution of any of the great outstanding problems of geophysics, 
and that on cosmogonical grounds it is quite unacceptable. It has, how- 
ever, been of considerable value in the past in suggesting new lines of 
attack on our problems, and the tidal theory here adopted arose as a 
modification of the Planetesimal Hypothesis designed to avoid the objec- 
tions that appeared fatal to it in its original form. To reject this hypothesis 
now is not to deny its importance in the history of cosmogony and 
geophysics. 



APPENDIX B 

Jeans's Theory 

“It is an old maxim of mine that when you have excluded the impossible, 
whatever remains, however improbable, must be the truth.” 

A. Conan Doyle, The Adventures of Sherlock Holmes. 

B*1 . The chief point of difference between the theory of Chapters II, III 
and IV and that of Jeans is that whereas I suppose the primitive sun at 
the time of the disruption to have been well within the orbit of Mercury, 
he supposes it to have been distended so as to include the orbit of Neptune. 
There are three serious objections to such a distension of the sun. First, 
it could, according to modern theories of the constitution of stars, have had 
an effective temperature of only 200° absolute, and therefore if it could 
have existed at all it would have consisted of solid dust. Thus the theory 
of the evolution of the filament on the hypothesis that it was initially 
gaseous would break down completely. Secondly, it implies an extremely 
low density, and hence by the formula 2*4 (9) the velocity of sound in a 
gaseous filament would have to be rather low to account for masses as small 
as those of the planets. Thirdly, planets produced at distances from the 
sun greater than the present distance of Neptune would have had to be 
brought in by some means. The only agent available for this purpose 
appears to be a resisting medium. It has been shown in 4-2 that a resisting 
medium, the motion at any point of which was not sensibly different from 
that of a planet in a circular orbit at the same point, could have no effect 
on the mean distance of a planet; and that a medium for which this 
difference was considerable would have too small a density at such a 
distance to produce any appreciable frictional effect on a planet. Thus in 
neither case could the mean distances be affected appreciably by a resist- 
ing medium. 

B*2. Prior Probability of a Disruptive Encounter. Jeans’s reason for 
adopting such a distension seems to be based on the belief that the prior 
probability of any encounter close enough to break up the sun when less 
distended is so small as to forbid it. This, however, does not seem to be 
the case. Jeans estimates (loc. cit. p. 279) that in the present universe the 
average interval between encounters at a distance less than 1*3 x 10 16 cm. 
is about 3 x I0 10 years. Thus the probability that in any one year any 
particular star that we have no other data about will have an encounter 
at this distance or less is 1/(3 x I0 10 ). This probability is proportional to 
the square of the distance of approach ; therefore the probability that any 
one star would have one at a distance of 3 x 10 12 cm. is 1/(6 x 10 15 ). Hence 
the probability that any particular star would have an encounter within the 
latter distance in 2 x 10 7 years, a time probably comparable with the time 
the sun spent in the giant stage, is 1 — {1 — 1/(6 x 10 16 )} 2X1 ° 7 = 1/(3 x 10 8 ), 
and the probability that one star in the whole universe, containing perhaps 
10 9 stars, would have an encounter at this distance, is 1 — {1 — 1/(3 x 10 8 )} 10 ’ 
or practically unity. Thus the theory makes it practically certain that 
at least one star in the universe has had an encounter at the distance here 
assumed, and our only datum in the matter is that there is at least one solar 
je 1 7 
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system. Thus the hypothesis that the diameter of the sun at the encounter 
was only a fraction of that of the orbit of Mercury is consistent with know- 
ledge of stellar motions. It is, however, probable that systems of the type 
of the solar system are the exception in the universe and not the rule. 

B'21. It may be remarked that the tidal theory of the origin of the 
solar system might have a considerable probability on the evidence before 
us, even if stellar encounters were much less frequent than has been 
inferred from the present condition of the stellar system. For, let, in the 
notation used by Dr Wrinch and myself*, h denote the aggregate of 
propositions believed independently of experience, and let P (p : qh) de- 
note the probability that a proposition p is true, given that h and another 
proposition or set of propositions q are true. Let ~ p denote the proposition 
that p is untrue, and pq the proposition that p and q are both true. Let 
the empirical data of physics, not including the existence of the solar 
system, be denoted by k, and let the proposition that the solar system 
exists be denoted by m. The laws of physics, which we may denote by l, 
have a high probability on the data k, so that 

P (l : kh) = 1 — a (1), 

where a is very small. 

The arguments for the tidal theory fall into two groups. First, it is 
shown that, given our physical laws, no theory other than a tidal one can 
account for the solar system as it is. If then t denotes the proposition 
that the initial conditions required by the tidal theory once existed, this 
result may be expressed by 

P(m:~t.lkh) = j3 (2), 

where j8 is very small. It would be zero if the proof possessed strict mathe- 
matical accuracy, and the proof available is enough to show that /3 must 
be exceedingly small. 

Next, it is shown that the tidal theory is capable of explaining the 
main features of our system, given suitable initial conditions. Thus 


P ( m : tlkh ) = y (3), 

where y is certainly not small and may be nearly unity. 

Now we have the general propositions of the theory of probability 

P(pq:h) + P(p.~q:h) = P(p:h) (4), 

P(pq:h) = P(p:h)P(q:ph) (5). 

Then P (to : kh) = P ( mlt : kh) + P (ml .~t\ kh) +■ P (m . — l : kh) 

— P (l : kh) P (t : Ikh) P ( m : tlkh) 

+ P(l:kh)P(~t: Ikh) P (m : ~t.lkh) 

+ P(~l:kh)P(m:~l.kh) (6). 

Let us write P (t : Ikh) = r, 

P (m\ ~l. kh) = 8. 

Then (6) becomes 

P (m : kh) = (1 — a) {ry + (1 — r) {1} + a8 (7). 

* Phil. Mag. 38 , 1919 , 717 - 731 . 
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Again, P (mlt : kh) = (1 — a) ry, 

being the first term in (6), and also 

= P (m : kh) P (It : mkh) (8). 

Combining (7) and (8), we have 


P (It : mkh) =- 


(1 — - a) ry 


.(9). 


(1 — a) {ry + (1 — t) j8} + aS 

Now 8, being a probability number, is necessarily not greater than 1, and 
a and j8 are exceedingly small. Thus the expression on the right will be 
practically unity unless ry is so small as to be comparable with either 
a or /?. Omitting this alternative for a moment, we see that P (It : mkh) is 
practically unity. In other words, given the empirical data of physics 
and the existence of the solar system as it is, it is practically certain both 
that the laws of physics used in the argument are true and that the initial 
conditions required by the tidal theory once occurred; and therefore that 
the tidal theory is true. 

This argument would break down if ry was very small. We have seen 
in B-2 that r is probably nearly unity, and that y is moderate, and therefore 
there is no question of its failure with the data here used. For failure it 
would be necessary for ry to be less than one of the two quantities a and /?. 
In other words, the probability of there having ever been, during the giant 
stage of a single star in the universe, an encounter at a distance less than 
3 x 10 12 cm., must be less than either the probability of a fallacy in the 
argument against the possibility of the formation of the solar system by 
purely internal action, or the probability that the laws of physics are 
wrong This gives a conception of the strength of the position of the tidal 
theory. If p is the greatest of the quantities yr, a and ft, P (m : kh) will 
be practically 

(1 — a) (1 — r) /3 = P (ml.~t: kh) 

= P (m: kh) P (l.~t: mkh), 


and therefore P (l.~t:mkh) will be practically unity. Thus it will be 
practically certain that the solar system was formed by some non-tidal 
action and that the laws of motion are right. If, again, a is the greatest, 
it will follow that the laws of motion are probably wrong. Thus we see 
that the extreme smallness of yr, besides forcing us to reject the tidal 
theory, would make other much more bizarre inferences necessary. 

The tidal theory therefore appears to be in a stronger position than 
Jeans has shown. 


1 7-2 



APPENDIX C 

The Hypothesis of the Indefinite Deformability of the 
Earth by Small Stresses 

“If ye have faith as a grain of mustard seed, ye shall say unto this mountain. 
Remove hence to yonder place; and it shall remove; and nothing shall be impossible 

unto you. „ 

“Howbeit this kind goeth not out but by prayer and fasting. 

St Matthew xvii. 20-21. 


C*l. In many discussions by geologists of the physics of geological 
processes, it is freely assumed that any stress, however small, can detorm 
the earth to any assignable extent, provided only that it acts long enough. 
In the language of Chapter IX, the earth is a plastic body of zero strength, 
or is liquevitreous; many writers would call such a substance a fluid, but 
for reasons already given I prefer to class it with solids, while noticing 
the special qualities that are associated with the absence ot strength. 

It has been seen from thermal considerations that this description is 
probably applicable to the matter of the earth at depths greater than 
700 km. From this result the perfection of the compensation of the con- 
tinents and of the second harmonic inequality in the figure of the earth 
have been inferred, and the latter of these inferences has been accurately 
verified by geodesy. This weakness also plays an important part m the 
theory of the compensation of mountain ranges. 

The authors considered, however, suppose the complete absence ot 
strength to extend up into the asthenosphere and even higher. In these 
regions, according to the theory already developed, the rocks have cooled 
some hundreds of degrees since solidification, and it would be natural to 
suppose, in the absence of more direct evidence, that they have a finite 
strength. The geodetic evidence, again, has been seen to show that the 
horizontal extent of the regions where the Hayford anomaly is systematic- 
ally in one direction is some 700 km., suggesting a finite strength at depths 
of 120 km. and over. In the layer of compensation, again, the strength 
must be great, for otherwise the mountains would collapse under their 
own weight; it has been shown in 8*6 that greater strength in the upper 
layers is required to support a compensated mountain than an uncom- 
pensated one. 


C 11. The question at issue is not, then, whether the whole earth has 
a finite strength or a zero strength; we know that neither of these alterna- 
tives is correct. It is purely a question of the quantitative determination 
of the depth where strength first becomes inappreciable. To evaluate this 
more de fini tely than has been done in 9*64 does not appear to be possible 
with the data at our disposal; which is only another way of saying that we 
know from geodesy nothing contradictory to the hypothesis that the 
strength is finite, though small, to a depth of many hundreds of kilometres. 


C12. The finite strength of the upper layers offers a formidable obstacle 
to any permanent deformation of the outer layers where the stresses 
involved are not very large. We know that the crust in the continents is 
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strong enough to hold up Mount Everest, and in the ocean bottom can 
hold down the Tuscarora Deep, and that the strength required to hold 
up an inequality depends almost wholly on its vertical and not on its 
horizontal extent. Thus the whole weight of the continents will not be 
enough to produce permanent deformation in the upper layers; much 
less will the small fraction of it that acts tangentially, on account of the 
asymmetry of the earth’s figure. We cannot therefore accept hypotheses 
of the widespread migration of continents, unless forces enormously greater 
than any yet suggested are shown to be available. 

C-2. A further impossible hypothesis has often been associated -with 
hypotheses of continental drift and with other geological hypotheses based 
on the conception of the earth as devoid of strength. This is, that the small 
force can not only produce indefinitely great movement, given a long 
enough time, but that it can overcome a force many times greater acting 
in the opposite direction for the same time. In Wegener’s theory, for 
instance, not only is a tiny force supposed to have moved America right 
across the present Atlantic, but the resistance of the Pacific floor to the 
motion is supposed to have uplifted the Rocky mountains. Now, given 
a sufficiently weak earth and enough time it might be possible to twist the 
outside of the earth over the inside to any extent. So long as the layers 
of equal density remained symmetrical about the polar axis, no elevation 
or depression of rocks taking place, deformation could proceed undisturbed, 
America going steadily on its way without mountain-building or any other 
phenomenon observable by geologists. In order that mountain-building 
may take place, however, energy must be supplied to raise and lower the 
rocks affected against gravity; and the stress available must overcome 
gravity, and therefore must exceed the pressure due to the weight of the 
mountain. Tidal friction and differences between the values of gravity 
at the tops and bottoms of continents are the agencies usually considered 
in theories of this type; they are capable of producing stresses of the order 
of 10~ 6 dynes per sq. cm., whereas to elevate the Rockies about 10* dynes 
per sq. cm. would be required. 

The ass um ption that the earth can be deformed indefinitely by small 
forces, provided only that they act long enough, is therefore a very 
dangerous one, and liable to lead to serious errors. 



APPENDIX D 

Theories of Climatic Variation 

“The winter of our discontent.” 

Shakespeaee, King Richard III , Act x, Sc. 1. 

D*l. The Geological Evidence for Climatic Changes . Climatic variation 
as such, is essentially a meteorological topic, and therefore is outside the 
scope of the present work. On the other hand, climatic variations have 
produced very great effects on the surface features of the earth in the 
past, and their causes may be largely drawn from the non-meteorological 
parts of geophysics. Since they serve as a connecting link between two 
problems definitely within our scope, some discussion of them may be 
in place. 

The evidence indicating that considerable changes in climate have 
taken place in past geological ages is very considerable. The last glacial 
period, during which most of Northern Europe and America were buried 
under a thick ice sheet, is the best known of these vicissitudes ; but it is 
not so well known that a glacial period with many similar features occurred 
in the Pre-Cambrian era, before the oldest known fossiliferous rocks were 
laid down, and another in the Permian period, about 300 million years 
ago, besides occasional local glaciations at other times. Between these 
glaciations there were mild intervals, such as the long spell of warmth in 
the Secondary and early Tertiary. At present the climates over most of 
the earth appear to be becoming warmer and drier, though there are 
places where this does not hold. 

D-2. Suggested Explanations. Numerous attempts have been made to 
explain such facts. Most of the hypotheses offered may be classified under 
the following heads : 

A. Changes in the motions of the earth as a whole, especially in 

(1) the eccentricity of its orbit; 

(2) the inclination of its axis of rotation to the ecliptic. 

B. Changes in the composition of the atmosphere and ocean, especially 

(1) the amount of carbon dioxide; 

(2) the amount of volcanic dust; 

(3) the amount of salt in the sea. 

C. Changes in topography : 

(1) in the area of the continents; 

(2) in the height of the continents ; 

(3) in the distribution of the continents with regard to one another 
and to the polar axis. 

D. Changes in the sun’s radiation. 

E. Changes in the internal heat of the earth. 

3T. The passage of the solar system through cold regions of space. 
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D-3. Of these, A, E, and F may be rejected without difficulty. First, 
changes in the eccentricity formed the basis of Croll’s famous theory, which 
required that glaciation should occur when the eccentricity was a maximum, 
and should alternate between the northern and southern hemispheres in 
the period of the precession of the equinoxes, the glaciated hemisphere 
being the one containing the pole presented to the sun at perihelion. Both 
the variation of the eccentricity and the precession of the equinoxes axe 
purely dynamical in origin and extremely regular. Thus glacial periods 
should have alternated at intervals of less than a million years throughout 
geological time, which is very far from the state of affairs outlined in the 
second paragraph above. Changes in the inclination of the axis may arise 
in two ways, first, by planetary perturbations of the plane of the earth’s 
orbit, and second, through internal deformations of the earth itself. The 
first type of change is regular, and therefore fails for the same reason as 
Croll’s hypothesis; while Sir G. H. Darwin showed that changes in the 
inclination through internal deformation can never be considerable. The 
inclination may have undergone some change through tidal friction, but 
such change would always be in the same direction, whereas the climatic 
changes have been oscillatory. 

D-31. Hypothesis E fails, because, as shown in Chapter VI, the surface 
temperature of the earth must have been almost wholly maintained by 
solar radiation practically ever since it became solid at the surface, and 
certainly throughout geological time. Conduction from the interior is in 
comparison quite unimportant. 

D-32. Strictly speaking. Hypothesis F is meaningless ; there is no such 
thing as the temperature of space, for temperature is essentially a property 
of matter. It might, however, be interpreted to mean the temperature that 
a given body would take up if it was exposed to the radiation in the 
neighbourhood considered ; so that it would be the temperature such that 
the given body radiates as much heat as it receives. But at present the 
radiation received from other sources is a very small fraction of that 
received from the sun, and therefore no possible reduction in it could 
make any appreciable difference to terrestrial temperatures. 

D-4. The phenomena enumerated under B must all have occurred to 
some extent, but it is unlikely that any of them is among the main causes 
of climatic variation. It has been suggested by W. J. Humphreys* that 
great volcanic eruptions, such as those of Krakatoa (1883) and Katmai 
(1912), may produce a lowering of temperature over the earth as a whole 
for some months; thus volcanic activity on a still larger scale might 
produce a glacial period. It does not appear, however, that volcanic 
activity and glaciation have been closely correlated in past epochs. If 
they had been, great glaciations would have occurred during the times of 
greatest activity in the Ordovician, Devonian, and Tertiary periods, which 
is not the case. The absorption of dark heat radiation by carbon dioxide 
may be appreciable, but it appears probable that the conditions have 
always been such that any radiation absorbed by C0 2 would have been 
equally effectively absorbed by water vapour in the absence of the former, 
so that the thermal effect of variations in the amount of C0 2 in the atmo- 
sphere can hardly be great. Variations in the salt content of the ocean have 
* Joum. Franklin Inst. 176, 1913, 13 L 
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been considered important by Chamberlin. Variation of the density of 
the ocean from place to place must have some effect in producing a general 
circulation of the ocean. Thermal expansion near the equator reduces the 
density of the water, and must therefore have such an effect. If, however, 
the ocean were much more salt, evaporation of water near the equator 
would raise the density more than thermal expansion reduces it, and the 
density circulation would be reversed. This is considered capable of pro- 
ducing an important effect on climate, since the atmosphere is largely 
heated by contact with the sea. The difficulty in this theory is that the 
surface waters do not move with the deeper parts of the ocean, but are 
driven along by the wind* ; with the same wind, their motion is practically 
independent of the density distribution. It is the surface waters alone 
that affect the temperature of the air. Thus the system of the surface 
waters and the air is practically self-contained, and the temperature of 
the air cannot be affected by the salinity of the sea. 

D-5. Phenomena of group C must contribute considerably to the varia- 
tion of climate. It is known from meteorology that changes in topography 
could have an important effect on climate, and from geology that such 
changes have actually taken place; what is uncertain is, first, how far 
known changes in topography can account for the changes of climate 
indicated by the geological record, and, second, in cases where prior know- 
ledge of the putative causes is so small that we have to make ad hoc hypo- 
theses concerning their time and extent, how numerous are the observed 
climatic variations that agree with those inferred from the hypotheses. 

D-51 . The chief work on these lines has been done by C. E. P. Brooks f. 
His method is based on the correlations between the normal temperatures 
for January, July, and the whole year, on the one hand, and the nature 
of the surroundings on the other, found for a network of places over the 
whole earth. The places he considers are regularly distributed at equal 
intervals of latitude and longitude all over the earth. Around each he 
draws a circle of radius 10° of latitude, or 600 nautical miles. The per- 
centages of land and ice in the semicircles to the west and east of the 
station are recorded separately, and the correlations between these and 
the temperatures are calculated. Prom these correlations it is possible 
to make a quantitative estimate of the effect on temperature of con- 
tinentality and the direction of the prevailing winds. The method is 
somewhat crude, but certainly takes into account the main features of 
the problem. The main results are what might be expected from our 
general knowledge, that land in the neighbourhood of a station makes 
for extremes of temperature, that ice produces lower temperatures than 
unglaciated land, and that land or ice produces more effect when it is 
to windward than when it is to leeward. The special feature of Brooks’s 
work is that it is quantitative as well as qualitative, and can therefore 
be applied to find the distributions of temperature for other distributions 
of land and sea. The temperature distributions for other geological dates 
than the present can therefore be found. Brooks uses temperatures reduced 
to sea level, so that the effect of altitude must be added before the actual 
temperature at a station is deter min ed. 

* Jeffreys, Phil Mag. 39, 1920, 578-586. 

t The Evolution of Climate, Benn Bros. 1922. 
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In this way Brooks is able to show that more oceanic conditions, which 
actually existed, are quantitatively able to account for the mild climate 
of the Eocene period. A general elevation of the land proceeded throughout 
the Tertiary Era, and when the Scandinavian highlands and the Rocky 
Mountains reached the snow line an ice sheet commenced to form. Ice 
radiates more and absorbs less heat than unglaciated land at the same 
temperature, and it is for this reason that it becomes colder than un- 
glaciated land exposed under similar conditions, and produces a greater 
cooling effect in its neighbourhood. Wind blowing over an unglaciated 
mountain range reaches the same level on the other side without having been 
cooled much, or may even have been somewhat heated by the Eohn effect ; 
but wind blowing over an ice sheet is very much cooled when it gets to 
its original level again. Thus whereas the rising mountains did not produce 
much disturbance of temperature to leeward before they reached the snow- 
line, they would afterwards produce a substantial depression. Precipitation 
upon them would fall as snow instead of rain. That falling on the wind- 
ward side would form glaciers, and return quickly to the sea; but that to 
leeward would have no easy outlet, and would accumulate. Thus the ice 
sheet would tend to spread, especially to leeward. The increased pre- 
cipitation consequent on the reduction of the temperature of the land 
would play an important part in the thickening of the ice sheet. The sheet 
would not necessarily have its highest point above the original mountains ; 
the precipitation to leeward might well raise the surface of the ice to above 
the original mountain tops, and then the highest point would proceed to 
move steadily to leeward. The actual events during the glacial period and 
afterwards agree closely with Brooks’s inferences. In particular, some sand 
dunes in North Germany, formed at this time, have their tips pointing to 
the west instead of the east, showing that the prevailing wind there at 
the time was from the east. This is exactly what would be expected from 
the presence of the Scandinavian ice sheet, which would produce a per- 
manent area of high pressure in Scandinavia, and therefore east winds over 
Germany. In many other parts of the world striking agreements are found. 

Brooks’s theory is therefore a very substantial contribution to our 
understanding of climatic change; but it does not furnish a complete 
explanation. Glaciation did not begin in many places until long after the 
mountain tops were not only above the snow line, but above the height 
where there was any considerable precipitation at all; this is shown by 
the presence of unglaciated mountain tops, called ‘nunataks, in Scan- 
dinavia and the Rockies. It appears as if the later stages, at least, of the 
elevation of the mountains took place under conditions when the snowfall 
was inappreciable, and that the ice sheet did not begin to form until some 
further change of climate, not attributable to the mountains, had super- 
vened. The Cambrian, Ordovician, and Silurian folds, again, must have 
raised mountains quite comparable with those of the Tertiary, but do 
not appear to have been followed by glaciation on anything like the same 
scale, again suggesting that mountain formation, though it may be a 
necessary preliminary to glaciation, is not a sufficient^ condition for it. 
The crustal movements in the last thousand years, again, do not appear 
enough to account for the climatic changes during that interval. 

D-6. Changes in the situation of the polar axis with regard to the land 
have often been summoned to explain climatic changes that we have no 
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satisfactory explanation for. In particular, Wegener has attributed the 
Permian glaciation in several parts of the Southern hemisphere to this 
cause. He supposes that at that time South America, South Africa, India, 
and Australia were all united, meeting somewhere in the South Indian 
Ocean, and that they have since drifted apart. The presence of a glacial 
flora in all these places at that time is then explained by the ad hoc 
hypothesis that the south pole was near the junction. The argument of 
Appendix C seems in itself fatal to this theory. Further, it has been 
pointed out by Lake* that a similar glaciation took place at this time in 
Northern Baluchistan, which would on Wegener’s hypothesis have been 
practically on the equator. 

D-61. A displacement of the exterior of the earth bodily over the 
interior is not intrinsically impossible, in view of the weakness of the 
interior. It would not alter the inclination of the axis of resultant angular 
momentum to the ecliptic, and this axis would always practically coincide 
with the polar axis. So long as the thickness of the outer shell was small 
compared with the radius, the axis of resultant angular momentum of the 
earth as a whole would be nearly that of the interior; thus the poles would 
still be over almost the same points of the interior, and therefore different 
points of the exterior. A displacement of this type would produce im- 
portant climatic changes : but so far no agency capable of producing it has 
been suggested. 

D*7. We now come to the effects of changes in the sun’s radiation. 
We have no means, apart from terrestrial climate, of knowing how the 
sun’s radiation may have changed during geological time, and accordingly 
any hypothesis of this type is very difficult to test, and therefore very 
difficult either to prove or to disprove. If any changes were due to this 
cause, the effects all over the earth should be such as can be attributed 
to the same change of solar radiation, and this might be thought to afford 
a test; but unfortunately we cannot determine the dates of events at 
widely separated places so accurately that we can be sure that the climatic 
variations at all of them actually took place at the same time ; and further, 
it is far from certain that an increase in the intensity of solar radiation 
would affect temperatures all over the world in the same direction. 
W. Koppenf found that the temperature of the earth is highest about 
sunspot minimum, when the sun is radiating least. This paradoxical result 
received a partial explanation from H. F. BlanfordJ. His suggestion is 
that high radiation increases the evaporation over the ocean, and therefore 
increases the cloudiness and rainfall over the land. On both the latter 
grounds the temperature of the land is reduced. It is to be observed that 
the temperature of the sea must be raised, for if it were lowered the 
evaporation would be less than normal, and the argument would have 
cut off its own feet. If the theory is correct, it can refer only to a limited 
range of conditions, for it is plain that if the sun’s radiation were zero the 
temperature of the earth would be practically absolute zero, and if it 
were great enough the oceans would boil and the temperature of the land 
would be raised to boiling point. 


* Oeog Journ. 1923. 

J Nature , 43, 1891, 583. 


f Zs. Osterr. Ges. Meteor , 8, 1873, 241-252. 
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The correlations of terrestrial temperatures and rainfall with solar 
radiation are certainly small; a summary of the results obtained, with 
references to the literature, is given by C. E. P. Brooks in the Meteorological 
Magazine for June 1921 . A connexion between sunspots and cyclones 
in the South Indian Ocean has been traced by Meldrum, but cyclones in 
other oceans show little connexion with sunspots or with one another*. 

E. Huntington and S. S. Visherf have given an account of a theory 
of climatic changes, attributing most of the changes somewhat naively to 
variations in solar radiation. It certainly seems that some of the changes 
are most probably due to such variations, more on account of the failure 
of other hypotheses than on account of any conspicuous successes of this 
one. There is so far no satisfactory explanation of why the sun’s radiation 
should have varied in the past ; but as we do not know why it varies at 
present this offers no serious objection. Huntington and Yisher offer an 
explanation based on the hypothesis that extra solar radiation is stimulated 
by variations in the radiation received by the sun from the stars ; but this 
can be rejected, for if it were so, the components of a double star with 
a highly eccentric orbit should stimulate each other to such an extent 
as to make such stars strongly variable in a period equal to the period 
of revolution, which is not the case. 

* Mrs G. F. Newnham, Geophys. Mems. of the Meteorological Office , No. 19, 1922. 
j* Climatic Changes, their Nature and Causes. Yale Univ. Press, 1922. 
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Empirical Periodicities 


“Backward or forward, it’s just as far; 

Out or in, the way’s as narrow.” Ibsen, Peer Gynt. 


E*l. Methods of harmonic analysis have been applied to many of the 
data of geophysics, especially in seismology, terrestrial magnetism, and 
meteorology. The principle of the method is as follows. 

Suppose we have 2n — 1 observations of a variable x, distributed at 
equal intervals of another variable t. As a rule t is the time. We may 
measure t from the first observation. Let the interval be T. Then the 
value of t at the (p + l)th observation is pT, and at the last is 2 (n — 1) T* 
Let the value of x when t = pT be Put 


Consider the function 


0 = 


2nt 

( 2 n - 1 )T 


( 1 ). 


a 0 -f oqcos 6 + b x sin 9 + ... + a r cos rd + b r sinr0 + ... 

+ a n - 1 cos (n — l)9 + sin (n — 1) 9 (2), 

where the a’s and V s are unknown constants, 2n — 1 in number. If we 
suppose this function equal to x , our 2n — 1 known values of x give 
2n - 1 linear equations to determine these coefficients, which can therefore 
be found uniquely provided the equations are determinate. We notice 
that as t increases by T , 9 increases by 27rj(2n — 1) = a, say. The equation 
given by x v is then 

a 0 + % cosmos + ^sin^a + ... + a r cos rpa + b r sinrpa + ... 

+ a n _ x cos (n — 1) pa 4- 6 n _ x sin (n — 1) pa = x v ...(3). 

There are equations of this type for all integral values of p from 0, 1 to 2n — 2. 
Multiplying them in turn by 

cos 0, cos ra, cos 2ra, ... cos pra , ... cos (2 n — 2) ra , 

and adding, we see that the coefficient of a s in the sum is 

2n-2 2w-2 

2 cos rpa cos spa = \ 2 {cos (r — s) pa + cos (r + s) pa} (4). 

35-0 25=0 

Several cases arise. If r and s are unequal, each sum is of the form 


2n-2 

\ 2 cos mpa = 

23 = 0 


. 2ti — ! 

sm — - — ma cos (n — 1) ma 


2 sin \ma 


(5), 


and the first factor in the numerator is sin mu , or zero. Thus in this case 
the coefficient is zero. 

If r and s are equal but not zero, the second sum vanishes. The first 
is evidently \ (2 n — 1). 
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If r and s are both zero, each sum is \ (2 n — 1) and therefore the two 
together are equal to 2n — 1. Hence 

(2» - 1) a 0 = 2* as, (6), 

# = 0 

2n-2 

|(2«,-l)a r = S ccj, cos rpa (')• 

3? =0 

Similarly we can show that 

2ft-* 2 

| (2w - 1) 6 r = £ a?* sin rpa (8). 

33 = 0 

Thus all the coefficients are determinate, and we have found the 

coefficients a 0 a n -i> K &n- i> so as m fk e ^he l r ig° nom . e ^ c 

function (2) equal to x for all the observed values of t. Thus any variable 
observed for 2n - 1 equidistant values of t can be represented exactly 
for these values of t by a series of 2n — 1 harmonic terms. This is the 
method known as harmonic or Fourier analysis. 


E-2. We notice that the possibility of this representation is in no way 
dependent on the existence of any recognizable physical connexion be- 
tween x and t. A completely random set of 2n — 1 observations, subjected 
to harmonic analysis, will give 2n — l harmonic terms. Thus if we deter- 
mine the Fourier coefficients for any definite period, and find them different 
from zero, the result by itself gives no information that enables us to say 
that x is, even in part, related to t by any recognizable law. _ 

If x be the mean value of x, and if the deviations of x from x were quite 
unrelated to cos rd and sin rd, we should still find that the a s and 6 s did 
not vanish. This indeed is obvious; for if they did vanish, our theorem 
shows that cc would be the same for all the observed values of t, which is 
not the case. 

Now clearly x = a 0 . Let x — a 0 — y. Then 

2 (a 1 cos pa + sin pa + ... 4- a r cos rpa + b r sin rpa + ...) 2 

= (2 n - 1) (% 2 + V) + •••+£ ( a r 2 + V) + •••} 

+ JE (ex, 2 cos 2po + ... +a/cos 2rpa + ...) 
p 

- | S (6 X 2 cos 2 pa + ... + V cos 2 rpa + ...) 

P 

+ other trigonometric terms. 

All the trigonometric terms give zero on addition. Thus 

s («V 2 + V) = 2^~1 S ^ 2 - 

If then cr denote the standard deviation of x, or of y, so that 

(2 n — 1) a 2 = Sp/, 


we have 


£ (a r 2 + & r 2 ) - 2a 2 . 


Now a 2 + 6 2 is the square of the whole amplitude of the term with .period 
^2n ~ 1) T/r. The probable amplitude is the sa me for every term. Thus the 

mean square amplitude of all the terms is aV2/(2 n — 1). 
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If then a harmonic analysis showed an amplitude <rV2/(2n — 1) for 
every term, we should have no reason for regarding any term as representing 
anything but the unexplained residuals present in any comparison of theory 
with observation. We can only assert a term to be ‘real’ if its amplitude 
very substantially exceeds this standard. 

On the other hand, if the observations exactly fitted a harmonic curve 
of amplitude p, we should have 

(2n — 1) a 2 = 2 p 2 sin 2 ra = * p 2 . 

Thus complete accordance with the harmonic law will exist if the calculated 
amplitude is cr\/2. 

Thus our test of a term is largel y determin ed by the magnitude of its 
amplitude. If this is equal to aV2j(2n — 1) we can make no inference 
as to whether the term has any physical significance; if it is equal to 
a y% we can be certain that it expresses the true relation between x and t . 
All intermediate grades of probability are possible. As a rough working 
rule, we may say that, if % is large, a term is probably genuine if its 
amplitude is a s great as 3crV2j(2n - 1), and almost certainly genuine if 
it reaches 5aV2j(2n — 1)*. 


E-21. The periods of all the harmonic terms determined in E l are 
submultiples of (2 n — 1) T. Suppose now that x was really a harmonic 
function of XO, where A is between m and m + 1, m being an integer, and 
let us examine the values of the harmonic coefficients that would be found. 
For this purpose it is sufficient to replace the finite summations by integrals. 
If we are given 

x = a cos X6 + b sin Xd, 

we shall have 


whence 


7ra r = 


7rb r = 



a; cos rQdd , 
#sin rOdD, 


2va T = a 


- sin 2tt (A — r) + ~ sin 2tt (A + r) 

+ b j^-^; {1 - cos 2 t t (A - r)} + — ^ {1 - cos 2n (A + r)}J, 


2rrb r = — a 



{1 — cos 2tt (A — r)} — 



— cos 2tt 



4- b j j— 1 - sin 27r (A — r) — — ^ - sin 2rr (A + r) . 

The terms depending on 2tt (A + r) are evidently at most of order but 
those involving 27? (A — r) may be of order unity. Hence if the harmonics 


* Cf. Sir A. Schuster, Proc. Roy. Soc. 61 a, 1897, 4-55-465. It is shown, that if n ©vents 
are distributed at random and their frequencies harmonically analysed, the expectancy for 
the ratio p/a 0 is (irr/n)i. This may be used instead of cr V 2f(2n—l) when frequencies are 
analysed. 
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considered are of high order, the coefficients of the largest terms may be 
replaced by 

sin it (X — r) , .. 

Tra-r = — yZTi — ' \ a 008 1r ~ r ) + b s in it (A — r)}, 

, sin 77 (A — r) , .. , , 

— ■ { _ a sin 7T (A — r) + 6 cos 77 (A — r)}, 

and 77 (a r 2 + 6 r 2 )i = (a 2 + 6 2 )*. 

If then A is equal to r + \ , the two largest terms found by the harmonic 
analysis will be equal in amplitude. For other values, the values of the 
amplitudes found for the terms in rd and (r -f 1)0 will suffice to deter min e 
(a 2 + 6 2 )* and A. Thus an extension of the method of harmonic analysis 
makes it possible to find approximately the amplitude and period of a 
harmonic variation, even though its period may not be a submultiple of 
(2n — 1) T. Thus the results of the harmonic analysis serve as a com- 
pendium whence the harmonic variations with periods intermediate be- 
tween those used in the analysis can be inferred. 

E*3. Supposing the existence of a harmonic term to be established 
by analysis, an interpretation of this term is required. The character of 
this interpretation is very different in different cases. The simplest type 
is represented by a forced vibration where the external variation pro- 
ducing the motion is known beforehand to have a definite period. The 
phenomena of the tides provide an excellent example. The disturbing 
potentials due to the moon and sun have been expressed as the sum of 
a number of terms of different periods. Theoretically, each of these should 
produce variations in the height of the tide and the velocity of the current 
at any given place, with the period of the disturbing term that produces 
them ; and the total height and velocity are the resultants of those due 
to the terms separately. Thus a harmonic analysis of the tidal observations 
at a given station enables each constituent separately to be found, and 
the results can afterwards be used to predict the tides at the station at 
any subsequent time. In this form the method presents no methodological 
difficulty: it is used only to determine the amplitudes and phases of terms 
that we already know must exist. 

The next type in order of difficulty is the determination of the period 
of a free vibration. We may have previous reason to suspect the existence 
of a free vibration, and our theory may be so reliable that we can infer 
its period with considerable accuracy. If this is so, the determination of 
the amplitude and phase presents no more difficulty than in the case of 
a forced vibration. But in most geophysical phenomena the free periods 
are not accurately known beforehand. All we know is that a certain type 
of oscillation is possible, and perhaps we may know in addition the order 
of magnitude of its period. Thus to find the period we must carry out a 
harmonic analysis of the observations to find out what period agrees best 
with them. The analysis is complicated by the fact that free vibrations 
as a rule are affected by damping, the amount of the latter being usually 
unknown beforehand. This is innocuous in a forced vibration, for it does 
not affect the period, but only the amplitude and phase, which we find 
directly. But in a free vibration it affects the period and makes the ampli- 
tude subject to a steady diminution. If a further disturbance regenerates 
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the vibration, the new vibration will not necessarily be in the same phase 
as the old one, and therefore an analysis covering both may give quite 
incorrect estimates of the amplitude and even the period. This difficulty 
has already been noted in connexion with the 14-monthly variation of 
latitude. Again, we may have no strong theoretical reason to believe that 
the free vibration we are seeking actually exists, for it may have been 
completely damped out, even if, indeed, it ever started. In such a case 
we c ann ot exclude the possibility that an empirical term with a period 
agreeing only roughly with our preliminary estimate may be due to some 
completely different cause. Again, it may happen that several periods, 
all of the correct order of magnitude, are disclosed by the analysis. If so, 
it will be difficult to say definitely which of them represents the predicted 
free vibration. 

The next degree of difficulty occurs when we have no previous reason 
whatever to believe in the existence of a variation with a period com- 
parable with that found. The 11 -year period of sunspots is an example. 
Nobody knows why the number of spots on the sun should vary; we only 
know that it does. There is an equal period in the frequency of magnetic 
storms, and it is natural to infer from the agreement between the periods 
that the two phenomena are connected by a physical law. Now in such 
cases as these the actual variation is never simple harmonic ; other periods 
and an irregular part are always present. If there is a physical connexion, 
we should expect it to hold, say, between the mean sunspot number for 
the month and the whole number of magnetic storms in the month, and 
not merely between the 11-yearly parts of the two variations. Thus it is 
natural to inquire why the method of harmonic analysis should in such 
cases be preferred to the method of correlation. 

The answer appears to be as follows. The harmonic analysis enables us 
to find sets of harmonic terms that will represent any variation exactly. 
If then we analyse the two phenomena as in E-l, and consider the terms 
of any two periods P and Q, the average values of the products of the terms 
of period P in the sunspot number into the terms of period Q in the number 
of magnetic storms are zero. Thus the combinations of terms of different 
periods contribute nothing to the correlation coefficient. On the other 
hand, if we take together the terms of period P in both, their products will 
as a rule not vanish when averaged over a long period, and they will 
therefore contribute to the correlation coefficient. Thus a harmonic analysis 
tells us all that the correlation coefficient can tell us; but it also tells us 
what part of the correlation is due to every periodic term separately. 
Further, it gives the ratios of the amplitudes and the lags of the separate 
terms. A knowledge of these quantities, and of the way they vary with 
the period, must be helpful in elucidating the nature of the connexion 
between the phenomena considered. 

The har monic analysis of a single series of observations, whose com- 
ponents are not to be compared with those of any other series, does not 
appear to be necessarily of any scientific value. The case of a predicted free 
vibration is hardly a case in point, since the results of the analysis are to be 
compared with theoretical considerations based on other data. In any 
investigation of a series of observations four cases may arise. First, it may 
happen that the existence of a harmonic term is predicted by theoretical 
considerations, and that such a term is found to give a good representation 
of the observations. In this case, typified by the tides, harmonic analysis 
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achieves its greatest possible success. Second, it may be found that the 
observations are well represented by a harmonic term or by a few harmonic 
terms, but we may have no theoretical explanation of the existence of such 
terms. In this case the analysis supplies us with valuable data for future 
research, but not with knowledge relevant to any laws. Third, theory may 
predict the existence of a harmonic term, but on examination of the data 
it may be found that the harmonic term, though its existence may be well 
established, actually accounts for only a small fraction of the whole range of 
variation. This is specially liable to happen when long series of observa- 
tions are analysed. The lunar tide in the atmosphere, investigated by 
S. Chapman, affords a striking example. Such a result constitutes a veri- 
fication of a theory, but it is evidently useless for prediction of individual 
observations. The fourth possibility is that we have no reason to expect 
the existence of a periodicity, and that on investigation we find that the 
periodicity does not represent more than a small fraction of the observed 
range of variation. In such a case we only find by analysis that what we 
had no reason to expect to happen does not in fact happen, which does 
not appear to be a result of any scientific interest. Many examples of 
such 'periodicities 5 have been published. 

E-4. For our present purpose the most interesting periodicities are 
those in the frequencies of earthquakes. A great deal of work has been 
done on these periodicities, but so far only two appear to be well estab- 
lished. These are the solar diurnal and annual variations* found by 
C. Davison. It is found that, on the whole, earthquakes are more frequent 
in winter than in summer, and more frequent by night than by day. 

It appears that these variations are of the nature of “last straw 
phenomena. 55 Under the growing stresses in the earth’s crust, fracture is 
bound to occur sooner or later. A small periodic variation in stress, however, 
may determine the time when the fracture actually takes place, provided the 
range of the variation is comparable with the amount of the steady increase 
during a period. If, for instance, the stress-differences in a region are 
greater, on the whole, in winter than in summer, they will be decreasing 
from winter to summer even when the steady increase is taken into 
account. Therefore there will be no earthquakes during this half-year; 
all will occur in the half of the year from summer to winter. Davison, 
largely following Omori, is inclined to attribute the annual period to the 
annual variation of atmospheric pressure, and the diurnal period to the 
diurnal variation of atmospheric pressure. 

That these variations are not tidal in origin may be seen from the fact 
that the corresponding lunar terms are very much smaller, their ampli- 
tudes being little more than would be expected if the total variations 
were random. They have been the subject of investigation by B. D. Old- 
ham f, and before him by C. G. Knott. The smallness of these lunar varia- 
tions is, however, as interesting as their verification would have been. 
The extensional strain in the earth’s crust since solidification has been 
seen to be of the order of 1 per cent., which has accumulated in a time of 
the order of 10 9 years. Thus the increase of extension in a month is of 
the order of 10~ 12 . The extension produced by the lunar bodily tide, how- 

* 0. Davison, A Manual of Seismology, Camb. Univ. Press, 1921, 82-198. References 
to papers are given. 

f Q . Journ. Geol Soc . 74, 1918-19, 99-104; 77, 1921, 1-3; 78, 1922, lv-lxn. 
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ever, must be of the order of 10~ 6 . It therefore becomes of interest to 
inquire why the lunar periodicity does not so dominate the occurrence 
of earthquakes as to make all the earthquakes in any region occur in only 
one half of the lunar day. The difficulty has been noticed by Oldham, 
who suggests that, while the gradual increase of stress produces set ulti- 
mately, the set is at first gradual and does not give a definite earthquake. 
When set has begun, however, it proceeds rapidly, and the small lunar 
effect is unable to influence appreciably the moment when the flow merges 
into fracture. 

Another periodicity of much interest has been noticed by Prof. H. H. 
Turner*. The aftershocks of earthquakes occur at intervals of multiples 
of 21 minutes. In a further development Jeans | points out that the 
intervals are equally well represented by multiples of 126 minutes and 
222 minutes, and combinations of the two. As a result of an investigation 
ab initio of the theory of earthquake wave propagation, he finds that 
three types of surface waves are possible. When the wave length is suffi- 
ciently small, the first type travels with the velocity of P waves in the 
surface rocks, the second with the velocity of S waves, and the third with 
the velocity of Rayleigh waves in those rocks. The second type are 
evidently Love waves and the third Rayleigh waves, of very short wave 
length in each case. Jeans suggests that when the first of these waves 
has travelled right round the earth to the starting-point, it starts a new 
earthquake, and that the process may be repeated. The second wave may 
also play a part. 

The theory is suggestive, but is open to some objections. If the wave 
length is very short, it appears that the wave should be confined to a 
very small depth, and it is not easy to see how it can produce any shock 
at the depth where the aftershocks originate. Again, the times taken by 
the waves to travel round the earth are inferred from the velocities found by 
Dr Wrinch and myself from the Oppau explosion. These velocities definitely 
refer to the granitic layer of the continents. If the surface rocks of the 
ocean are basaltic, as is probable, the velocities in them will be different, 
and the quantitative agreement will break down. Further, the times of 
circuit will be different in different azimuths, and thus the waves will not 
be focused at the epicentre. These waves, again, have not been recorded 
at great distances, and it is difficult to see why the ordinary long waves, 
which are much larger and are faster than Jeans’s second type, do not 
produce more aftershocks. Nevertheless Jeans appears to have discovered 
a genuine phenomenon, which will probably remain among the data of 
seismology even if his explanation should fail to meet the objections offered. 

E*5. A further set of periodicities has been discovered by Prof, Turner J 
in the frequency of Chinese earthquakes, the heights of the Nile floods, 
the growth of Californian Sequoias, and the moon’s longitude. Each of 
these phenomena shows a periodicity in a period of 250 to 300 years, 
those for the Californian trees being the best analysed because they 
provide the longest record. The records are such as to show such a period 
fairly definitely in all, and the phases agree as closely as the analysis can 
detect. No satisfactory explanation of the relations has been suggested. 

* M N.R.A.S. Geophys. Suppt. 1, 1923, 31-50. f Proc. Roy. Soc . 102 a, 1923, 554-574. 

} R- H* Turner, M.N.R.A.S. 79, 1919, 531-9; 80, 1920, 617-9, 793-808. A. E. Douglass, 
Climatic Cycles and Tree Growth , Carnegie Institution Publ. No. 289, 1919, pp. 127. 
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